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ABSTRACT. Let B = {BH(t), t e ]RN} be an (N, d)-fractional Brownian sheet with index
H = (Hy,...,Hy) € (0, DN. The uniform and local asymptotic properties ofBH are proved
by using wavelet methods. The Hausdorff and packing dimensions of the range BH ([0, 11V), the
graph GrBH([O, l]N) and the level set are determined.

1. Introduction

Foragivenvector H = (Hy,..., Hy) (0 < Hj <1 for j =1, ..., N),aone-dimensional
fractional Brownian sheet B = {B}!(r),1 € RV} with Hurst index H is a real-valued,
centered Gaussian random field with covariance function given by

N
1 . . ,
E[BY ()8 0] =[] E(|s.,-|2HJ U PH s — tj|2Hf), s,teRY . (1L1)
j=I

It follows from (1.1) that Béf is an anisotropic Gaussian random field and Bé{ =0

a.s. for every t € RV with at least one zero coordinate. Moreover, B(f’ has the following
invariance properties:

@) Bgl is self-similar in the sense that for all constants ¢ > 0,

[Bl e, 1 e RV} L2 Mgl @), 1 e RV (1.2)
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(i) Let WH = {WH(r),t € RV} be the Gaussian random field defined by

b | TS 1P B (et eyt)if 1 #£0 forall j
W) = . (1.3)
0 otherwise .

Then, WH 4 Bé{.

d . L . o
In the above, = means equality in the finite dimensional distributions.
Fractional Brownian sheet has the following stochastic integral representation

1 IN
Bé'l(t)=/<;1/ / g(t, s)W(ds) , (1.4)

where W = {W(s), s € RV} is the standard real-valued Brownian sheet and

N

9= 1[0 (o

j=1

with s = max{s, 0}, and where «,, is the normalizing constant given by

1 1 N 2
K2 =/ / [ng((l),s)} ds
—00 —00 le

so that E[(BY (1)*] = [T, |1;]*" forall 1 € RY. Here (1) = (1, 1,..., 1) € RV
Let BIH ..., B f be d independent copies of Béf . Then the (N, d)-fractional Brown-

ian sheet with Hurstindex H = (Hj, ..., Hy) is the Gaussian random field B = {B¥(¢) :
t € RV} with values in R defined by

B (1) = (BlH(t),...,Bf(t)), teRV. (1.5)

Note that, if N = 1, then B* is a fractional Brownian motion in R? with Hurst index
Hy € 0,1);if N > land Hl = --- = Hy = 1/2, then BH is the (N, d)-Brownian
sheet. Hence, B can be regarded as a natural generalization of one parameter fractional
Brownian motion in R to (N, d) Gaussian random fields, as well as a generalization of
the Brownian sheet. Another well known generalization is the multiparameter fractional
Brownian motion X = {X(¢), t € RV}, which is a centered Gaussian random field with
covariance function

1
ELX (5)X; (0] = 50 (15 4+ 1P =15 —1). vs.reRY . (16)

where 0 < H; < lisaconstantand §;; = 1,ifi = jand0,if i # j, and where | - | denotes
the Euclidean norm in RV

Fractional Brownian sheets arise naturally in many areas, including in stochastic
partial differential equations (cf. @ksendal and Zhang [26], Hu, @ksendal and Zhang [16])
and in studies of most visited sites of symmetric Markov processes (cf. Eisenbaum and
Khoshnevisan [14]).

Recently, many authors have studied various properties of the fractional Brownian
sheets. For example, Dunker [11] has studied the small ball probability of an (N, 1)-
fractional Brownian sheet. For the special class of fractional Brownian sheets such that
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there is a unique minimum among Hi, ..., Hy, Mason and Shi [25] have obtained the
exact rate for the small ball probability and have computed the Hausdorff dimension of
some exceptional sets related to the oscillation of their sample paths. Belinski and Linde [6]
give a different proof of the small ball probability result of Mason and Shi [25] and have
also obtained a sharp estimate for the small ball probability in the case of N = 2 and
H| = H,. More generally, by using different kinds of s-numbers Kiihn and Linde [21]
have determined the rate, up to a logarithmic factor, for the small ball probability and the
optimality of series representations for the fractional Brownian sheet B with an arbitrary
index H = (Hy, ..., Hy) € (0, DV. Ayache and Taqqu [4] have derived optimal wavelet
series expansions for the fractional Brownian sheet BY; see also Dzhaparidze and van
Zanten [12] for other optimal infinite series expansions. Xiao and Zhang [36] have proved
a sufficient condition for the joint continuity of the local times of an (N, d)-fractional
Brownian sheet B”. Kamont [18] and Ayache [3] have studied the box-dimension and
the Hausdorff dimension of the graph set of an (N, 1)-fractional Brownian sheet B using
wavelet methods.

The main objective of this article is to further investigate the asymptotic and fractal
properties of the (N, d)-fractional Brownian sheet BY. We are particularly interested in
describing the anisotropic nature of B in terms of the Hurst index H = (H, ..., Hy) €
(0, 1)N. We should mention that several authors have been interested in applying anisotropic
Gaussian random fields to stochastic modelling; see, for example, Bonami and Estrade [9]
for bone structure modelling, and Benson et al. [7] for modelling aquifer structure in hy-
drology. We hope that the results and techniques in this article will be helpful for studying
more general anisotropic Gaussian random fields.

The rest of this article is organized as follows. In Section 2, we study the uniform and
local modulus of continuity and the law of the iterated logarithm of an (N, 1)-fractional
Brownian sheet. Many authors have studied the asymptotic behavior of the sample functions
of Gaussian random fields (see, e.g., Albin [2] and Koéno [20] and the reference therein).
Our approach is different from those in the aforementioned references and relies on the
wavelet expansion of B in terms of a Lemarié-Meyer wavelet basis for L?(R). We
remark that, even though the methods of Albin [2] and K6no [20] based on metric entropy
may be modified to prove our Theorems 1 and 2 below, our wavelet-based approach has
certain advantages. In particular, it allows us to prove that, with probability 1, the sample
function B (¢) does not satisfy any local Holder conditions with respect to the function
o!T¢(t + h, 1), for any ¢ > 0, where 0(t + h,1) = E[(BH¥(t + h) — BH (1))*]; see
Theorem 3. This implies that BH (1) is nowhere differentiable on RY. Theorem 3 is
more difficult to establish directly due to the complex dependence structure of BH. Tt
is worthwhile to mention that another way of proving the non-differentiability of B is
by investigating the regularity of the local times of B, This approach relies on solving
Problem 4.12 in Xiao and Zhang [36] and requires totally different techniques. We will
deal with it elsewhere.

In Section 3, we determine the Hausdorff and packing dimensions of the range
BH ([0, 11V), the graph GrBH ([0, 1]V) and the level set L, = {t € (0, 00)" : BH(¢) = x}.
Our method for determining the Hausdorff dimension of GrB¥ ([0, 1]V) is different from
that in Ayache [3], and is more reminiscent to the arguments in Xiao [31]. Our results
suggest that, due to the anisotropy of B in ¢, the sample paths of an (N, d)-fractional
Brownian sheet B are more irregular than those of the Brownian sheet or an (N, d)-
fractional Brownian motion.

Finally, we introduce some notation. Throughout this article, the underlying pa-
rameter space is RY, or Rﬁ = [0,00)"V. A typical parameter, r € R is written as



410 Antoine Ayache and Yimin Xiao

t =(t1,...,tn), or occasionally, as (c),iftj = --- =ty =c. Forany s, t € RY such that
sj<tj(j=1,...,N), we define the closed interval (or rectangle) [s, t] = ]_[;V=1 [sj, ;]
We use (-, -} and | - | to denote the ordinary scalar product and the Euclidean norm in R,
respectively, no matter the value of the integer m.

We will use ¢ to denote an unspecified positive and finite constant which may not
be the same in each occurrence. More specific constants in section i are numbered as
Ci1+Cips---,and soon.

2. Modulus of Continuity and Asymptotic Properties

In this section, we investigate the uniform and local modulus of continuity, nowhere
differentiability and the laws of the iterated logarithm of the fractional Brownian sheet
B = {BH(t),t € RV} withindex H = (H\, Ha, ..., Hy), 0 < H; < 1. Our approach
is based on the wavelet expansion of B .

For simplicity, we will suppose, in this section, that BH is real-valued Ge,d=1),
and we will use A, A1, Ay, ... to denote positive random variables.

Let us first state the main results.

Theorem 1. There exist a random variable A} = Ai(w) > 0 of finite moments of any
order and an event QY of probability 1 such that for any v € QF,

|BA (s, 0) — B (1, 0)|

sup < A(w). (2.1)
el SN Isy — 151 flog (3 + 1s; — 1;11)
Remark 1.
* Uptoaconstant, the inequality in Theorem 1 is sharp. When H| = --- = Hy = %

it agrees with the corresponding result for the Brownian sheet due to Orey and
Pruitt [28],

e Theorem 1 remains valid when [0, 1
RV,

* The event Q] will be specified in the proof of Theorem 1.

1V is replaced by any compact rectangle of

* As we mentioned in the introduction, Theorem 1 can also be proven using the
method of proving Theorem 1 in Kono [20]. The proof we give below is based on
the wavelet representation of B .

Next we give an upper bound for the asymptotic behavior of the fractional Brownian
sheet B (1) as |t| — oo. Recall that, by the law of the iterated logarithm (see, for example,
Orey [27]), the ordinary fractional Brownian motion {Bg(¢), t € R} with Hurst index
H € (0, 1) satisfies with probability 1,

1By ()| < A(1+ [t /loglog3 + |1]), VteR,

where A is a positive random variable. This result can be extended to the fractional Brownian
sheet as follows.
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Theorem 2. Let B = {BH (1), t € RN} be a fractional Brownian sheet with index
H = (H,..., Hy) and let QT be the event of probability 1 in Theorem 1. Then, there is a
random variable Ay > 0 of finite moments of any order such that for all w € QF,

H
|87, )] < Ar() . 2.2)

sup — - <
rerV [[;o (14 t;D" /loglog(3 + [t;])

Note that (2.2) is more concerned with the global property of B (¢) and it does not
catch the local asymptotic behavior of B (t) near t = 0. To study the asymptotic properties
of B at a fixed point 1y € R", we consider

o2(s. 1) = E[(BH(t) _ BH(s))z], Vs,t € RV . 2.3)

It follows from the proof of Lemma 8 below that for any closed interval I = [a, b], there
is a finite constant ¢, > 0 such that foralls,t €1,

N

o(t,s) <c,, Z tj — sj|Hf . 2.4)
j=1

Hence, one can apply the metric entropy method to prove a law of the iterated logarithm
for BH. The following is a consequence of the proof of Theorem 2 in Kéno [20].
Proposition 1. There exists a positive and finite constant c, , such that for every ty € 1,
with probability 1

. |BH (tg + h) — BH (t9)|
lim sup <

= = Cyy -
h=0 o (19, to + h),/loglog T

The next result is a partial inverse of (2.5) and implies that, for every ¢ > 0, the
sample function BH (t) does not satisfy o I4+¢_Hglder condition at any point, where o (¢, s)
is defined in (2.3).

(2.5)

Theorem 3. Let B = (B (1),t € RN} be a real-valued fractional Brownian sheet
with index H = (Hy, ..., Hy). Then, there is an event Q3 of probability 1 such that for
alle > 0,1 € (0, 11N and all w € Q3,

) |BH(t +h, w) — BH(t, )|
lim sup =

2.6
h|—0 o(t+h,1)l+e (26)

In order to prove Theorems 1, 2, and 3, we will use the wavelet representation of the
fractional Brownian sheet introduced in Ayache [3]. To this end, we need to introduce the
following notation.

o {272y 2'x —K),(J,K) € Z x Z} will be a Lemarié-Meyer wavelet basis for
L2(R) (see, for instance, Lemarié and Meyer [23], or Meyer [24]). Recall that
such orthonormal bases satisfy the following properties:

(a) ¥ and its Fourier transform {ﬁ belong to the Schwartz class S(R), namely the
space of all infinitely differentiable functions # which verify for all integers
n>0andm > 0,

I r’”( d )" (t) =0

im — ) u@)=0.
d

[t|— o0 t



412 Antoine Ayache and Yimin Xiao

l}\ecall that th_e Fourier transform of a function f € L'(R) is defined as
f&) = [e ¥  f(x)dx forall € € R.

(b) 1//7 is even, compactly supported and vanishes in a neighborhood of the origin.
More precisely, the support of ¢ is contained in the domain {£ : ZT” <& <
8w
5

e For any @ € (0, 1), the functions ¥ and 1~ will denote, respectively the frac-
tional primitive of order o + % and the fractional derivative of order o + % of the
mother wavelet ¥, which are defined for all x € R as

1 " 1 ; ~
w“(x>=§/ﬂ{”§ |;|Z(f1)/z dé and Y7 (0 =7~ /R g2 Y@ ds. @)

In view of properties (a) and (b) of the Lemarié-Meyer wavelets, these definitions
make sense and ¥* and v ~% are real-valued and belong to the Schwartz class
S(R). Moreover, we have for every & € R,

— V(&) — et
v (E):W and Y€)= [§]*TV2 (&) (2.8)
e Forany H = (Hy,...,Hy) € (0, )" and for all j = (ji,..., jy) € ZV,
k:(kl,...,kN)EZNandt:(tl,...,tN)ERN,weset
~ N ~
VO =11l @, 2.9)
=1

where for any « € (0, 1), x € R and any (J, K) € Z2,
U5 () = ¥*(27x — K) =y (—K) . (2.10)

We are now in a position to give the wavelet representation of fractional Brownian
sheet.

Proposition 2 (Ayache [3]). Thereis a sequence {€x, (j, k) € ZN x ZN) of independent
N(0, 1) Gaussian random variables such that for any H = (Hy, ..., Hy) € (0, DY, the
fractional Brownian sheet B" = (B (1), t € RN} can be represented (up to a multiplica-
tive constant that only depends on H) as:

B wy= Y 27U T @), vieRY, @2.11)
(j, k)eZN xZN

where (j, H) = Zfil JiH; and where the series in (2.11) is, for each t, convergent in the
L%(Q)-norm (2 being the underlying probability space).

In fact, the series (2.11) is also convergent in a much stronger sense. More precisely,
we have the following.

Proposition 3. For almost all € Q, the series (2.11) is uniformly convergent in t, on
any compact subset of RN .

Proposition 3 can be obtained by using the same method as that of Ayache and
Taqqu [4]. But since we are not interested in determining the rate of convergence of the
series (2.11), this proposition can also be proved more simply as follows.
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Proof. For simplicity we will only prove that, with probability 1, the series (2.11)
converges uniformly in # € [0, 1]V. Forany n € Nand r € RV, let

Bilty=">" 2—<f’H>ej,k\Tf§.fQ(t) , (2.12)
(. kel

where I, = {(j, kyeZN x ZN : |jil <nand |k| <nforall 1 << N}.

Since the functions \I'(IZ) are continuous and the random variables € ; are symmet-
ric and independent, the 1td-Nisio Theorem (see Theorem 2.1.1 in Kwapieri and Woy-
czyfiski [22]) implies that, for proving the uniform convergence of series (2.11) on [0, 1]V,
it is sufficient to show that the sequence {Bf (®), t € [0, 11" }pen is weakly relatively com-
pact in C([O, l]N ), the space of continuous functions on [0, l]N equipped with the usual
topology of uniform convergence. Observe that (2.11), (2.3), and (2.4) imply that there is
a constant ¢, , > 0 such that foralln > 1 and all ¢, 7’ € [0, 1]V,

B[ (B ) - B ()] = e | =1 (2.13)

where H = min{Hj, ..., Hy}. Since (2.13) and Theorem 12.3 in Billingsley [8] entail
the weak relative compactness of the sequence {BF (1), t € [0, 11V },en in C([0, 1]1V), this
finishes the proof of Proposition 3.

The proof of Theorem 1 mainly relies on the following two technical lemmas. The
proof of Lemma 1 is similar to that of Lemma 4 of Ayache [3], or Lemma 2 of Ayache and
Taqqu [4]. Hence, it is omitted.

Lemma 1. Let {e,,, m € ZN} be a sequence of N'(0, 1) Gaussian random variables.
Then, there is a random variable Az > 0, of finite moments of any order such that for
almost all w € Q and for allm = (my,...,my) € zV,

N
lem(@)] < A3(@) |log (3 +3 |mz-|> . (2.14)

i=1

We will also make use of the following elementary inequality: There is a constant
¢ > 0 such that for all m, ..., my) € ZV,

N N
log (3 +y |mi|> <c [[ViogB + Imil) . (2.15)
i=1 i=1

Lemma 2. For any a € (0, 1), define the functions

SaCe, )= Y 27y (27x — K) =y (27y — K)[/logB + [/ + [K]) (2.16)
(J,K)ez?

and

To()= Y 277§ x| ViogB + ]+ [K]) . (2.17)
(J,K)ez?

Then there is a constant c,, > 0 such that for all x, y € [0, 1], one has

Sa(x,y) < ¢y, |x—y|a\/log B+ Ix =y (2.18)
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and
Ty(x) <y, - (2.19)

Proof. First we prove (2.18). Since the function ¥* belongs to the Schwartz class S(R),
its derivative of any order n > 0, satisfies

\(%)"vf”w\ <6B+DA VxeR, (2.20)

where ¢, ¢ > 0is a constant that only depends on n. Forany x, y € [0, 1], satisfying x # y,
there is a unique integer Jo > 0 such that

270 iy —y <270, (2.21)

We decompose S, (x, y) into the following 3 parts:

—1

Se1Goy)= Y Y 277y (2l x — K)— y*(27y — K)|ViogB+ 1T+ K], (222)

J=—00 K=—00

Jo 00
Sua(r, )= Y 27y x — K)—y* (2 y - K)[ViegB + [+ KD,  (223)

J=0 K=—00

Se3toy)= > Y 277y (2 x—K)—y* 27y — K)|ViogB+ [T + K  (224)

J=Jgp+1 K=—00

and derive upper bounds for Sy 1(x, y), S¢.2(x, y) and Sy 3(x, y) separately.

Without loss of generality, we will assume x < y. It follows from the Mean-Value
Theorem that for any integers —oo < J < Jp and K € Z, thereis v € (21x, 2]y), such
that

d o
Ye (27 x —K) =y (2'y - K)=2"(x - y) ;i v—K). (2.25)
By using (2.20) and (2.21) we derive
dy® _
0= K)| ¢, B+ v — K]
< ey (34 2= K| = o = 2x]) 2.26)

<2+ 2/ — k|72
To estimate Sy, 1(x, y), we note that for all integers J < —1, (2.26) gives

dy®
dx

So (2.22), (2.25), and (2.27) entail that

(u—K)( < o CHIKI-2/ k)P <o A+ IKDE. (227)

Sa,l(-xa y) < 6216 |-x - y| 5 (228)

270=0)  flog(3+[J|+IK])

- (I+IK D2

where the constant ¢, , = ¢, > ;L 3%
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Next we proceed to derive an upper bound for Sy 2(x, y). Combining (2.23), (2.25),
(2.26), and (2.15) yields

Jo o0 J(]*O()\/—

2 log3+J+ K
Sa2(x,y) < G5 lx — ¥l Z Z ol 2| )
J=0 K=o 2+ [2/x —K])

% 21(1—“)\/105; (B+J+|K+[2/x]])

Jo
=C2,5|X—J’|Z Z

J=0 K=——o0 2+ [27x = [27x] - K|)2

(2.29)
f: i 2707, flog (3 + 7 +27 + |K|)
=< 02,5 |x - Y| 2
720 K=o (L+1KD
Jo
< ¢y, lx =yl Z 2707 Jlog (34 J +27) .
J=0

In the above, |z| denotes the integer part of z and 0 < ¢,, < oo is a constant. Note that
forany J e N,

Jiog (3+ 7 +27) < Jlog (242 +-27) < VT 3. (2.30)
It follows from (2.29), (2.30), and (2.21) that

Jo
Sa2(X, ) < ¢;5 X = sz(l_a)«/.] +3

J=0
< ey lx — y[200FDUTO /g 43
< ey lx—yI% /3 + log (1x — yI71).

Now, let us give an upper bound for Sy 3(x, y). For every z € [0, 1], let

bn@= > > 27y*(2 s~ K)|/logB + T + K. (2.32)

J=Jp+1 K=—00

2.31)

Then for every x, y € [0, 1],

Sa3(x, y) = 0y (x) + 6 (y) - (2.33)

Thus, it is sufficient to bound 6, (z), uniformly in z € [0, 1]. Note that for any fixed / € N
and any z € [0, 1], (2.20) and (2.15) imply that

o o0 \/—
S @ K)iogB T T TR <, 3 VECHTH KD
K

= 3+[27z— K|)2

K=—00

o Jlog (347 +|K + [2/2]])

= s J J 2
k= (+[272—[272] - K]) (2.34)
©  Jlog(3+7 +27 +IK))
= @+ K12
K=—o0

S vli+J,
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where ¢, |, is a finite constant. It follows from (2.34), (2.32) and some simple calculations
that for every z € [0, 1],

o0
0@ Sy Y. 277VTHT
J=Jp+1
00 (2.35)
< / 272 4+ xdx
Jo
<c 271+ Uy
It is clear that (2.33), (2.35), and (2.21) entail that,
Su300. ) < € lx — 31 flog (3 + 1 — y171). (2.36)

where ¢, |, > 0is a constant independent of x and y. Combining (2.28), (2.31), and (2.36)
yields (2.18).

To prove (2.19), we observe that, by (2.10), T, (x) = S (x, 0) for every x € [0, 1].
Therefore, (2.19) follows from (2.18) immediately. ]

We are now in a position to prove Theorem 1.

Proof of Theorem 1. Observe that for any s, ¢ € [0, 11V, one has that

B0~ B (s)|
N
S Z‘BH(SI7 ""si—l’ti7ti+1’ "’7tN)_BH(s17 ..-,Si—l,si,ti—‘—l, "‘7tN) (2'37)
i=1

with the convention that, when i = 1, B¥(sy, ..., si_1,t, tiz1, ..., txy) = BH(¢) and
when i = N, BH(sy,...,si_1,8i,tit1,...,tny) = BY(s). Another convention that
will be used in the sequel is that, when i = 1, I—[E;} |$]<,kal (s;)] = 1 and wheni = N,
[Tt 19 )] = 1.

Let Q7 be the event of probability 1 on which Proposition 3 and (2.14) hold. For
every fixed integer 1 < i < N, it follows from Propositions 2 and 3, Lemmas 1 and 2,
(2.10) and (2.15) that for every w € Q7 and s, ¢ € [0, 1V,

‘BH(Sl, e Sicl iy tigd, o tN) — BP (s, sis Sttty o IN)
i—1 N
< Ay (H TH,(sl)> < | TT Tm@) | x Su,(si, 1) (2.38)
=1 I=i+1

< AsIsi — t;| "\ Jlog (Isi — t;71)

where the random variables A4 > 0 and A5 > 0 are of finite moments of any order. Finally,
Theorem 1 follows from inequalities (2.37) and (2.38). ]

Now we prove Theorem 2.

Proof of Theorem 2. For any a € (0, 1), let T, (x) be defined by (2.17). We first show
that there is a constant ¢, ;; > 0, depending on & only, such that for all x € R,

To(x) < ¢y 15 (1 + |x)¥y/loglog(3 + [x]) . (2.39)



Asymptotic Properties and Hausdorff Dimensions of Fractional Brownian Sheets 417

It follows from (2.19) that the inequality (2.39) is satisfied when |x| < 1. It remains to
show that it is also true when |x| > 1. Our approach is similar to the proof of Lemma 2.
For any |x| > 1, we choose an integer Jy > 0 such that

270 < |x| < 2/0t! (2.40)
and then write T, (x) as the sum of the following 3 parts:
—Jo—1 00
Toa() = Y > 2775 c ) |ViogB + [+ 1K), (2.41)
J=—00 K=—00
-1 o)
Top() = > Y 27795 x(0)]iogB + 171 + [K]) (2.42)
J=—Jy K=—c0
and
o o
Tos() =) Y 277y ¢ (0)]yiogB + 7+ K] - (2.43)
J=0 K=—o00

First, let us derive an upper bound for 7y 1 (x). For any integers —oo < J < —Jp—1
and K € Z, (2.10), the Mean-Value Theorem and (2.20) imply that

~ ¢, 27 |x| ¢, 27 |x|
fro| = —= = . 2.44
ikl < G+l —KD>~ Q+IK)]? 4
Putting (2.44) into (2.41) yields
T (x) < ¢y Ix] (2.45)
for some finite constant ¢, |, > 0.
To derive an upper bound for 7y 2(x), we note that
To2(x) < Ra2(x) + Ra2(0) (2.46)

where

Jo 00
Rua(x) =Y Y 2 [y*(277x — K)|\logB + J + [K]) . (2.47)

J=1 K=—00
Applying (2.20) with n = 0 and (2.15), we have

Jo o o0 Ja
2 log(3+ J + |K)|)
R2,(x(x) < (s E E "y >
J=1 K=—00 (3+|2 X_KD

I (2.48)

0
<y 327 log (47 +2771x]).
J=1
Hence, with some elementary computation, we have
Jo
R0t,2(-x) < Cz 16 / 20([\/10g (5+t +271|x|) d.x

Jo

(2.49)

< ¢, 2% log (5 + Jo + 2~ x])

=G (1 + [x])*y/loglog(3 + |x|) ,
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where the last inequality follows from (2.40).
Similarly, (2.20) and (2.15) imply that

Jo 00
Rep©0) =) Y 2/[y*(=K)|[{logB + J + K]

J=1 K=—o0
Jo (2.50)
< 2" log(3+J)
J=1

< ¢y, (1 + [x))*y/log(log(3 + [x])) -
Combining (2.46), (2.47), and (2.50) we obtain that for any |x| > 1,
Ty2(x) < ¢y, (14 |x])¥y/loglog(3 + |x]) . (2.51)

Now, let us derive an upper bound for 7, 3(x). It follows from (2.43) and (2.10) that
forallx € R,

To3(x) < Ra3(x) + Ro3(0) , (2.52)
where for any x € R,

Ry3(x) = Z Z 277 |y (27 x — K)|V1ogB + J + K ) . (2.53)

J=0 K=—00

Using (2.20) again one obtains that for all x € R,

XX 2772 flog3+ J + |K
Ras) e Y D e D
D0 kemeo (34 [27x —KY)

27 flog (3+ 7 +|[27x]| + 1K)

=0Cys5 E :

kT B[ [2x] K|

<¢y i 2—“‘\/1og B+7+|[2/x])) -

J=0

(2.54)

Note that for any x € R,

Jiog (3+ 7 +[[27x]]) < \Jlog (3 + J +27) + /logB + Ix]) . (2.55)
It follows from (2.52), (2.53), (2.54), and (2.55) that for any x € R,

Ty 3(x) < cyp5/10g(3 + |x]) . (2.56)

It is clear that (2.56), (2.51), and (2.45) entail (2.39). Finally, (2.11), (2.9), (2.39),
(2.15), and Lemma 1 imply that there is a random variable Ag > 0 of finite moments of
any order such that for all w € QT andr = (t1,...,1y) € RV,

N N
|BY (1, 0)| < A6 [ [ T, (t)) < ¢y As [T+ 125D /loglog3 + 1151) .

j=1 j=1
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This finishes the proof of Theorem 2 with A, = c, ,, Ae. L]

Remark 2. Observe that while proving Theorem 2, we have obtained the following result
which will be used in the proof of Proposition 4. Namely, there is a random variable A> > 0
of finite moments of any order such that foralln > 1, = (¢1,...,ty) € RN andw € SZT,
one has

Bl < Y, 2@ 30
(j,k)eZN xZN
N (2.57)

< Ax(@) [] + 150" /loglog3 + I1;1]) -

j=1

The rest of this section is devoted to the proof of Theorem 3. First, we need to fix
some more notation.

e For r any A=A, A, ..., AN) € R¥ and for each integer | < n < N, we denote
by A the vector of RN~ 1 defined as

)&n:()ﬂ’-~~»)\n—l»)\n+lv--~a)¥N) (2.58)

with the convention that 5:1 = (A2, A3,...,Ay) and /):N = (A, A2, ..., ANZD)-
For convenience, we may sometimes write A as (A,, A,) [see, e.g., (2.69)].
e Forany H = (Hy,...,Hy) € O,DY, j = (i.....jn) € ZN, k =

(ki,....ky) €ZN andt = (11, ..., ty) € RN, we set
(@, (1"[ vl <n)) H gl @) (2.59)
I=n+1
(Hl) _ (HN) _
with the convention that \IJ ( ) = Hl 21/f ik (f1) and \Il (A ) =

Mty wﬂ [, (). Recall that the functlon o oM (@) is defined in (2.10).

Let us now introduce a wavelet transform that allows us to construct a sequence of
independent and identically distributed fractional Brownian sheets on RV ! starting from
a fractional Brownian sheet on RY.

Proposition 4. Let B" ={BH(t),t e RN} bean (N, 1) -fractional Brownian sheet with

index H = (Hi, ..., Hy). Foreveryn € {1, ..., N}, (ju, kn) € Z X Z and
’t;l:(t]5"-7tn717t}’l+17‘-'5tN) GRN_I’
we define
Cjn n (tn) = 2]"(1+Hn / BH(t)wan (zjlll»n _ kn) d[l’l , (260)
R

where Y~ is the wavelet introduced in (2.7). Then (Cj, k) (jr.kn)cZx7 is @ sequence of
independent and identically distributed fractional Brownian sheets on RN~ with index H,,.

Proof. Note that Property (b) of Lemarié-Meyer wavelets and (2.8) imply that 1}\ —Hn(0) =
0. Therefore one has that,

/ Wy (20, — ky) dty = 0. (2.61)
R



420 Antoine Ayache and Yimin Xiao

For every (p, q) € ZN x ZN and for every/t;, e RV-1 define
10 g k) =2 [ T O (201, — k)i 262
We claim that

It . @5 s kn) = 8(Pus i jins k) W5 “” 2 (@) (2.63)

where §(pn, gu; jn, kn) = 1, if (pu, ) = (n, kn) and 8(pp, gn; jn, kn) = O otherwise.
To verify (2.63), note that (2.9), (2.10), (2.59), and (2.61) imply that

2n f G eyt (291, — k) dity

2fnq1(H> () /an 2P0ty — g ) (2001, — k) dity (2.64)

Since the functions y#» and v~ are real-valued, it follows from Parseval’s formula, (2.8)
and the orthonormality of the Lemarié-Meyer wavelets 2//2y(2’x — K), J € Z, K € Z,
that

_ 2*17/1 /]R efi(Z*”" Gn —2—n kn)én ﬁ, (2*17/1 En)ﬁ(z_j" ;;-‘n) dén

— 2(Hn+1/2)(pn_jn)_pn / e_i(z_pnqn_z_jnkn)gn 1’//\(2_17715 )1//;(2 Jngn) dén
R

— o Hat 1/ (pu i)+ / V(2P — )0 (271, — k) dty
R
= QDI S (py, G s K - (2.65)

Combining (2.64) and (2.65) yields (2.63).
Next it follows from Proposition 3, (2.60), (2.62), and (2.63), that almost surely, for
every 1, € RV—1,

Cinta@) = > 27" e, 1(0: p.q: jns k)
N N
(p.q)EZN X7 o o (2.66)
= > 2_”’”’H’”E(jn,ﬁ,),(kn@,)‘I’,%,,,"q,, (tn) -

(Pn,@n) €ZN =1 xZN -1

Observe that we are allowed to interchange the order of integration and summation in
deriving the first equality in (2.66) because the function #,, +— w’H" 29ty — ky) belongs
to S(R), the partial-sum processes B,ﬁf (t) [which are defined in (2.12)] converge to B Hp)
uniformly on all compact sets and because of (2.57). Also, observe that Propositions 2
and 3 entail that, with probability 1, the series (2.66) is uniformly convergent in 7,, on
any compact of RV~ ! and that the Gaussmn field {C}, x, (t2), 7, € RN=1} is a fractional
Brownian sheet on RY~! with index H Finally, observe that the Gaussian random
sequences {€(j,. 7). (kn.n)» (P> @n) € ZN 1 x ZN=1} (((jin, kn) € Z x Z) are independent
and have the same distribution, so are the fractional Brownian sheets {C jn,kn@)v T €
RN, (Gns kn) € Z % Z0). O
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Let us show that the increments of the Gaussian field {C}, , (.), T, € [0, 11N _1} can
be controlled uniformly in the indices j, and k.

Lemma 3. Let Q0 be the event of probability 1 in Theorem 1. For every 1 <n < N and
x,y € [0, 11V, let

W@ o) = 3 k-l log 3+ v — il ). (2.67)
l#n

Then there is a random variable A7 > 0 of ﬁnite moments of any order, such that for every
Jn €N ky €{0,1,...,200}, %, € [0, 11N, 5, € [0, 1NV and w € QF,

|C v ten (R @) = Cjiyotey (s @) | < A7 (@) 270 7, (%, 30 (2.68)

Proof.  Following the same lines as in the proofs of Theorems 1 and 2, one can show
that there is a random variable Ag > 0, of finite moments of any order, such that for every
th € R, X, €0, 1171, 5, € [0, 1V ~! and w € Q%, one has

| B (ty, %, @) — B (1, P, @) | < Ag(@) T (R, In) (1 + [ta )"/ Tog log (3 + [1]). (2.69)

It follows from (2.60) and (2.69) that for all j, € N, k, € {0, 1, ...,2j"}, X, €
[0, 1N and 3, € [0, V1,

|Cj,,,k,, (35"’ w) - Cjnvkn (5)\"’ w)|
< 2/n<1+Hn>/ | B (ty, T 0) — B (ty, Y, )| |00 (2778, — k)| it (2.70)
< Ag(@) 2", (3,5,) / (1 + 1t )™ /loglog B + [t ) [¥ = (2778, — kn)| ditn,
where the last integral is finite since ¥~/ belongs to S(R). Moreover, the integral

1 G k) = 20 /R (1 + [1a)) ™ flog Tog (3 11a]) [~ (2701 — k)|l

can be bounded independently of j, € N and k, € {0,1,..., 2/r}. Indeed, by setting
u = 2/t, — k,, we derive that

1 (jns kn) < /(2+ Ju) "™ /loglog(4 + [ul) [ =" ()| du < co. 2.71)
R
Thus, (2.69) follows from (2.70) and (2.71). L]
In the following, without loss of generality, we will suppose that
H; = min{Hy, ..., Hy} . (2.72)

Lemmad. Let Q7 be the event with probability 1 in Theorem 1. If there exist some € > 0,
s=0(s1,51) €0, 11x O, 11NV and w € Q7 such that

. |BY (s + h, ) = B (s, 0)|
lim sup <
=0 o(s+h,s)lte

0, (2.73)
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then there is a constant c, ,s > 0 (only depending on s, € and w) such that for every ji € N
andky € {0,1,...,2/1},

€t 1. @) = e 2 (14 275y — k) O 14)

Proof. When (2.73) holds, we can find two constants €y, > 0and n > 0 [depending on
s, € and w] such that for all 4 € RV satisfying |h| < n,

|BR (s + h,w) — B (s, 0)| < cype0(s +h,5)' T (2.75)
In particular, for & = (h1,0, ..., 0) with |A1]| < n, we have
|B (51 4 11,51, 0) = BY (51,51, )| < ¢, 50 [1|T10F9). (2.76)

Observe that Theorem 2 implies that by increasing the value of ¢, ,,, (2.76) holds for
all k1 € R. Hence, it follows from (2.60), (2.61), and (2.76) that for every j, € N and
k, €{0,1,...,2/},

Coan o) <2005 [ 87 (1.51) = B s1.30) 7 (201 — k)|
R

<c 2]1(1+H1)f It — S1|H1(l+e) |¢_H1 (2j1t1 _ k1)|dt1 )
' R
Setting u = 271, — ky in this last integral, one obtains that
(S JiH —J1 —j Hi(1+e€) | —H
}le,kl(sbw)} = Cyp62 ‘2 u+2""k —Sl| |1ﬁ (u)‘du
R
< ¢y 271 / R A Ol
R

t 6y 2 heth |2jlsl —ki ’HI(H_G) / |I‘0—Hl (”)| du
! R

< €05 p—jieH (1 4 |2jlsl —k |)(1+e)H1 ’

for some finite constant c, ,; > 0. This proves (2.74). [

The proof of Theorem 3 mainly relies on the following technical lemma, which is, to
a certain extent, inspired by Lemma 4.1 in Ayache, Jaffard, and Taqqu [5].

Lemma 5. There is an event Q5 with probability 1 satisfying the following property: For
all arbitrarily small n > 0, € > 0 and for all € QF, there exist a real number v > 0
and an integer ji o > 0 such that for all integers j1 > ji.0, 751 e {0,1,...,3MN"1 with
37ky € [, WV =" and for all 1 € [0, 1], there exists k1(ji) € {0, 1, ..., 2/} such that

[t1 — 27k ()| < 27 HoH Q2.77)
and
ICin Bk, w)| = v (2.78)

Proof. Let us fix two constants €, 7 € (0, 1). Since the distribution of the fractional
Brownian sheet {C}, f, (x1),x1 € [n, 1V _1} is independent of the indices j; and kj (see
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Proposition 4), there is a constant v, > 0, depending on 7 only, such that for all Xl €
[n, 1N"', j1 e Nand k; € {0, 1, ..., 271},

VElI’(CjI’k1 (56\1)) = V. (2.79)
Thus, forall j; € N, k; € {0,1,...,2/1} and X € [, 11V71,

~ 2
P(|Cii (F1) = vn) =/ - (2.80)

For any j; € N, we set

Dyjy={2% ke fo.r. 3 and 37K e V] @8
and
271
Lej, = {—LZJ‘IH‘GJJ , (2.82)
where | x| is the integer part of x. Observe that each k1 € {0, 1, ..., 2/1} can be written as
ky = [2"1€ g+, (2.83)

where ¢ € {0,1,...,Lc j,}and r € {0,1,..., [2/171€] — 1}. Also observe that for all
1 €[0,1]and j; € N, there isg;, € {0, 1,..., Lc j;} and 7j, € {0, 1,..., [2/1Hhe] — 1}
such that )
LZJIHIGJ a]l +7]1
21
Hence, we have forall r;, € {0, 1, ..., |2/tHe | 1},

LZJIHIGJ qll + i
21

f 52‘f‘ .

H— < p—ii(l—eHD+1

and (2.77) follows from this last inequality.
Now we consider the event E;, ¢ ;, defined by

Lej, (27181

Ee;i= J U N {IC.,I,BJIH]EJH,(Jl)!sv,,}. (2.84)

aEDn»h g=0  r=0

It follows from the independence of the random variables C 1 20 gy (c?l), (see Propo-
sition 4), (2.80), (2.81), and (2.82) that

N-1

IA

2\ 2/1H1e
2

i 2 JiH€
exp | ¢, q5/1 + (log ;)(2 - 1) .

Since Z?f:o P(Ey.e,j,) < oo, the Borel-Cantelli Lemma implies that

P(Ep.e.jr) G +1)" L+ 1 (

IA

o0

o0
P U mE;,e,h =1,

J1=0 j1=J1
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where E} ¢ - denotes the complementary of the event E;) ¢ j, .
Flnally, we take

-nNU

s Rren ehA
meN neN J1=0 ji=J; m+ n+

and it has the desired properties of Lemma 5. L]
The following lemma is a consequence of Lemmas 3 and 5.

Lemma 6. Let Q5 = QF N Q5. Then, for all € > 0 small enough, (t1, 1) € (0,1] x
0, 117V "V and all € Qj3, there exist v > 0 and an integer ji,| > 0 satisfying the following

property: For every integer ji > ji.1, there exists k1 (ji) € {0, 1, ..., 2/} such that
[ty — 27k (ji)| < 27O+ (2.85)
and
CiruGn (@, )| = v/2. (2.86)

Proof. Letusfixt = (11,71) € (0,1] x (0, 11¥~!, ¢ > 0 small enough and w € Q3.

Observe that there is an n > 0 such that (¢1, ) € (0, 1] x [, 11N¥~1, and for every j; € N
there is a k1 (ji) € {0, 1, ..., 3N~ with 371k, (jiy) € [, NV ! such that

[l =37k G| < VN =137, (2.87)

Lemma 5 implies that for some real v > 0, integer ji 0 > Oandevery integer ji > ji,0
there is k1 (j1) € {0, 1, ..., 2/1} satisfying

t1 — 277k ()| < 27 HoH (2.88)
and
1Cjitaiin BRI, @)| = v (2.89)

On the other hand, applying Lemma 3 with n = 1, together with (2.72) and (2.87),
one obtains that for any 0 < 6 < Hj, there is a constant ¢, ,, > 0 such that for all j; € N,

2\ j1(H1—0) .
)“ T2 (2.90)

‘le,kl(jl)(a’ a)) - le’kl(jl)(3_j]7€\1(jl)’ a))| = Cra (g

Combining (2.89) and (2.90), we have that for all j; > jj o,

|Ci k(i (712 @) | = [Crta () BTG, )|

= Ci (i (15 @) = Cjy k(i 37 k1 (), @) 2.91)
2\ Jj1(H1—6) 0
>V — C2,29 (g) X 211 .

By choosing 6 > 0 small enough so that limj, _, o (%)jl(Hlie) x 2119 = 0, we see that
(2.91) implies the existence of an integer ji,1 > ji,0 > 0 such that (2.86) holds for all
J1>J11- OJ
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We are now in a position to prove Theorem 3.

Proof of Theorem 3. Let Q3 be the event in Lemma 6. Suppose, ad absurdum, that
there is € > 0 small enough, t = (tl,/t\l) € (0, 1] x (0, 1V -landw € Q; such that

) |BH(t + h, w) — B (1, »)|
lim sup ; < 00
h|—0 o(t+h,t)lte

Then, it follows from Lemma 4 that there is a constant ¢, ,; > 0 such that for every j; € N
and k; € {0, 1,...,2/1},

|C./'1J<1 (a’ a))| =G5 2 et (1 + |2jlt1 — ki |)(1+€)Hl : (2.92)
On the other hand, Lemma 6 implies the existence of k1 (j1) € {0, 1, ..., 27 1} satis-

fying (2.85), (2.86), and (2.92). Hence, for every integer j; > ji 1,

Cy5 et (1 + |2j]s1 - kl(jl)‘)(l+e)Hl
Cy g5 2711 (1 4 21T (HOHL (2.93)

0<v/2

IA

IA

Since € > 0 can be taken arbitrarily small, one may suppose that (1 +¢€)H; < 1. Then one
obtains that Tim j, _, oo 27751 (1 + 271€HH1) IO — 6 hich contradicts (2.93). This
finishes the proof of Theorem 3. L]

3. Hausdorff Dimension of the Range, Graph, and Level
Sets

In this section, we study the Hausdorff and packing dimensions of the range B! ([O, v ) =
{BH(t) : 1 € [0,11"}, the graph GrB¥ ([0, 11V) = {(, B (1)) : t € [0, 1]V} and the
level set Ly = {t € (0,00)N : BH(1) = x}, where x € R? is fixed. We refer to
Falconer [15] for the definitions and properties of Hausdorff and packing dimensions.

In order to state our theorems conveniently, we further assume

O<H <...<Hy<l. (3.1)

Theorem 4. Let BY = {BH(t), t e Rﬁ} be an (N, d)-fractional Brownian sheet with
Hurst index H = (Hy, ..., Hy) satisfying (3.1). Then with probability 1,

N
1
dim, B ([0, 11) = min { d; — 3.2
imy, ([ ] ) min ZH/ (3.2)
Jj=1
and
kH, Vo
dim, GrB™ ([0, 11V) =min ZF"_+N—1¢+ (1—Hyd, 1 <k<N; ZF
i—1 J i—1 J
N 1 : . N 1 : 3-3)
_ Zj:][-]_j if Zj=1H_de’
- k H, . k—1 k
Yo+ N —k+ (1~ Hod UPZ.,:lHngd<Zj=1HLj,
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where Y0 =0.

j=1 H
Remark 3. When d = 1, (3.3) coincides with the result of Ayache [3].

The second equality in (3.3) is verified by the following lemma, whose proof is
elementary and is omitted. Denote

k N
K := min ;%+N—k+(1—Hk)d, 1<k <N; ;HL,
Lemma 7. Assume (3.1) holds. We have
1) Ifd>Z§YIHL,thenK=Z;y1HL.
(i) IfZ] lH <d<ZI 1Hforsomel<£<N then
l
= Z g — 0+ (1 — Hy)d (3.4

andk € (N —€+d,N —C+d+1].

As usual, the proof of Theorem 4 is divided into proving the upper and lower bounds
separately. In the following, we first show that the upper bounds in (3.2) and (3.3) follow
from Theorem 1 and a covering argument.

Proof of the upper bounds in Theorem 4. For the proof of the upper bound in (3.2),
we note that clearly dimHBH ([O, I]N ) < d a.s., so we only need to prove the following
inequality:

N
1
dim, B7 ([0, 1) < Z a.s. (3.5)

=1 i
For any constants 0 < y; < yjf < Hj (1 < j < N), it follows from Theorem 1 that
there is a random variable A of finite moments of all orders such that for all w € Q%,

H _ pH
- |BH (s, ) — B (t,/w)| < A1) (3.6)

s,t€[0, 11V Z;V:l lsj — tj|”f

Let w € Q7 be fixed and then suppressed. For any integer n > 2, we divide [0, I
into m, sub-rectangles {R, ;} with sides parallel to the axes and side-lengths n~VH (j =
1,..., N), respectively. Then

N oL
my <c, n = 3.7

and BH([O, l]N) can be covered by BH(R,,J) (1 <i <my) and, by (3.6), we see that the
diameter of the image BY (Rp.;) satisfies

diamB” (R,;) < ¢,, n='*, (3.8)
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where § = max{(H; — y]f)/H,', 1 < j < N}. We choose y;’ € (y;, H;) for each j such
that

AN LA |
1-96 — > —.
( )Z Yi Z H;
j=1 j=1
Hence, for y = Y1 -, it follows from (3.7) and (3.8) that
on N L
3 [diamBH(R,,,,-)]V < e T 10 g
i=1
asn — oo. This proves that dim, B ([0, 1]1V) < y a.s. By letting y; 1 H; along rational
numbers, we derive (3.5).
Now we turn to the proof of the upper bound in (3.3). We will show that there are
several different ways to cover GrB*! ([O, v ), each of which leads to an upper bound for

dim, GrB# ([0, 11V).
For each fixed integer n > 2, we have
mpy
GrBH (10, 11V) € | Rui x B (Ru) - (3.9)
i=l
It follows from (3.8) and (3.9) that GrB* ([0, 11) can be covered by m, cubes in RN+
with side-lengths ¢, , n~1%9 and the same argument as the above yields

dim, GrB" ([0, 1Y) (3.10)

||M2

We fix an integer 1 < k < N. Observe that each R, ; x BH (Ry,i) can be covered by

L
£, x cubes in RV T4 of sides n”~ Pk, where by (3.6)
N 1 1
(g —7) A —148)d
N ST -

_ L
Hence, GrBH([O, I]N) can be covered by m, x ¢, cubes in RNt with sides n~ k.

Denote
k

Hj
= — +N—-k+ (1 —p)d.
M Z a + (=)
j=1
Recall from the above that we can choose the constants y, and y ’j (1 < j < N) such that
1-6> ﬁ Some simple calculations show that

C(—— 2k
My X Ly x (n Hk)"k < cyen d=3=5)d _, ¢
asn — oo. This implies that dim,Gr B ([O, 1V ) < ni almost surely. Therefore for every

k=1,...,N,

=~

Hy
dim, GrB7 ([0, 1Y) ZF N —k+ (1 — Hyd. (3.11)
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Combining (3.10) and (3.11) yields the upper bound in (3.3). L]
For proving the lower bounds in Theorem 4, we need several lemmas.

Lemma 8. For any e > 0, there exist positive and finite constants c, , and c, ; such that
foralls,t € [e, 1V,

N N

¢r ols = 1P < B[ (B ) = BE )| < ey Yolsj— 1P 312)
j=1 j=1

Remark 4. The upper bound in (3.12) holds for all s, ¢ € [0, 1]V and ¢, ¢ is independent
of ¢. However, the constant ¢, , depends on e.

Proof of Lemma 8. 1In order to prove the upper bound in (3.12), we use (1.1) and write
2
E[(Bf (s) — B (1))7] as

N ow N2 an N1 om 2H
j i Ly 2H; I e. 4 2H) | 2HN
s; +l_[tj ZHZ(sj +tj lsj — ;] ) Sy
j=1 j=1 j=1
Mow Y 1o om
j j j 2H; 2Hy 2Hy
+ = —(s-1+t.’—S'—t' f) (t =S )
H J L Lols +o 7 s =)l N TSN (3.13)
j=1 Jj=1
N o om
o 2Hy L/ 2H; i e, _ 4 2H;
+ Ity — sn| 2(sj 1] Isy = P
j=1
=TT+ +13.

It is clear that |T»| < clty — sy|*™V and T3 < |ty — sy |2V for all 5,1 € [e, 11V.
Therefore the upper bound in (3.12) follows from (3.13) and induction on N.

It seems to be quite involved to apply a similar elementary method to prove the lower
bound in (3.12); see Xiao and Zhang [36, pp. 213-214] for an application of this argument
to a similar, but easier problem. Instead, we will proceed by making use of the stochastic
integral representation (1.4). We believe that our argument below will be useful in further
studying other problems such as the sharp Holder conditions for the local times and the
exact Hausdorff measure of the image and graph sets of fractional Brownian sheet B

LetY ={Y(),t € Rﬁ} be the Gaussian random field defined by

n IN
Y () :/ / g, r)W(dr)
0 0
n v N 1
=/ / [[ai—rp™2wdr). teRrY.
0 0

Then by the independence of the Brownian sheet on different quadrants of RY, we have
E[(BH (s) — BE1))?] = k2E[(Y(5) — Y(1))*] forall s, 7 € [e, 1]V.

For every ¢ € [e, 1]V, we decompose the rectangle [0, ¢] into the following disjoint
union:

(3.14)

N
[0.£]=10,£]V U J R(t)) U A(e. 1), (3.15)
j=1
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where R(t;) = {r € [0, Y :0<r <e, ifi # j, e <rj <tj}and A(g, ) can be
written as a union of 2V — N — 1 sub-rectangles of [0, 7]. It follows from (3.14) and (3.15)
that for every ¢ € [, 11V,

N
vo = [ seowan+ Y [ senwan+ [ genwan
[0.6]V o IRrap INCD))

N
= X0+ Y Yit)+Ze1). (3.16)
j=1

Since the processes X (g, 1), Y;(t) (1 < j < N) and Z(¢, t) are defined by the stochastic
integrals over disjoint sets, they are independent. Only the Y (#)’s will be useful for proving
the lower bound in (3.12).

Now lets, t € [, 1]V and 1 < Jj < N be fixed. Without loss of generality, we assume
S < tj. Then

2 2
E[(Yj(r) ) ]:f (g(t.r) — g(s. 1)) dr+f S, rdr, (3.17)
R(sj) R(sj.tj)
where R(s;, t;) = {r € [0, 1V :0<r <se, ifi # j, sj <rj <tj}. By (3.17) and some

elementary calculations we derive

B0 -vo)]z [ Puend

R(Sj,tj)

i
=/ H(zk—mz”ﬂ/ (tj—rpt~tar G198
[0,]N-1 kit j 5j

2H;
2C319|tj_sj| ’

where ¢, , is a positive constant depending on ¢ and Hy (1 < k < N) only.
It follows from (3.16), (3.17), and (3.18) that for all s, ¢ € [g, 1]V,

N
E[(Y(») = Y®)*] = Y E[(¥;6) = ¥;0)’]
J=l (3.19)

N
2H;
ZC3.92:|sj — 417
i

This proves (3.12) with ¢, , = c3y9/(;2. L]

Lemma 9 below is proved in Xiao and Zhang [36, p. 212] which will be used to derive
a lower bound for dim,; BH ([0, 11V). Lemma 10 is needed for determining a lower bound
for dimy, GrBf ([0, 11V). Both lemmas will be useful in the proof of Theorem 5.

Lemma9. Let0 < o < 1ande > 0 be given constants. Then for any constants § > 2a,
M > 0and p > 0, there exists a positive and finite constant c; ,,, depending on ¢, 8, p
and M only, such that for all0 < A < M,

1 1
1 1
dsf —dt <, (AP 4 1). 3.20
/g e (A+Is —12)” o { ) 20
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Lemma 10. Let a, B and n be positive constants. For A > 0 and B > 0, let

1
J:=J(A,B) :/ ‘ff : (3:21)
0 (A+1%) (B4

Then there exist finite constants c,,, and c; ,, depending on a, B, n only, such that the
following hold for all reals A, B > 0 satisfying A'/* < ¢y B:

(i) IfaB > 1, then

1

J S e (3.22)
(i) ifaB =1, then
J<c, % log (1 +BA™Y); (3.23)
(i) fO0<aBf <landaB +n # 1, then
J<e, (% +1). (3.24)
BoB+n—1

Proof. By a change of variable, we have

1 B! dt
J=—— . . (3.25)
B Jo (A + Bu*) (1 +1)n

To prove (i) and (ii), we note that, if B < 1, then we can split the integral in (3.25) so that

1 1 dt 1 B! dt
J=—— 3 + — 3 . (3.26)
B Jo (A4 Be@)’(14+0n B i (A4 Ber@) (14 1)

If B > 1, then J is bounded by the first term in (3.26). Hence, in the following, it is
sufficient to consider the case 0 < B < 1.
When af > 1, by using (3.26) and changing the variables again, we get

~
IA

1 /1 dt L] /B" dt
Bl Jo (a4 Boe)f T BV i (a4 Bere)f

B 1 /BA Ve ds N 1 /00 ds
~ AB—a"lpn 0 (1+Sa)ﬂ AB—ana~! BA-1/a (1+s°‘)ﬁs’7

c 1 o0 ds (3.27)
= o1 + 1 1 ap+
AB—a~' Bn AB—a™ +na BA-1l/a S n
< C C
— AB—a"'pgn + Bepf+n—1
12
= Aﬁ_‘xilBﬂ )

where in deriving the third and the last inequalities, we have used the fact that 8 > 1 and
BA~Va > ¢l
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When «f = 1, similar to (3.27), we have
;o BATUT s L /00 ds
~ B Jo (14s@)f  Ar" Jpa-ve (1 4 5o)P g
L2 BATV g 1 /OO ds (3.28)
- B" 0 1+S A')ail BA-1/a Sl+n
C312 1
< log(1+B4 /ey

Hence, (3.23) holds.

Finally, we consider the case 0 < a8 < 1. If we further have o8 + n < 1, then
it follows from (3.21) that J < fol ta‘é—in < oo and (3.24) holds. So it only remains to
consider the case 0 < @f < 1 and @8 + n > 1. For simplicity, we assume ¢, , = 1 and

split the integral in (3.25) as

1 BlAle dt B! dt
=5 i) )
Bn 0 (A—}—B"‘t"‘) (1411 B-14l/a (A—i—B“t“) (1 + 1)1
1 1 d A—I/Dt d
PR - (f o & ) (3.29)
AP B \Jo (14s50) S (14597 (14 B-14Vag)"
- c N 1 BATYY g N 1 ATV g
= Af—a'gn | ap—alpn \ | seb (B=1AV®)" Jpa-ve s¥P0 ]
Since ¢ + n > 1, we have
J< c n 1 c
~ AB—a7lpn  AB—a7lpn (BA—afl)aﬂfl
c 4 ¢ (3.30)
~ AB—o"lpn  Beftn—l
G
— BeB+n—1 ’

where the last inequality follows from the assumption that 0 < o < 1and BA~1/® > c;l

3,11°
Thus, (3.24) holds and the proof of Lemma 10 is finished. ]

Proof of the lower bounds in Theorem 4. First we prove the lower bound in (3.2).
Note that forany ¢ € (0, 1), dim, B# ([0, 11V) > dim,, B¥ ([¢, 1]). Hence, by Frostman’s
theorem (see e.g., Kahane [17, Chapter 10]), it is sufficient to show that for all 0 < y <
min{d, 31 5,

&=/ | IE(
g (e, 11V J[e, 11V

Since 0 < y < d, we have 0 < E(|E|7Y) < oo, where E is a standard d-dimensional
normal vector. Combining this fact with Lemma 8§, we have

1 1 1 1
Sy = (33 / ds / dty -- / dSN/
' & £ £ £ <Z

1

3.31
|BH (s) — BH(1)|” 33D

)dsdt<oo.

1

N 2m\/
j=118j — 1)l -’)

diy . (3.32)
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To prove the above integral is finite, we observe that for any 0 < y < min{d, ) j-v:l #},
J
there exists an integer | < k < N such that

N Ny
> F < Z — (3.33)
Jj=k+ j=k
where Z J=N+1 hl, := 0. In the following, we will only consider the case of k = 1, the

remaining cases are simpler because they require less steps of integration using Lemma 9.
Now assuming (3.33), we choose positive constants 0, ..., dy such that §; > 2H;
foreach2 < j < N and

: +---+ : )/ : + : +---+ 1 (3.34)
— << —+— 4 —. .
52 SN 2 2H1 ) SN

Applying Lemma 9 to (3.32) with

N-1
A= lsj — ;" and p=1y/2,
j=1
we obtain from (3.32) that
& < : ]d ld ld 1 ! d 3.35
Yy =CaatCn A 51 i I i SN—1 ; v N7 =T8N tn—1. (3.35)
(Zj=1 Isj_tjl J)

By repeatedly using Lemma 9 to the integral in (3.35) for N — 2 steps, we derive that

1
& <cy5+c / dSl/ — dty . (3.36)
3.15 315 [ . (|Sl —t1|2H1)y/2 (1/82+--+1/8N)

Since the §;’s satisfy (3.34), we have 2H [y/Z -/ + -+ 1/8N)] < 1. Thus, the
integral in the right-hand side of (3.36) is finite. This proves (3.31).
Now we prove the lower bound in (3.3). Since dimy GrBH([O, I]N) >

dimy, BH ([0, 1y ) always holds, we only need to consider the case when

k—
Z Z forsome 1 <k <N . (3.37)

Here and in the sequel, Z =1 H =0.

Let0<e<1and0<y<21 lH + N — k + (1 — Hy)d be fixed, but arbitrary,

constants. By Lemma 7, we may and will assume y € (N —k+d,N —k+d+1). In
order to prove dimHGrBH ([e, 1Y) > y a.s., again by Frostman’s theorem, it is sufficient
to show

1
g z/ / E dsdt <oco.  (3.38)
14 e, 1V Jie, 11¥ |:(|S—t|2+ \BH(S)—BH(I)|2)V/2i| N <
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Since y > d, we note that for a standard normal vector E in R4 and any number a € R,

1
—(y—=d)
E[<az+|s|2>m}““@“ |

see e.g., Kahane [17, p. 279]. Consequently, we derive that
Gy < / / : dsdt (3.39)
=cC N s .
P Jeaw Je o (s, ) |s —t|r=d

where 02(s, 1) = E[(Bf (s) — B{! (1))*]. (This was obtained by Ayache [3] for d = 1).
By Lemma 8 and a change of variables, we have

G, <cp /oldtN”'/ol (Z;V:l t]{fj)dl(zN )V_d dr . (3.40)

=11
In order to show the integral in (3.40) is finite, we will integrate [d#1], ..., [d#] iteratively.
Furthermore, we will assume k£ > 1in (3.37). (If k = 1, we can use (3.24) to obtain (3.44)
directly).

We integrate [d#] first. Since Hjd > 1, we can use (3.22) of Lemma 10 with
A= Zi’v:z t;{j and B = Z;V:z tj to get

1 1
1
G, < 13/ dtN~-~/ — dn . (3.41)
s H\d—1/H; y—d
© (L) T ()

j=21j
We can repeat this procedure for integrating dty, ..., dtx—;1. Note that, if d = > -;i HL,
then we need to use (3.23) to integrate [df;—1] and obtain

1 1 1 1
G, <c /dtN~~~/ ——— log| 1+ —— | dtx < 0. (3.42)
R [ 0 ( N )V_d SN 1

D=kt 7=

Note that the last integral is finite since y —d < N — k + 1. On the other hand, if

d> Z’;;} HL/ then (3.22) gives

1 1
1
gygcm/ d:N.--/ — dy. . (3.43)
" Jo 0 N HN\A-XiZi VH; N y—d
<Zj=ktjj) ! (Zj:ktj)

We integrate [d#;] in (3.43) and by using (3.24), we see that

1 1
1
Gy <c3, / dtN---/ v dty11+1 | <00, (3.44)
: y—d+Hed=Y 2] #4-)-1
0 0 (Z;-V:k_i_l tj) k j=1H;

since y —d + Hy(d — Z]]:} #) —1 < N —k. Combining (3.42) and (3.44) yields (3.38).
J

This completes the proof of Theorem 4. L]
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The following result is on the Hausdorff dimension of the level set Ly = {t €
0, 00)N : BA(t) = x}.

Theorem 5. Let B = {BH (1), t € R_’X} be an (N, d)-fractional Brownian sheet with
Hurst index H = (Hy, ..., Hy) satisfying (3.1). IfZN L < d then for every x € R,

j=1H;
L, =0a.s. IfZ;VZI HL > d, then forany x € R and 0 < ¢ < 1, with positive probability
J
‘L H
dimy,(Ls N le, 1Y) =min § 37 25 + N —k = Hed, 1 <k <N
—
’ (3.45)
k—1 k
=Zﬂ+N—k—Hd if L<d<Zi
— H, “ —H — T &l
j=1 J j= J j=1 J

Remark 5. When Z;V:l HL = d, webelieve that forevery x € RY, L, = @Ja.s. However,
J
we have not been able to prove this statement. In the Brownian sheet case, this was proved

by Orey and Pruitt [28, Theorem 3.4]. It also follows from a result of Khoshnevisan and
Shi [19].

Proof. The second equality in (3.45) follows from Lemma 7. First we prove

k
H
dimy (L, N e, 1Y) < min { > Fk +N—k—Hd 1 <k<N} as (3.46)
=1
and L, = ( a.s. whenever the right-hand side of (3.46) is negative. It can be verified that
the latter is equivalent to ZN L <d.

j=1Hj
N —1
For an integer n > 1, divide the interval [e, 11V into m,, = n%i=! H; sub-rectangles
R, ¢ of side lengths n—1/Hj (j=1,---,N). Let0 < § < 1 be fixed and let 7, » be the

lower-left vertex of R, ¢. Then

P{x e BH(R,,,Z)} < IP’{ max [B"(s) = B"(0)] =00 x e BH(Rn,e)}
S, tER, ¢

+]P’{ max B (s) — B ()| > n*(“&}

S,tERy ¢

(3.47)

< ]P{|BH(t,,,g) _ x] < n—(l—a)} 4 emen®

—(1-8)d
< 63’22 n .

In the above we have applied Lemma 2.1 in Talagrand [29] to get the second inequality. If

N: L < d, wechoose § > 0 such that (1 — 8)d > N= L Let N, be the number of
j=1H j=1H
J J

rectangles R, ¢ such that x € BH(R,,,g). It follows from (3.47) that

N -1
E(N,) < ¢, n2=t 1 =094 0 a5 5 — oo (3.48)

Since the random variables N, are integer-valued, (3.48) and Fatou’s lemma imply that
a.s. N, = 0 for infinitely many integers n > 1. Therefore L, = ¥ a.s.

Now we assume Z?’:l HL, > d and define a covering {R;’E} of L, N[e, 11V by
R , =Ry ifx e B (R, ) and R!, , = ¥ otherwise. Forevery 1 <k < N, R , can be
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N —1_ g1 . —1
covered by nXi=knt L =H) cubes of side length n =" . Thus, we can cover the level

set L, N[e, 11V by a sequence of cubes of side length n’H/:l . Leté € (0, 1) be an arbitrary
constant and let

+N—k—H(1-68)d.

m|m

k
It follows from (3.47) that

mp
N —-1_pg-1 -1
E |:Zn2,~=k+1(Hk H;) (n_Hk )nl{xeBH(Rné)}:|

=1 (3.49)

T H —H Y = H —(1=8)d _

Z 1 H
S i = G303 -

Fatou’s lemma implies that the n-dimensional Hausdorff measure of L, N [e, 11 is finite
a.s. and thus dimy (L, N [e, 1Y) < n almost surely. Letting 6 | 0 along rational numbers,
we obtain (3.46).

To prove the lower bound in (3.45), we assume Z];;{ HL, <d < Z T for some

1 <k < N. Leté > 0be a small constant such that
A
ZZF N—k—H(1+8d>N—k. (3.50)

Note that, if we can prove that there is a constant ¢, ,, > 0, independent of § and y, such
that

P{dimH (Lyn[e, 1Y) > y] > ¢y (3.51)

then the lower bound in (3.45) will follow by letting § | O.

Our proof of (3.51) is based on the capacity argument due to Kahane (see [17]).
Similar methods have been used by Adler [1], Testard [30], and Xiao [31].

Let /\/l;‘ be the space of all non-negative measures on R" with finite y-energy. It is
known (cf. Adler [1]) that /\/l;r is a complete metric space under the metric

d d
lul, —f f wdnpulds) (3.52)

|t —s[”

We define a sequence of random positive measures i, on the Borel sets C of [¢, 1]V by

H _ 2
un(C) = / (27'(n)d/2 exp ( — M) dt

&1 H
exp | — 2 - +i i(&, BY (1) — x) | dE dt .
R4

It follows from Kahane [17], or Testard [30] that, if there are constants c;,; >
0, ¢; 5,4 > 0 such that

(3.53)

E(lpal) = €505 E(llinll?) < 50 (3.54)
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and

E(lunlly) < 400, (3.55)
where ||, ] = wmn([e, 11V), then there is a subsequence of {,u,,} say {n,}, such that

Un, — M in /\/lJr and p is strictly positive with probability > c ,s/(2¢556). In this case, it

follows from (3.53) that the measure u has its supportin L, N [8, I]N almost surely. Hence,
Frostman’s theorem yields (3.51) with ¢, ,, = 632 ’s /(2c¢y ).
It remains to verify (3.54) and (3.55). By Fubini’s theorem we have

Bllualy = [ [ e exp< & |2>EeXp('<§,BH(t))> dt dr

(e, 1]V JRd 2

:/ / e 1EX) exp(—l(n_l+02(t))|$|2) dE dt
[e, 11V JRd 2

_/ < 2 >d/2 o <_ |x|? >dt

" e T o20) TP\ T 2T+ 020))

- [ (2_>/ (_ bx[” )dt _

= e 1]V 1+0'2(I) exXp 20‘2(1‘) = 6‘3,25.

Denote by 4 the identity matrix of order 2d, Cov(BH (s5), BA (1)) the covariance matrix
of (B (s), BH(1)),T = n~ 'y +Cov(BH (s), BY (1)) and (£, n)’ the transpose of the row
vector (&, n). Then

. 1
E(lluall?) = / " /[ N /R d fR e meg (—5@, n)r@,n)’) dt dn ds di

O 1 r- ') ds dr
/s 1 /[81 JdetT' (_E(x’x) (x’x)> § (3.57)

274
< / / ) 73 dsdr.
e, 11V Jie 11V [detCov(BE (s), B (1))]

(3.56)

It can be proven (see Xiao and Zhang [36, p. 214]) that for all 5, ¢ € [e, 1V,

N N
detCov (B} (s), BY' (1)) = l_[ 2H; 2H, l_[ ( ' /—i-t i s _tj|2Hj)
= = (3.58)

2H;
Z Gy Z |sj — ;177 .
j=1

Combining (3.57), (3.58) and applying Lemma 9 repeatedly, we obtain

1
E(llmal?) < ¢ / / dsdt :=c,,, <0o. (3.59)
( n ) 3.8 (e 11V Jie 1y Z;\’:] ls; — tj|2Hj]d/2 326

In the above, we have omitted the proof of ¢, ,, < 00 since itis very similar to (3.32)—(3.36)
in the proof of Theorem 4. Therefore we have shown (3.54) holds.
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Similar to (3.57), we have

ds dt . 1
R I I B eXp(——(E,n)F(é,n)/)d%‘dn
le. 1)V Jie, v s — 1] Jrd Jpa 2

1
=Gy / / —5 dsdt (3.60)
e Jiear (2 Isj = 30) (X Isj — 15 20) "
1

! 1
<5y / dtN-"/ T dty ,
0 0 (Z;\/:l tjj)d(Zj'\;] tj)y

where the two inequalities follow from (3.58) and a change of variables. Note that the
last integral in (3.60) is similar to (3.40). By using Lemma 10 in the same way as in the
proof of (3.41)—(3.44), we see that for any y defined in (3.50), E(||is|l,) < +oo. This
proves (3.55) and hence Theorem 5. L]

By using the relationships among the Hausdorff dimension, packing dimension and
the box dimension (see Falconer [15]), Theorems 4 and 5 and their proofs of the upper
bounds, we derive the following analogous result on the packing dimensions of B ([0, 1]V),
GrBH([0,11Y) and L,.

Theorem 6. Let B = {BH (1), t Rf} be an (N, d)-fractional Brownian sheet with
Hurst index H = (Hy, ..., Hy) satisfying (3.1). Then with probability 1,

N
1
dim, B ([0, 11V) = min { d; — 3.61
im, B” ([0, 1]") = min ]X_;Hj (3.61)
k Hj N 1
dim,GrB ([0, 1]V) = mi —= 4N —k+(—Hyd, 1<k<N; — Y. 362
im,GrB ([0, 11V) =min ;Hﬁ +(1—Hyd, 1<k< ;H,- (3.62)

If ijzl HL] > d, then for any x € R? and 0 < ¢ < 1,

k
H,
dim, (Ly 0o, 1Y) =min 4 37X + N —k = Hid, 1<k <N (3.63)
j=t

with positive probability.

Remark 6. 1Inlight of Theorems 4, 5, and 6, it would be interesting to determine the exact
Hausdorff and packing measure functions for BH ([0, 11Y), GrBH([0, 11V) and the level
set Ly. In the special case of the Brownian sheet, the Hausdorff measure of the range and
graph were evaluated by Ehm [13]. However, his method relies crucially on the independent
increment property of the Brownian sheet and is not applicable to the fractional Brownian
sheet B in general. Moreover, no packing measure results have been proven even for
random sets determined by the ordinary Brownian sheet.

Related to these problems, we mention that the Hausdorff measure functions for
the range and graph of an (N, d)-fractional Brownian motion X have been obtained by
Talagrand [29] and Xiao [33, 34]; and the exact packing measure functions for X ([0, 1)
have been studied by Xiao [32, 35]. Their methods are useful for studying the fractional
Brownian sheet B as well.
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Remark 7. By examining the proofs, we see that Theorems 4, 5, and 6 hold for all
Gaussian random fields satisfying (3.12) and (3.58), including certain anistropic Gaussian
random fields with stationary increments (see e.g., Koéno [20], Bonami and Estrade [9,
Example 3]).
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