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Abstract

The primary goal of this paper is to study the range of the random field X (¥) = Zj.vzl X;(t5),
where X1,..., Xy are independent Lévy processes in R?.

To cite a typical result of this paper, let us suppose that ¥; denotes the Lévy exponent of X;
for each ¢ = 1,..., N. Then, under certain mild conditions, we show that a necessary and sufficient

condition for X (Rf ) to have positive d-dimensional Lebesgue measure is the integrability of the
function R? 3 € — H;V:1 Re {147, (&)} " This extends a celebrated result of (KESTEN 1969; BRE-
TAGNOLLE 1971) in the one-parameter setting. Furthermore, we show that the existence of square
integrable local times is yet another equivalent condition for the mentioned integrability criterion.
This extends a theorem of HAWKES (1986) to the present random fields setting, and completes the
analysis of local times for additive Lévy processes initiated in the companion paper KHOSHNEVISAN,
XIAO AND ZHONG (2002).
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1 Introduction

An N-parameter d-dimensional random field X = {X(¢); ¢t € RY} is an additive Lévy process if X has
the following pathwise decomposition:

X(t)=Xi(t1)++ Xn(ty),  VteRY,

where X, -+, Xy are independent classical Lévy processes on R?. Using tensor notation, we will often

write X = X1®- - -@ Xy for brevity, and will always assume that X;(0) =0forallj =1,..., N. Finally,

if ¥q,..., ¥y denote the Lévy exponents of X1, ..., Xy, respectively, we define the Lévy exponent of X

tobe U = (Uy,...,¥y). See the companion paper KHOSHNEVISAN, XIAO AND ZHONG (2002) for more

detailed historical information, as well as a number of collected facts about additive Lévy processes.
The following question is the starting point of our investigation:

“When can the range of X have positive Lebesque measure?” (1.1)

In the one-parameter setting, i.e., when N = 1, this question has a long history as well as the following
remarkable answer, discovered in (BRETAGNOLLE 1971; KESTEN 1969): If \; denotes Lebesgue measure
in RY,
1
E{X(X(R:))} >0 <— g Re (14—‘1’(5)) d¢ < +o0, (1.2)
where ¥ denotes the Lévy exponent of X, and Re z denotes the real part of z € C. In the sequel, the
imaginary part and the conjugate of z will be denoted by Im z and Z, respectively.

The primary objective of this paper is to answer Question (1.1) for the range of an additive Lévy
process X = {X(t); t € RY}. It is quite standard to show that vazl Re{l+ ¥;}71 € LY(RY) is a
sufficient condition for E{\;(X(R%Y))} > 0. The converse is much more difficult to prove, and we have
succeeded in doing so as long as there exists a positive constant ¢ > 0 such that

Re (ﬂ ) 2 H re (e ) (1.3

j=1

see Theorem 1.1 below. We note that when N = 1, Condition (1.3) holds vacuously with J = 1.

Among other things, we will show in this paper that when (1.3) holds, the proper setting for the
analysis of question (1.1) is potential theory and its various connections to the random field X, as well as
energy that we will describe below. Various aspects of the potential theory of multiparameter processes
have been treated in EVANS (1987a, b), FITZSIMMONS AND SALISBURY (1989), HIrsCH (1995), HIRSCH
AND SONG (1995a, 1995b), and KHOSHNEVISAN AND XIAO (2002a).

As we mentioned earlier, we propose to derive the following multiparameter version of (1.2). It will
be a consequence of some of the later results of this article.

Theorem 1.1 Let X be an additive Lévy process in R® with Lévy exponent (¥1,..., V), and suppose
that Condition (1.3) holds. Then,

1

1—|—\I/j(§)> d¢ < 4o0.

N
EQa(XRY)} >0 — /RdHRe (
j=1



Remark 1.2 We record the fact that Condition (1.3) is only needed for proving the direction “=.”
We also mention the fact that under the conditions of Proposition 6.5 below, Aq(X(RY)) is almost

surely equal to 400 (respectively, 0), if [p. vazl Re {14 ¥,;(£)} ! d¢ is finite (respectively, infinite). [J

Theorem 1.1 has the following equivalent formulation which addresses existence questions for the
local times of the companion paper KHOSHNEVISAN, XIAO AND ZHONG (2002). When N =1, it is a
well known theorem of HAWKES (1986).

Theorem 1.3 Let X be an additive Lévy process in R? that satisfies Condition (1.3). Then X has
square integrable local times if and only if H;V:I Re {1+ W;}~! is integrable in RY, where (¥q,...,Vy)
is the Lévy exponent of X.

We have already mentioned that Theorem 1.3 is an equivalent probabilistic interpretation of Theorem
1.1. But, in fact, our formulation of Theorem 1.3 lies at the heart of our proof of Theorem 1.1 and its
further refinements; cf. Theorem 2.1 below.

Remark 1.4 When N = 1, Condition (1.3) always holds with ¥y = 1. Hence, our theorems extend
those of BRETAGNOLLE (1971), KESTEN (1969) and HAWKES (1986). O

In general, any additive Lévy process X with Lévy exponent ¥ = (¥q,...,¥y) induces an energy
form &g that can be described as follows: For all finite measures y on R?, and/or all integrable functions
d
p:RY— R,

evt = en! [ FOP [[Re (g ) (1)

where ~ denotes the Fourier transform normalized as f(£) = Jpa €€ f(x) dx [f € LY(R)].

Frequently, we may refer to “the energy” of a measure (or function) in the context of an additive
Lévy process X without explicitly mentioning its dependence on the Lévy exponent of X. This makes
for a simpler presentation and should not cause ambiguities.

Having introduced energies, we can present a key result of this paper. When N = 1, it can be found
in BERTOIN (1996, p. 60).

Theorem 1.5 Consider any d-dimensional additive Lévy process X, whose Lévy exponent ¥ satisfies
(1.8). Then, given any nonrandom compact set F C RY, E{\y(X(RY) & F)} > 0 if and only if F
carries a finite measure of finite energy.

We have adopted the notation that for all sets A and B, A® B = {a+b;a € A, b € B}. This
should not be confused with our tensor notation for X = X; ®---® Xy.

Note, in particular, that if we choose F' to be a singleton in Theorem 1.5, we immediately obtain
Theorem 1.1.

Next, we apply Theorem 1.5 to compute the Hausdorff dimension of the range of an arbitrary
additive Lévy process.

Theorem 1.6 Given an additive Lévy process X in R? with Lévy exponent (¥q,..., Uy) that satisfies

(1.3),
dim (X(Rﬁ)) =d-—n, P-a.s.,

N 1 d¢
=5 0: R = .
! b“p{” /é- lel>1 13 ’ (H%(g)) HR +"°}

Here, dim(e) denotes Hausdorff dimension, sup @ = 0, and || e || denotes the Euclidean ¢*-norm.

where




Remark 1.7 It can be checked directly that

N 1 d¢
= inf 0: R .
”1“%”’ Am¢mxlle<1+%@0|mw<+”}

Furthermore, one always has n < d. O

When N = 1, i.e., when X is an ordinary Lévy process in R?, PRUITT (1969) has shown that the
Hausdorff dimension of the range of X is

1
yzsup{a >0: limsup 7‘_’1/ P{|X()| <r}dt< +oo}.
0

r—0

In general, this computation is not satisfying, since the above lim sup is not easy to evaluate. PRUITT
(1969, Theorem 5) addresses this issue by verifying the following estimate for v in terms of the Lévy

exponent ¥ of X:
fy>sup{a<d-/ ; dg <+oo}
- ez 2! N4 '

Moreover, it is shown there that if, in addition, Re ¥(§) > 2log||£]| (for all ||£]| large), then,

B . 1—e %) d¢
7‘“%“<¢Af“( T(©) )mwﬂ<+m}

See FRISTEDT (1974, 377-378) for further discussions on Pruitt’s work in this area.
Our Theorem 1.6 readily implies the following representation for the index ~ that holds under no
restrictions. To the best of our knowledge, it is new.

Corollary 1.8 If X denotes a Lévy process in R with Lévy exponent ¥,

1 de }
= d: R .
K Sup{a = R [|g||>1 ¢ <1 + W(ﬁ)) ]| < e

Remark 1.9 To paraphrase KESTEN (1969, p.7), Eq. (1.2) has the somewhat unexpected consequence
that the range of a Lévy process { X (¢); ¢ > 0} has a better chance of having positive Lebesgue’s measure
than the range of its symmetrization {X (t) — X'(¢); t > 0}, where X’ is an independent copy of X.
Thanks to Corollary 1.8, this qualitative statement has a quantitative version. Namely, with probability
one, dim(X(Ry)) > dim(Y(R4)), where Y (t) = X(¢) — X'(¢) is the symmetrization of X. To prove
this, one need only note that Re {1 + ¥}~! < {1+ Re ¥}, pointwise. O

Remark 1.10 The preceding Remark can be adapted to show that for any additive Lévy process
{X(t); t € RY} that satisfies Eq. (1.3),

dim(X (RY)) > dim(Y(RY)),  as. (1.5)
Here, Y is the symmetrization of X defined by Y (¢) = X (t) — X' (¢), where X’ is an independent copy
of X. To verify the displayed inequality, we first note that Y also satisfies Eq. (1.3); cf. Example 1.16
below. Thus, our claim follows from Theorem 1.6 and the elementary pointwise inequality: Hivzl Re {1+
vl < H;-Vzl{l +Re ¥;} 1. Furthermore, we note that the strict inequality in (1.5) may hold even for
N =1; see PRUITT (1969, §4) for an example. This example was also noticed by Taylor (1973, p.401),
but there was a minor error in his statement on line -3: “smaller” should be “larger”. It is worthwhile
to point out that Hawkes (1974), by modifying the construction of Pruitt (1969), defined another Lévy

process X in R such that its range has positive 1-dimensional Lebesgue measure, while the Hausdorft
dimension of the range of its symmetrization is strictly smaller than 1. O



Remark 1.11 There are several interesting “indices” for Lévy processes, one of which is the index ~
mentioned earlier. These indices arise when studying various properties of the sample paths of Lévy
processes, and include the upper index (3, the lower indices 3/ and 3 (BLUMENTHAL AND GETOOR
1961), and the index 4/ (HENDRICKS 1983). Rather than reintroducing these indices, we only mention
that

0< B Ad<y<y <BAd

PRUITT AND TAYLOR (1996) discuss some open problems regarding these indices. a

The following is an outline of the paper: In Section 2 (Theorem 2.1) we state a complete character-
ization of all compact sets E C RY for which the stochastic image X (E) can have positive Lebesgue
measure. After establishing a number of preparatory lemmas about the semigroup and the resolvent of
an additive Lévy process in Section 3, we complete our proof of Theorem 2.1 in Section 4. Our proofs
of Theorems 1.1, 1.3, and 1.5 can be found in Section 5. In Section 6 we briefly discuss some of the
existing connections between the energy €y (p)—introduced in (1.4)—and classical convolution-based
energy forms. In Section 7 we utilize additive Lévy processes to describe a probabilistic interpretation
of all sets of positive a-dimensional Bessel-Riesz capacity where o > 0 is arbitrary. This probabilistic
representation is used in Section 8 where Theorem 1.6 derived. In a final Section 9, we have stated
some remaining open problems.

Since Condition (1.3) will play an important role in our arguments, we end this section with some
examples of additive Lévy processes that satisfy (1.3).

Example 1.12 Consider the following condition:
At least N — 1 of the Lévy processes X1, ..., Xy are symmetric. (1.6)
By using induction, we can see that the above implies that
| il 1
e (Ele(&)) - 1w () .

In particular, Condition (1.6) implies (1.3) with ¢ = 1. [It may help to recall that an ordinary Lévy
process Y is symmetric if Y(1) and —Y (1) have the same distribution.] O

Example 1.13 Consider a two-parameter additive Lévy process Ri St Xq(t1) + Xa(t2), where X3
and X, are i.i.d. Lévy processes on R? with exponent W, each. Then, it is possible to directly check
that Condition (1.3) holds if and only if

36 € (0,1): V€ € RY, Tm ¥y (€)] < 5(1 4+ Re Ty (€)). (1.8)

This is a kind of sector condition on ;. O

Example 1.14 Suppose X; and X, are independent Lévy processes on R?, and with Lévy exponents
U, and Wy, respectively. Then, one can checks directly that the two-parameter additive Lévy process
R2 >t — Xq(t1) — Xo(t2) satisfies Condition (1.3) as long as

ImW,(¢) - ImWUy(E) >0,  VEeRL

In particular, if X; and X5 are i.i.d., Condition (1.3) always holds for the process t — X (t1) — Xa(t2).
This process arises in studying the self-intersections of Lévy processes. O



Example 1.15 Suppose N > 2, and consider the N-parameter additive Lévy process X = X; &
-+ ® Xn, where Xq,..., Xy are i.i.d. Lévy processes on R?, all with the same Lévy exponent ¥;.
Writing in polar coordinates, we have {1 + ¥y (£)}~1 = re?® where r = |1 4+ U1(£)|7}, and cos(d) =
11+ U1 ()] H1 +ReVy(£)}. According to Taylor’s formula,
1
cos(N@) >1— 5]\7292 >

> ~(cos ),

N =
DO =

as long as |§] < N~1. Consequently, |§] < N~! implies Condition (1.3). Equivalently,

Im Wy (¢)] <tan(+)[1+Rely(¢)|, VEeR?
implies Condition (1.3). O
Example 1.16 (Symmetrization) Suppose X1, ..., X; Xi,..., X are independent Lévy processes
on R? with Lévy exponents Wy, ..., ¥: Uy, ..., U, respectively, where ¥, denotes the complex conju-

gate of Uy (¢ = 1,...,k). Then, the additive Lévy processes V satisfies Condition (1.3) with ¢ = 1,
where

V=X1® 00Xy ®X1® - & Xg.

If, in addition, Y is an arbitrary R%valued Lévy process that is independent of V, the additive Lévy
process V @Y also satisfies (1.3) with ¢ = 1. O

2 Images and Local Times

Throughout, we let X = X16&- - -® X denote a d-dimensional additive Lévy process with Lévy exponent
U = (Uy,...,Py). In this section we seek to find a general condition that guarantees that the image
X(F) of a compact set E C Rf can have positive Lebesgue measure. Under regularity conditions on
X, this was achieved in KHOSHNEVISAN AND XIAO (2002a,b). Our goal, here, is to find conditions for
the positivity of the image Aq(X (E)) that hold quite generally.

Any finite measure p on Rﬂ\: defines an occupation measure O, on R¢ via the prescription

0u) = [ Ia(X()ulds). A BERY. (2.1)
+
where 14(+) is the indicator function of A and B(R9) is the Borel o-field of R

We take the distribution approach to measures. In particular, we tacitly identify the preceding
random measure with the random linear operator O,, defined as

0u(f) = | f(X(5)) u(ds).

N
R

The following result is the main inequality of this section, where P(F) is the collection of all probability
measures on E.

Theorem 2.1 For all compact sets E C Rf,

<EOEN) <16 @0 gt BIGE, )

L2(rd)

[(%)—d inf E{n@nim}}

peEP(E)



Remark 2.2 Condition (1.3) is not needed here. O

Consequently, in order for A\;(X (E)) to have positive expectation, it is necessary, as well as sufficient,
that for some probability measure p on E, the L*(R?)-norm of the Fourier transform of O, be square
integrable with respect to P.

Suppose, then, that E{Xa(X(E))} > 0. Thanks to the foregoing discussion, there exists u € P(E)
such that H@MHLz(Kd)
continuous with respect to A4, a.s. Let Lj; denote this density. In other words, L, = {Lﬁ; T € Rd} is
the process defined by the following: For all measurable functions f : R — R,

is in L?(PP); in particular, it is finite, a.s. By Plancherel’s theorem, Q,, is absolutely

0uh) = [ St da (22)

cf. (2.1). We can always choose a measurable version of R x Q 5 (2,w) — Lf,(w), which we take for
granted. Of course, {2 denotes the underlying probability space. Furthermore, we can apply Plancherel’s
formula, once again, to deduce that

(121

The process L, is the local times of X, under the measure p. The above, together with Theorem 2.1,
shows the following.

= (21)"||0, |12 P-a.s. (2.3)

L2 (r) L2(rd)’

Corollary 2.3 In order for E{\4(X (E))} to be positive, it is necessary and sufficient that there exists
a probability measure p on E, under which there are local times L,, such that E{[|L;, ||2 )} is finite.

We have developed the requisite material for the lower bound (i.e., the “easy half”) in Theorem 2.1.

Proof of Theorem 2.1: Lower Bound Without loss of generality, we may assume that there
is a probability measure p on the Borel set E such that E{H@ ||22(W)} < +oo. Let L, denote the

corresponding local times. It follows from (2.2) with f(z) = 1x(g)(z) that P-a.s.,

1=|0,[RY]
‘/ L”” dz
27T) d”@ ||L2(Rd) .)\d(X(E))7

thanks to (2.3) and to the Cauchy—Schwarz inequality. Next, recall that for all positive random variables
Z, BE{Z71} - E{Z} > 1. This also follows from the Cauchy-Schwarz inequality, or from Jensen’s
inequality. Thus, we obtain

E{\a(X(E))} > (2m)¢ {II© IILZ(M}

Z(27r)d[ {H “||L2(Rd)}:|_

This proves the lower bound in Theorem 2.1. O

We conclude this section with the following analytical description of ]E{H(O) 2. }. Its derivation

L2 R4)
is simple, but we include it as a natural way to introduce the associated process X in (2.4) below. The
remainder of Theorem 2.1 is proved in Section 4 after our presentation of Section 3 that is concerned
with some calculations.



Lemma 2.4 For any finite measure [ on Rf,
BB} = [, [ 0 e ) .
Re J JRY xRY

Proof This is an exercise in Fubini’s theorem. Indeed, by (2.1),

0, ||2 - i€ [X (5)=X ()]
E{H@uIILQ(m} /R //MXREE{e }u(ds)u(dt)dg.

Define the N-parameter process X = {)N((t), t € RV} by
N N
X(t) = sen(t;)X;(|t;)),  vVteRN. (2.4)
=1

We emphasize that Xisa process indexed by all of R, and that

Vs,t € RY © X(¢) — X(s) has the same distribution as X(t—s). (2.5)

Moreover,
E{eif‘g(t)} D D It51%; (segn(t5)€) Ve e RY ¢t e RV, (2.6)
Our lemma follows. O

3 Some Calculations

Recall the associated process X from (2.4), and let P = {P;; t € RN} be the family of operators on
L>(R%) defined by

Pif(z) =E {f()?(t) + x)} . WteRY, fe L®([R?) and z € R% (3.1)

This is not an N-parameter semigroup; i.e., it is not true that P, = P, P, for all s,¢ € RY. However,
each of its 2%V restrictions {P;; t € (£R)"} 4is an N-parameter semigroup. Let U denote the 1-potential
of the family P. That is, for all f € L>°(R%)

Uf(x) = / e~ Tin sil P, f(x) ds, Vz € R, (3.2)
RN
We will also need the following potential operator

Usf(z) = /RN e~ X% % Py f(z) ds, vz € RY. (3.3)

Our next lemma computes P;f(z), U f(x) and Uy f(x) in terms of the Lévy exponent of X. In light
of Theorem 1.1, it shows that X and its 1-potential U are the “right” objects to consider. Indeed, the
integral of Theorem 1.1 is nothing but Udy(0), where &, is point mass at a € R?, while Condition (1.3)
allows us to compare Udy(0) and U4 dg(0).



Lemma 3.1 The operators Py, U and U, are convolution operators. Moreover, if f, fe LY(R%), then
for allt € RN and all x € RY,

P, f(z) = (2m)~¢ /d e”"'ff(fg) o~ il 1519 (sgn(t;)€) de,
R

N
U f(z) = 2¥ (2m) / ¢ f(—&) [ Re (leg)) “

Usf(a) = 2m) [

Proof  Temporarily let p; denote the distribution of —X(t) to see that P,f(z) = u * f(z) and
Uf(z) = Jgwe” X il % f(z) dt, where x denotes convolution. Since f € L'(R%), it follows from
Fubini’s theorem and (2.6) that

— ~

BfE) = f(Om(E)
- f(g)e—Z;V:l\tj\‘l’j(—sgn(tj)i)_ (3.4)

Hence, the asserted formula for P;f(z) follows from the inversion theorem of Fourier transforms, after
making a change of variables. To obtain the second equation, we integrate P, f, viz.,

Uf(@) = 20 [

Rd

fi-g) [ ow{- S sl + ¥ s d .

j=1

On the other hand,

N oo oo
/ e~ Tis Il s8] g = [ { / =45 (0)] gg 1 / N AG) ds}
RN ;=1 Wo 0

N
=2V [[Re{1+ %)} "

j=1

The mentioned computation of U f(z) follows readily from this. Our computation of U, f is made in
like fashion, and we omit the details. (|

Throughout, we assume that the underlying sample space 2 is the collection of all paths w : Rf — R
that have the form w(t) = Z;Y:I wj(t;) for t € RY, where w; is in Dga[0, 00)—the usual space of R9-
valued cadlag functions—for every j = 1,..., N. The space (2 inherits its Borel field from the Skorohod
topology on Dpa[0,00) in a standard way. The additive Lévy process X of the Introduction is in
canonical form if

X(t)(w) =w(t), YweQ, teRY.

Since we are only interested in distributional results about X, we can assume, with no loss in generality,
that it is in canonical form under a fixed probability measure, denoted by P. This is a standard result
and we will not dwell on it here. Henceforth, the canonical form of X is tacitly assumed. We will also
assume, with no further mention, that ¥ = (¥q,...,¥y) is the Lévy exponent of the additive process
X. We note for future reference that this is equivalent to

E{ei§~X(t)} _ e—t~\1f(€)7 YVt € Rf, e R, (3.5)



In agreement with the notation of classical Lévy processes, we define P, to be the law of x + X
for any x € R%, and let E, be the corresponding expectation operator. To be precise, we define for all
Borel sets A C €,

P{weQ:weA}=Plwe: z+we A}

where (z + w)(t) = x + w(t) for all w € Q and ¢t € RY. This allows us to also define a sigma-finite
measure IP’M, and a corresponding integration (or expectation) operator, EM, via

P, {A} = /R , P, {A}dx, VA C R Borel, and

E, {2} = /]Rd E.{Z} dx, VZ : Q — Ry, measurable.

The last line holds for a larger class of random variables Z by standard monotone class arguments.
Let IT = {1,..., N}, and for all A C II define the partial order <, on R by

(A)

{si <t;, forallie A,

s, = . C
s; >t;, forallie A".

)

We may also write ¢ S for s <t We note that, used in conjunction, the partial orders {<(A); A CTI}

totally order RY in the sense that for all s,t € RY, we can find A C II such that s < k- We will use
this simple fact several times. The final piece of notation is that of filtrations in each partial order < A
Namely, we define 74 () to be the sigma-field generated by {X(r); r <<A)t}. We can, and will, assume
that each F4(t) is P,-complete for all x € RY, and each F4 is < (a5right continuous. The latter means
that for all t € RY, FA(t) = ms?(m + FA(s).

The following key fact is borrowed from KHOSHNEVISAN AND XIAO (2002a), which we reproduce
for the sake of completeness.

Proposition 3.2 (The Markov property) Suppose that A C 11, and that s St where s and t are
both in Rf. Then, for any measurable function f: R — R,

E,, {F(X®) | 74(s)} = Psf (X (5)),
P, -a.s., where P; is defined in (3.1).

Ad

Remark 3.3 This is not generally true under P,. Also note that conditional expectations under the
sigma-finite measure IPM are defined in exactly the same manner as those with respect to probability

measures. u
Proof Consider measurable functions f, g, hq,..., R, : R — R, and times t,s,s',...,s™ € Rf such
that EF S 7S for all j =1,...,m. Then, since the X;’s are independent from one another, and by

appealing to the independent-increments property of each X;, we deduce

/RdE{f(X(t)+x) g(X(s) + ) Hh](X(sJ)Jrz)}dx
= [ Bt - x + 0 B{ T s (X6 - X0+ 9) ot



Thanks to (2.4), (2.5), and (3.1), the first term under the integral equals P,_;f(y). Noting that, under
the measure P, , the distribution of X (s) is Aq, we see that the desired result follows. O

Lemma 3.4 Suppose f,g: R? — R are in L*(RY)NL2(R?) and their Fourier transforms are in L' (R?).
Then, for all s, t € Rf,

E,, F(X() g(X(0)) = 2m) ™ | F(©) Gle)e = lmneens =29 g

Proof Find A C1II such that s< , ¢. Then,

(A)
E,, {/(X(s) g(X()} = E,, { [(X(s))E,, {g(X(1)| T4(s)} |
=E,, {/(X(s)) Psg(X(s))},

thanks to Proposition 3.2. Since the P, -distribution of X(s) is Aq for any s € R%Y and both f,g €
L?(R9), we can deduce the following from Plancherel’s formula:

B, {F(X6) oX ()} = | @) Prosgle) da
— 0 [ O P de
Rd

Our lemma follows from (3.4). O

Next, we recall the occupation measures O, from (2.1). The following is a function analogue of
Lemma 2.4.

Lemma 3.5 For all f : R* — R, in L'(R?) N L2(R%) such that fe LY(R%), and for all probability
measures (i On Rf,

2, {0u0r} = ent [ 7 uede,

where
QuO = [[[ | e STt () () (36)
RY xRN

Proof This follows from Lemma 3.4 and Fubini’s theorem, once we verify that the function @, is
nonnegative. On the other hand,

au(© = 2f } v e R, (3.7)

/ eig»X(t) /L(dt)
R

N
+

thanks to (2.5) and (2.6). This implies the pointwise positivity of Q,,, thus concluding our proof. [

4 Proof of Theorem 2.1: Upper bound

In Section 2 we proved the easy half (i.e., the lower bound) in Theorem 2.1. We now use the results of
the previous section to derive the hard half of Theorem 2.1.
For all measurable f : R? — R, , all probability measures x on ]Rj\_f , and all A C II, define the
process Mﬁf by
MAf() =B, {0.(F) | 541)},  WteRY. (4.1)

11



Lemma 4.1 Suppose f : RY — R, is in LY(R?) N L2(RY), and f € LY(RY), A C 11, and p is a
probability measure on Rf. Then, recalling (3.6), we have

E, {(MA(1)} = / f@)de, V€ RY and
Rd

sup B, {[MAF(1)]*} < (2m) / FO Quie) de.
teRf R4

Proof The de—expectation of Mﬁ‘ (t) follows immediately from Fubini’s theorem, and the elementary
fact that E, {f(X(t))} = [a f(x)dz. For the second identity, we note that, by the Cauchy-Schwarz
inequality for conditional expectation under P, , for all ¢ € RY, E,, {IMAf(@0)*} < E, {l0.(f)[}. The
lemma follows from Lemma 3.5. ]

Lemma 4.2 For all s € RY, all measurable functions f : R — Ry in L'(R%) N L2(R?) with fe
LY(R?), and for any probability measure y on Rf, de—almost surely, the following holds:

S O(s) = [ Pl fOX(S) ().

ACII RY

Moreover,

., { sup DGO | < a¥en e [ RO Qule) de
seQN R

+

Remark 4.3 Since our filtrations satisfy the “usual conditions,” one can show that when f is bounded,
say, Mﬁf has a < ,sright continuous modification. Consequently, for this modification, the former
inequality holds almost surely, where the null set in question is independent of ¢ € Rf . See BAKRY

(1979) for a version of such a regularity result. O

Proof For the first expression, we note, from (4.1), that since f > 0,

CEEN Y| ) EXC)

(A)

_ / P f(X () ),

(A)

]P)A
and recalling that, together, the < o ’s order Rf , we obtain the first inequality. The second inequality
requires a little measure theory, and Cairoli’s maximal inequality; cf. WALSH (1986) for the latter. We
provide a brief, but self-contained proof below.

We define one-parameter “filtrations” 5’”{‘,?@4, ceey 5‘"}(‘, for each A C II, by insisting that fff(tj) is
the sigma-field generated by {X;(r); » > t;} if j € A, whereas {X;(r); 0 <r <t;}ifj € AL, We add all
P,-null sets for all 2 € R? to these without changing our notation. A little thought shows the following:
For any t € RY, given FA(t), the sigma-fields F1(t1),...,Fn(tn) are conditionally independent under
the sigma-finite measure P, . Consequently, by standard arguments from the theory of Markov random
fields, applied to the sigma-finite measure P,

s for any probability measure 1 on R?, thanks to Proposition 3.2. Summing this over all A C II

E, {Z|5(t)} =E,, [ -E{Z|F5 ()} | Tx(ty)],

12



P, -a.s. for any nonnegative measurable function Z on €2; cf. RozANOV (1982) where this sort of result
is systematically developed for probability measures. The same arguments work for PM' Consequently,
we apply Doob’s maximal inequality, one parameter at a time, to obtain

E{ sup |Mff(t>!2} <4V sw B, {|Mr)]*},
teQ¥ teRY

all the time noting that by applying the method used to prove Kolmogorov’s maximal inequality, one
verifies that Doob’s maximal inequality also works for P, -martingales; we refer to DELLACHERIE-
MEYER (1982, 40.2, p. 34) for the one-parameter discrete settmg One generalizes this development to
the multiparameter setting by applying the arguments of R. Cairoli; cf. WALSH (1986). Thus, Lemma
4.1 concludes our proof. O

We are ready to begin our

Proof of Theorem 2.1: Upper bound Henceforth, we may assume that

E{\a(X(E))} >0, (4.2)

for, otherwise, there is nothing left to prove.

For any ¢ > 0, define E° to be the closed d-enlargement of E, which is of course a compact set itself.
Choose some point A ¢ Rf , and let T° denote any measurable (Qf N E°%) U A-valued function on €,
such that 7° # A if and only if |X(7%)| < 6. This can always be done, since the X,’s have cadlag
paths, and since B(0,8) = {x € R?: |z| < 6} has an open interior, where | ® | denotes the />-norm in
any Euclidean space. Informally, T° is any measurably selected point in E° such that | X (T?)| < 6, as
long as such a point exists. If not, 7% is set to A. We now argue that for all § > 0, and all k > 0 large,
ud* € P(E°), where

Mé,k(.) _ Pkd{gé € ;7 T° 7& A, ‘X(O)l < k}
AT # AL X(0)] < k)

Indeed, note that, by Fubini’s theorem,
P, {T° #A,|X(0)] <k} =P, {X(E°)NB(0,5) # @, | X(0)] < k}
/[ ) k]dIP’{X(E5) NB(z,8) # @} dr
- E{Ad«X(Eé) @ B(0,4)) N [k, k]d)}. (4.3)

In particular, P, {T? £ A, |X(0)] <k} is greater than E{\g(X (E)N [k, k]*)} > 0 for all k > 0 large,
thanks to (4.2). Thus, once we argue that P, {T9 £ A, |X(0)] <
that u>F € P(E?), as asserted. But

k} < —|—oo this development shows

B, {T° # A, |X(0)| < k} <P, {IX(0)] <k} = (2k)",

which is finite. Thus, we indeed have pu®* € P(E?).

We apply Lemma 4.2 to = p®* and s = T° on {T? # A}, and note that on the latter, 7° € Qf,
so there are no problems with null sets. In this way we obtain the following, where f : R? — R is any
measurable function:

S sup M f(s) > /R inf Py f() p®F(dt) - Vypo 2 | x(0)1 <k}

N d: z|<
ACI1s€QY ¥ w€R%: |z|<d

13



P, -a.s., where the null set is independent of the choice of § > 0. The special choice of u®F yields the
following upon squaring and taking Pkd—expectations:

2 2
E su MA, s }>/ {/ inf Pi_f(x ‘S’kdt] %k (ds
{AZHQp 2t 2 [ | ot Pt @ ]t
x P, {T° #A,|X(0)] <k}

z{ /R ) /R in Pt_sf(as>u‘”(dt)u‘”“(ds)]2

N z€RY: |z|<8
T

x P, {T° # A, |X(0)] < &},
thanks to the Cauchy—Schwarz inequality. Consequently, for all o > 0, 6 € (0,d0) and all k > 0 large,
S sup M)

2
AcTr s€QY

. 8,k o,k S 2. S '
= UM/R inf P f(x) p>"(dt) " (d )] P, {T° # A, |X(0) < k}

N zERY: |z|<dp
+

(4.4)

Another appeal to the Cauchy—Schwarz inequality reveals the following estimate for the left-hand side

of the above:
2
Ekd{ Z sup M;‘é,kf(s) }

Act s€QY
< 16" (2m) / FO Quon () de, (4.5)

Rd

sup Mﬁa,kf(s)

SEQf

Jorged

ACTI

by Lemma 4.2. We now choose a “good” f in both (4.4) and (4.5). Namely, consider f = f. for any
€ > 0 such that f is of the form

=l

fo(w) = (2m2)~ exp ( |

) ,  VzeR% (4.6)
Trivially, fo > 0, [ fodhg =1, f-(€) = exp(—1e[|€]|?), and both f., f. € L' (RY) N L*(RY).

We apply (4.4) and (4.5) for this choice of fe, and wish to take § — 0. Since dq is fixed, the explicit
form of P, f shows that (z,s,t) — P,_,f(x) is continuous on B(0,d) x E® x E°. Since E° | E are
all compact, and since u®>* € P(E%), Prohorov’s theorem, together with the mentioned continuity fact
about inf, P;_,f(z), implies the existence of a u € P(F), such that along some subsequence ¢’ — 0 and
k' — oo,

// inf P, fo(z) p ¥ (dt) p0F (ds) — // inf P fe(2) p(dt) p(ds).
RY xRY |2]<do RY xR |#]<6o

Furthermore, P, | {T° # A, |X(0)] < k} — E{\g(X(E))}, as k T co and then § | 0; cf. (4.3). [Here,
X(F)) denotes the closure of X(FE).]
The preceding argument, used in conjunction with (4.4) and (4.5) (let &g | 0), yields

16N(27r)*dlimsup/ |f5(£)|2Qu“'*k' (€) d¢
R
2

< [//MXM Py f=(0) p(dt) p(ds) | - E{Aa(X(E))}.
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Now, 0 < Q. (€) < 1 for all ¢ € R? [cf. (3.7)], and f. € L*(R?). Finally,

lim Q,uél’k/ = Q#,

8’ —0,k’—o00

pointwise [cf. (3.6)]. Thus, by Lebesgue dominated convergence theorem,
2
16%Cn) [ R©PQu@de> | [[ P uan )] BuxE))
R4 RY xRN

—en | [ Feeue ] - BpuciE),

thanks to Lemma 3.1. Our choice of f. guarantees that for all £ € R?, ]?5(5) > \fs(f)\z Thus, we use
the square integrability of f. and the positivity and boundedness of (),,, once more, to obtain

BN} <16 |20 [ RO Queae|

since the right-hand side is obviously not zero; cf. (3.6) and (3.7). Let € | 0 and use Lebesgue monotone
convergence theorem to see that

L2(rd)

E{M(X(B))} <167 [(27r)‘d/Rd Qu(8) df} T 6t [(gﬂ)—dE{H@Hz }Tl’

by Lemma 2.4. This concludes our proof. (]

5 Proofs of Theorems 1.1, 1.3 and 1.5

Theorem 1.3 follows from Theorem 1.1 by invoking the very argument that lead to Corollary 2.3. Hence,
we only concentrate on proving Theorems 1.1 and 1.5.

We divide the proofs of Theorems 1.1 and 1.5 in three parts:
(i) The easy half of Theorem 1.1, that is

N 1
/Rd HRe (H‘PJ(S)) dé < 400 = E{\(X(RY))} > 0.

Of course, this statement is a special case of Part (iii) below. We give a simple and direct proof
using Theorem 2.1.

(ii) The hard half of Theorem 1.5; i.e., for any fixed compact set F' C R,
E{M\(XRY)® F)} >0 = Fp € P(F) such that Eg (1) < oo.
The hard half of Theorem 1.1 follows from this and (1.4) upon selecting F' = {0}.

(iii) The easy half of Theorem 1.5, i.e.,

F carries a finite measure of finite energy == E{\(X(RY)® F)} > 0.

15



For simplicity, we use the following suggestive notation: For all finite measures p on Rﬂ\r’ , define

lul2 = e E{10,1, ., }-

L2(rd)

We may refer to |||l as the energy norm of p, although strictly speaking it is only a seminorm as the
following shows.

Lemma 5.1 For any two finite measures i and v on R,

i+ vlle < llulle + M le-

Proof Since y+— O, is linear, so is p — @ The lemma follows from Minkowski’s inequality. ]
Throughout, we define the 1-killing measure, k € P(RY), as
k(ds) =€~ i %ids, Vs € Rf. (5.1)

Recalling (2.1), we note the killed occupation measure is defined by

Ou(f) = [ F(X(s))e™ Zi=1% ds.

RY
Note that O, is a random probability measure carried by X (RY).
The relevance of the killing measure  to the proofs of Theorems 1.1 and 1.5 is given by the following

lemma.

Lemma 5.2 Let k be the killing measure defined above, then the energy norm of k € (P(Rj\_[) 1s described

by
Il = )~ [ _ﬂRe ()

Proof By Lemma 2.4,

oo

512 = (2m)~

3
S—

e~ ls—t¥;(sen(s—1)&) g —s—t dt} d¢

OO(..-)dtds+/ooo/too(~~)dsdt} dg
@ i@(f)]df

+
R (1 )d
“\1+9,0 &

since {1+ 2} 1+ {1+z}71 =2Re{l +2}7! (2 €C). O

<
Il

%\
==

I
o
2

|
ISH

CI

—=

<.
I
—

3
T

—
Jr
K ol

Il
5
&
%\
=

<.
Il
—

[
S
2

|
U

T

—=

<.
Il
—

Lemma 5.2 suffices for our
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Proof of Theorem 1.1: Easy half The lower bound in Theorem 2.1 shows that
E{Xa(X(E)} > |5l (5.2)

Thus, Lemma 5.2 shows that the integrability of H;v:1 Re{l + U;}~! guarantees the positivity of
E{X4(X(E))}. This finishes Part (i) of the proof. O

We start working toward proving the hard half of Theorem 1.5. We begin with some prefatory
results.
Recalling our definition of energy from (1.4), and the function @, from (3.6), we have

Lemma 5.3 For all £ € RY,

Qu(6) =f[1Re (Hl%(s)> '

Consequently, whenever f : RY — R and its Fourier transform are both in L*(R?) N L#(R?),

E,, {00} = &u(f).

Proof In light of Lemma 3.5 and our definition of energy [(1.4)], it suffices to compute @, as given.
On the other hand,

N o poo
Q (E) — / / 6757t7|57t|\11j(sgn(57t)§) ds dt
" Jljl 0 0

:ﬁ[[/Ooo/tm(---)dsdw/ooo/i(---)dtdS]

]ﬁlRe (irv@)

The few remaining details in the above are the same as those in the proof of Lemma 5.2. ]

Recalling (4.1), we are interested in MIf, where we also recall that II = {1,..., N}. The operator
U, below was defined in (3.3).

Lemma 5.4 If f : R — R, is in LY(R?) N L2(RY), then

E{ sup \M5f<s>|2} < Ve (f). (53)

sEQf

Furthermore, for any r > 0, f € LY(RY) whose Fourier transform is also in L*(R?), and for all
s € (0,7)N, the following holds P, ;a.s.:

MIf(s) = e NTUL F(X(5)). (5.4)
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Proof Equation (5.3) is a consequence of Lemmas 4.2 and 5.3 albeit in slightly different notation.
To prove (5.4), we proceed as in our proof of Lemma 4.2, but adapt the argument to the present
setting. Since f > 0, the same reasoning as in the latter Lemma gives the following for all s € (0,7)V:

MIf(s) > B, { [ e v
te=_ s

~ ()

(s}

- / P f(X(s))e” izt gy,
t=_ s
(1)

P, -a.s. Now, we move in a somewhat new direction by noticing that since s € (0,7)N,

Mf(s) > e‘NT/ P f(X(s)) e it (ti=si) gy

t >(H>s

>e N [ Pf(X(s))em Timrti dt
=y
= e VUL f(X(5)),
by (3.3). Thus, our lemma follows. O

Henceforth, we define the capacity of a compact set F C R? by

Cu(F) = Leig(fF) em] o (5.5)

where, we recall, P(F') denotes the collection of all probability measures on F'.

Our proof of the hard half of Theorem 1.5 is based on the following.

Lemma 5.5 Suppose X is an additive Lévy process in RY that satisfies Condition (1.3), and that
fRd H;V=1 11+ 0,;(&)| 71 dé < +o0, where U = (¥q,...,Vy) denotes the Lévy exponent of X. Then, for
all compact sets F C R?, and for all r > 0,

E{Aa(X([0,7]) & F)} <972(4e*")N - Co(F),
where ¥ > 0 is the constant in Condition (1.3).

Before proving it, we appeal to Lemma 5.5 to conclude Part (ii) of our proof, i.e., the hard half of
Theorem 1.5. Clearly, the following will suffice.

Proposition 5.6 Suppose X is an additive Lévy process in R? that satisfies Condition (1.8). Let
U = (Uy,...,Vy) denote the Lévy exponent of X. Then, for all compact sets F C R%, and for all
r >0,

E{a(X([0,7]V) & F)} <972(4e2) VL3I ey ().
Proof of Proposition 5.6 Let us bring in M = L%J + 1 continuous Brownian motions in R%,
By, ..., By, all totally independent from one another, as well as X [under P]. Having done so, for
any 6 > 0, we can define an (N + M)-parameter process X in R¢ by

Xs=X1@-- & XyB V2B, &--- & V2B

18



To be concrete, Xs(t) = Z;Vﬂ X,;(t;) +v26 EJA/; Bj(tj+n), for all t € RerM.

Define
U;(€), ifj=1,...,N,
0,6 = Vi) 1T =
o|€|?, ifj=N+1,...,N+ M,

where ||z| is the £2-norm of z € R%. Then, Xs is an (N + M)-parameter additive Lévy process in R?

whose Lévy exponent is ® = (P, ..., Py1ps). Furthermore,
N+M
[T i+ as@tae < [ sy de <+, (5.
R R
Jj=1

since M > %. Thus, we can apply Lemma 5.5 to the process X5 and obtain
E {Xa(Xs([0,7]V M) @ F)} < 972(4e* )N M . Co(F). (5.7)

Of course, by (5.6), the above capacity is strictly positive.
Now, consider a sequence of probability measures, pu1, po, ..., all on F, such that
T €)= [Ca(F)]".

Without loss of generality, we can assume that all these energies are finite, and by tightness, extract a
subsequence n’ and a probability measure uo, on F such that p, converges weakly to p1. Thanks to
(5.6) and to the continuity of the ®,’s, we see that lim,,s E¢ (i) = € (teo)- Equivalently, we have found
a probability measure po, on F' whose ®-energy is the reciprocal of the ®-capacity of F'. Changing the
notation to allow for the dependence of i~ on the parameter d, we see that there exists a probability
measure vs on F such that it has finite ®-energy, and

7.972(4627’)N+]\4
8@(1/5)

This holds for all § > 0. Now, fix an arbitrarily small ; > 0, and for all § € (0,dy) deduce the cruder
bound:

E{Aa(Xs((0,7]Y ) & F)} <

E{\g(Xs([0, 7]V ™) @ F)} < _ - 972 (4e2r)N+M .
e 17 (OP TIS Re {1 40,(6)} - {1+ o [€][2) 7 dg

By considering further subnets of 4, and by appealing to (5.6) once more, we can infer the existence of
a probability measure vy on F such that

1972(4627”)N+M

} < = N :
Jra [70() P TIj—y Re {1+ W;(&)} 1 - {1+ dolI&]17} dg

li%n i(I)lf E{Aa(Xs([0, 71" M) & F)

On the other hand,
x5([07 T]N+M) = X([07 T]N) D \/%B([(L T]M)>

where B = B1®---®Bjs. By compactness, as § | 0, this random set converges downwards to X ([0, 7]V),
the closure of X ([0,7]"). Consequently, by the monotone convergence theorem of Lebesgue,

} - 19—2(462r)N+M
" Jaa (P TIZ Re {1+ W5(€)} - {1+ 6o |€)12) M dé”

for all 69 > 0. Let gy | 0, and apply Lebesgue monotone convergence one more time to finish. O

E{Aa(X([0,7]") @ F)
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It remains to present our

Proof of Lemma 5.5 It follows from (1.4) that Cy(—F) = Cg(F) for any compact set F', where
—F = {—a; a € F}. Hence, we can reduce our problem to showing that

E{Aa(F © X ([0,r]"))} < 07(4e*) N Cu (F),

where A6 B={a—-b;a€ A, be B}

Let F© denote the closed e-enlargement of F'. The integrability condition of the statement of the
lemma, the continuity of the ¥;’s, and Lebesgue dominated convergence theorem, together show that if
€ > 0, then lim._,o Cy(F¢) = Cy(F). [This involves a tightness argument that we have already utilized
while proving Proposition 5.6.] Hence, it suffices to show that

E{\s(F & X([0,7]V))} < 972(4e* )Ny (F?). (5.8)

The above holds trivially unless the left-hand side is strictly positive, which we will assume henceforth.
We observe that, by Fubini’s theorem,

P, {X(0,7V)NF # 2} = /

9 P{(x @ X([0,7V)) N F # @} d

:/ P{z € Fo X([0,7)V)}dz
Rd
=E{\a(F © X([0,7]"))}. (5.9)
Thus, the above assumption is equivalent to assuming that
P, AX([0,7]N)NF # 2} > 0. (5.10)

Next, we add a cemetery point A & Rf to ]Rf , and consider any Qf U {A}-valued random variable
T: such that

e 7. = A if and only if X([0,7]V) N F¢ = &; and
e on the event {X([0,7]V) N F* # @}, X(T.) € F=.

We remark that since F° has an open interior, and since X;’s are cadlag, we can always choose T, €
QY U{A} [as opposed to RY U{A}]. Consider

P {X(Ty) €0, T £ A, |X(0)] < K}

Her(®) = =T E AR RO <E
on(@) = (2mn?) "% exp ( - |2xn”2)

where 7,k > 0 and x € R%. Owing to (5.10), p. x is a probability measure on F¢ for all e > 0 and k > 0
large. We can smooth p. ;. by convoluting it with ¢,:

fz—:,k;n = He,k * Pn-

The function f; j., has the following nice properties that are simple to check: (i) fz k;; > 0 is bounded;
and (ii) both fe g, ek € L*(RT) N L2(RY). Thus, we can apply Lemma 5.4 [(5.4)] to obtain

sup Mfe kin(t) = €N UL fepin (X (T2)) - Lz a1 x(0) 1<k}

te[o,r|N
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P, -as. [There are no problems with null sets, since on {T. # A}, T. € Qf .] We square this and take
E, -expectations to obtain the following as a consequence of Lemma 5.4 [(5.3)]:

_oNr 2
Veu(fonn) 2 ¢ B, { U foon (X TN Va1 |

_ 2Ny /R s Feean(@)|” peelda) - P, {T2 # A, |X(0)] < k}

2

> [ UL foo(@) pesldo) BT ADXOI <K, (51)
R
thanks to the Cauchy—Schwarz inequality. We can apply Lemma 3.1 to see that
N
R 1
Uy feton (@) prep(da) = 27r_d/ / e fo o (—E€ ——df pre p(da
| Vs Pt ety = my [ )T g e e
N 1
- 2w*d/ RO B (- Re( )df
(2m) Rdlﬂ,k( )" @n (=€) ]-1;[11+‘1’j(€)
> o(2m) [ (@ e e [ (1) d
= Rd P 1+0,(¢)
—0
(17—>) ﬁgw(ug’k).

In the above, the second equality follows from the fact that |z (€)% @,(—€) > 0, and the inequality
follows from Condition (1.3). On the other hand, by (5.9),

lim B, {T. £ A, [X(0)] <k} =P, {T. # A}

=E{\(F° o X([0,7]"))}
> E{\a(F © X((0,71")) },
since F' C F¢. Finally, the integrability condition of our lemma allows us to take limits, and conclude

that limy, o Ew (fe ki) = Ew(pe,r). Thus, (5.11) implies (5.8) after letting £ T oo, from which our lemma
follows. ]

Next, we proceed to Part (iii) of our proof. The following proposition verifies the easy half of
Theorem 1.5. Namely, if F' carries a finite measure with finite energy, then the Lebesgue measure of
X (RY) @ F has a positive expectation.

Proposition 5.7 Suppose X is an additive Lévy process in R with Lévy exponent ¥ = (Uy,..., Uy).
If F C R is a compact set and Cy(F) > 0, then for any r > 0,

E{X(X([0,7]V) & F)} > 0.

Proof Since Cy(—F) = Cg(F), as in the proof of Lemma 5.5 we only need to show that if Cg (F) > 0,
then for any r > 0,
E{X(X([0,7]V) & F)} > 0. (5.12)

We note that whenever E{\;(X([0,7]¥))} > 0, then E{\;s(X([0,7]¥) © F)} > 0 for all compact
sets F C R?, and the proposition holds trivially. Moreover, if there exist some n < N — 1, distinct
i1,...,in € {1,..., N}, and a compact set F C R? such that

E{)‘d(Xilmin([Ovr]n) © F)} >0,
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where X, ;. = X;, @ -+ ® X;, is an n-parameter additive Lévy process, then inequality (5.12) also
holds. Hence, without loss of generality, we can and will assume that

E{X\(X;,..;,([0,7]")© F)} =0 (5.13)

for all n < N — 1 and distinct 41,...,4, € {1,...,N}.
For any € > 0, define
Qe(x) = (26) Mypj<ep, T ERY

where |z| is the £*°-norm of z € R?. Then, whenever p is a probability measure on F, u. = u* @, is
a probability measure on F¢, where x denotes convolution, and F¢ is the closed e-enlargement of F' in
the £°°-norm. To maintain some notational simplicity, we write p. both for the measure and its density
with respect to Lebesgue measure \g.

Since the P, ~distribution of X (t) is Aq for all ¢ € RY,

E,, {/{O)T]N e X% (X (s)) ds} =(1—e )V (5.14)

On the other hand, by Lemma 5.3, and the definition of energy [(1.4)],

5., {| /H e % (X (5)) d]} < ey(pe) < Eulp), (5.15)

since |[pz(£)] < 1. Recall the Paley—Zygmund inequality: For any measure v on the underlying measure
space, and for any nonnegative g € L?(v) N L (v),

||g||2Ll(V)_

v{g >0} > :
||9||2L2(V)

cf. KAHANE (1985, page 8). We apply this with v = P,, and
g(w) = / ™ 5% 1 (X (5)) (w) ds.
[0,r]¥
Thanks to (5.14) and (5.15), we have ||g|[1(,) = (1 —e™")" and ||g||2L2(V) < Ey(p). Therefore,
P, AX(0,r]")NF*#£ 2} 2P, {g>0} > (1—e ")V [ey(p)] "
It follows from (5.9) that
P, AX([0,7]V) N F* # &} = E{xa(X([0,7]Y) © FF)}.
Thus, we can let € | 0 to obtain

EQa(X ([0, 1]V © F)} > (1 = e )N e ()], (5.16)

for all probability measures ;1 on F' that have finite energy. Since each X; has only a countable number
of jumps, the assumption (5.13) implies that

Ad((W\X([Om}N)) o F) -0, Pas
Therefore, (5.16) becomes

E{Qa(X([0,7]Y) & F)} > (1 - ™)V [€u ()],
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for all probability measures p on F' that have finite energy. Defining 1 - 0 = oo as we have, we can
optimize over all probability measures p on F' to deduce that

E{QAa(X([0,7]Y) & F)} > (1 —e7")* N Cy(F).

This proves (5.12), and our proposition follows. a

6 Convolution-Based Energies

This is a brief section on connections between the energy forms of the Introduction and the notion of
mutual energy based on convolutions. Some of this material is classical, and can be found in standard
references such as (CARLESON 1983; KAHANE 1985).

Any locally integrable function K : R%\ {0} — R, defines a mutual energy on the space of all
measures crossed itself. To be precise, the K-mutual energy of measures u and v is defined by

/Ka—b (da) v(db) + /Kb—a (da) v(db). (6.1)

This is clearly a symmetric form, i.e., (i, V), = (v, ). It also induces a capacity Cx on subsets of
R

Clr) = | inf (u,mK}l,

HEP(F)

where P(F) is the collection of all probability measures that are carried by F'
We say that K is the I-potential density of an additive Lévy process X = {X(t); t € RY} in R? if

for all f:R? — R,
E { / e~ X% f(X(s)) ds} = [ K(a)f(a)da.
Rf R4

It is easy to see that if the 1-potential density K (a) exists, then [p, K(a)da = 1 and K(a) > 0 for
almost every a € X(RY). A sufficient condition for the existence of the 1-potential density is that X (s)
has a density function p,(a) for all s € (0,00)". In this case,

K(a) = /R e it ip, (a) ds. (6.2)

See HAWKES (1979, Lemma 2.1) for a necessary and sufficient condition for the existence of a 1-potential
density.

Lemma 6.1 Let X be an additive Lévy process in R® with Lévy exponent ¥ and 1-potential density K,
and suppose Condition (1.8) holds. Then, for all finite measures p on R?,

27N (i, ) e < Ew(p) <O (1 1)

Furthermore, if (1.7) holds, then Ey(p) = (p, 1)
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Proof Define K,(a) = 1[K(a) + K(—a)] to be the symmetrization of K. Then,

N N

— 1 1 1
o= 2[U G )

~ Re (J]le le) (6.3)

We note that I/(\* is a real function and, under Condition (1.3), it is also nonnegative. Hence, by Fubini’s

theorem,
_ / / o, (= 0) p(da) ()

)t [[ e i@ DR ) de utda) nia)
= en [ QP R de (6.4

Together, this and (6.3) imply the second portion of the lemma, as well as the asserted upper bound
on Ey(p). It remains to verify the corresponding lower bound for &g (u).
Note that if f: R? — R, is measurable, U, f < U f, pointwise; cf. (3.2) and (3.3). In particular,

/R @)U f() dr < / @)U d. (6.5)

Thanks to Lemma 3.1, for all nonnegative functions f € L'(R%) N L%(RY) with fe LY(RY), (6.5) is
equivalent to:

/If IRe( 1+\11 )d€<2N/ |7 |2HRG(,(£))d£'

Now, given any finite measure z on the Borel subsets of R%, we can replace, in the preceding display, f
by fe * u, where f. is the Gaussian mollifier of (4.6), and obtain

/ (e 2 el Re(H ) £<2N/ A(6) e QWHRG <J(€)) .

Thanks to (1.3), both integrands are nonnegative. Thus, we can let £ | 0, and appeal to Lebesgue
monotone convergence theorem to deduce that

N
eny [ 1a©Pre (I] 1 i) < 2V,
R i
Owing to (6.4), the left-hand side equals (u, 1), which completes our proof. O

Proposition 6.2 Suppose X is an additive Lévy process on R with Lévy exponent U that satisfies
Condition (1.3) and X has a 1-potential density K. Then, for any compact set F' C R?, the following
are equivalent:
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(i) There exists a finite measure p on F with (u, @), < +00.
(i) Aa(Hp) > 0, where
Hp = {a e RY: PIX(RY) N ({a} & F) £ 2] > 0}.
(iii) Hp # &.
If, in addition, K is almost everywhere positive, then the above is also equivalent to

(iv) HF ZRd.

Remark 6.3 In the classical setting where N = 1, this theorem is well known. For instance, when F' is
a singleton, this proposition was considered first by OREY (1967), and later on by KESTEN (1968) and
BRETAGNOLLE (1971). The same remark applies to the equivalence of (iv) and (ii). When F C R is a
general closed set, this result can be found in BERTOIN (1996, Chapter IT). Furthermore, the equivalence
of (i) and (4i7) appears in HAWKES (1979, Theorem 2.1). O

Proof We observe that by (5.9), and by Fubini’s theorem,
E{(X®RY)eF)} = / P{X(RY) N [{a} ® F] # @} da. (6.6)
Rd

Hence, (i) <= (ii) follows from Theorem 1.5 and Lemma 6.1. It is also clear that (i4) = (ii4). To
prove (iii) = (ii), note that for all s € RY and all a € R?,

P{X((5.00) nl{a} o Fl 20} = [ B{X@Y)N[{a-0}0 F) £ 2} PLX(5) € db),

where (s,00) = {t € RY; ¢ = s}. We multiply the above by exp(— >_; 8j) and integrate [ds] to obtain
/ P{X ((s,00)) N[{a} ® F] # @}e” it gs
N
Ry (6.7)
= / P{X(RY) N [{a—b} & F] # o} K(b) db.
Rd
If (4ii) holds, then for some a € R?, the left-hand side of (6.7) is positive. Therefore,
P{XRY)N[{a—b} & F| #2} >0,

for b in a set of positive Lebesgue measure, which implies A\j(Hp) > 0. This prove the first half of the
proposition. Since it is clear that (iv) = (%), it remains to prove (i) = (iv).

If (4v) did not hold, there would exist an a € R? such that the left-hand side of (6.7) would equal 0.
This would then imply that

/ P{XRY)N [{a—0b}® F] # @} K(b) db = 0.
Rd
Since K > 0 almost everywhere, we would have
P{XRY)N[{a—b} ® F] # @} =0 Ag-almost every b € R%.

Equation (6.6) would then imply that E{\¢(X(RY) & F)} = 0. Using Theorem 1.5 and Lemma 6.1
again, we would derive a contradiction to (7). We have shown that (¢) = (iv), which completes our
proof. O
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Remark 6.4 The almost everywhere positivity of the function K is indispensable, as can be seen by
considering a nonnegative stable subordinator X, and by letting F' = [—2, —1]. In this case (iii) clearly
does not hold. ]

In the following, we prove a zero-infinity law for Aq(X (RY)).

Proposition 6.5 Suppose X is an additive Lévy process on R with Lévy exponent U that satisfies
Condition (1.8), and has an a.e. positive 1-potential density K. Then,

(X (RY)) € {0, +00}, P-a.s.

Proof  Assuming that E{\q(X(RY))} < oo, we first show that the value of this expectation is, in
fact, zero. Bearing this goal in mind, we note that for any n > 0,

EQa(XRY))Y > E{Xa(X([0,7]Y)} + E{a(X((n, 00)"))}
~E{Aa[X([0,n]Y) N X((n, 00)™)]}
E{Aa(X([0,n]™))} + E{QAa(X (RY))}
—E{Aa[X([0,n]") N X"(RT)]},
where X’ is an independent copy of X. Consequently, we see that if E{\;(X(RY))} < oo,
E{Aa(X([0,n]"))} < E{A[X([0,n]Y) 0 X' (RY)]}.
Let n T 0o to see that as long as E{\q(X (RY))} < oo,
EQu(X(RY))} < BQW[XRY) N X RY)])
Define ¢(a) = P{a € X (RY)}, and note that the above is equivalent to

/ w(a)da §/ ©*(a) da.
R4 R4
Since 0 < ¢(a)(1 — p(a)) <1 for all a € R?, we have

o(a) € {0,1}, Ag-almost every a € R%.
Consequently, if E{\q(X (RY))} is finite,
E{a(X(RY))} = Aale~H{1}). (6.8)

It follows from Proposition 6.2 that either ¢(a) = 0 for all a € R? or > 0 for all a € RY. This means that
Aa(¢~1{1}) = 0; for, otherwise, p~1{1} = R?, which has infinite Ag-measure, and this would contradict
(6.8). In order words, we have demonstrated that

E{QA(X(RY))} <oo = Aal¢™H{1}) =0 = E{Xa(X(R]))} =0.

We now “remove the expectation” from this statement and finish our proof. Suppose E{A4(X (RY))}
> 0 (which means that E{\¢(X (RY))} = c0), and note that for any v > 0,

(X (RY)) > sup \a(X ([n,n + v]V)) = supT%.
n>0 n>0

Since I'g, 'Y, ,, I'{ {9, . .. are i.i.d., by the Borel-Cantelli lemma, for any v > 0,
M(X(RY)) = E{Tg} = E{a(X((0,0]V))},  P-as.

We can let v T oo along a sequence of rational numbers to deduce from E{\s(X(R%Y))} = oo that
M(X(RY)) = o0, as. O

26



7 Bessel-Riesz Capacities

The a-dimensional Bessel-Riesz (sometimes only Riesz-) energies and capacities on R? are those that
correspond to K = R(,), where

1, if a <0,
R, (a)=qIn(1/||al)), ifa=0,  VaeR" (7.1)
la]|~<, if >0,

In this case we will write (u, 1), in place of the more cumbersome (1, 1) and write C(q) for

Ry’
the corresponding capacity.

There are deep connections between a-dimensional Bessel-Riesz capacities and ordinary one-parameter
Lévy processes when 0 < a < 2. In this section, we show that, by considering additive Lévy processes,

one can have a probabilistic interpretation of sets of positive a-dimensional capacity for any a > 0.

Example 7.1 Suppose B = B; @ --- @ By is additive Brownian motion in R?. That is, B;’s are
independent d-dimensional Brownian motions. Then, by (6.2), it is easy to see that the 1-potential

density of B is
1

(2m)& (N —1)!

This calculation only requires the elementary fact that

K(a) = / efh%fgﬂvfl dt, Va € RY.
0

1
)\k({QERifh—i——FQka})zgxky V$207k:1a27"'a

which, itself, follows form symmetry considerations. Furthermore, it is a simple matter to check that

LK@ _ AE-N)

a=0 R, oy (@) (2m)E(N - 1)

where R, is defined in the Riesz kernel of (7.1), and for all z € R,
A(z) = 274D (|z)),

where x, = max(x,0). Consequently, we can deduce that for any compact set F' C R?, there are two
constants, A; and A, such that for all x € FF© F,

AlfR(dsz)(x) < K({E) < AQcR(dsz) ("T)

This, Lemma 6.1, and Theorem 1.5, together, combine to show that B(RY) @ F can have positive
Lebesgue measure if and only if C (F)>0. O

(d—2N)

With a little more work, and motivated by this example, we can find additive Lévy processes that
correspond to any Bessel-Riesz capacity of interest. Recall that X; & --- @ Xy is additive stable of
index « € (0,2], if X;,..., Xy are independent isotropic stable processes with index « each.

Theorem 7.2 Suppose X = X; @ ---@® Xy is an additive stable process of index o € (0,2], and in R.
Then, for any compact set F C R,

E{QA(XRY) @ F)} >0 < Cig_an)(F) > 0.
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Remark 7.3 Upon varying d, N € N, and « € (0, 2], we see that this theorem associates an additive
Lévy process to any Bessel-Riesz capacity, including those with dimension > 2. ]

Theorem 7.2 follows from Theorem 1.5 and the arguments of Example 7.1, once we establish

Proposition 7.4 Let X denote an N-parameter additive stable process in R*. Then, X has a 1-
potential density, K, whose asymptotics at the origin are described by the following:

lim K(a)

———Y__ — C(a,d,N), 7.2
=0 R(a—Na)(a) ( ) (72)

where R4y is the Riesz kernel of (7.1), and C(a,d, N) is a positive and finite constant depending on
a, d and N only. Moreover, there exists a positive constant C = C'(oz, d, N) such that
K(a) < CRa-nay(a),  VaeR™ (7.3)

Proof In light of Example 7.1, we can assume, without loss generality, that 0 < a < 2.
We denote the density function of X;(1) by pi(x). Here, p; is scaled as

e~ lIEl® :/ " py (x)da.
Rd

It is possible to show that p;(x) is a continuous and strictly positive function on R? that is isotropic,
i.e., it depends on x only through ||z||.
Direct calculations reveal that the 1-potential density of X is

1

Fo=m—m

/0 tN=1=d/ae=t p (at= ) dt, Va e R% (7.4)

On the other hand, by using Bochner’s subordination, we can write

pla) = el [ <|||) ¢/ (5) ds, (7.5)

where the function v is defined as
v(s) = (4ms) "2 exp L
4s )’

g'@/?)(s) is the density function of the random variable 7(1), and where 7 = {7(t),t > 0} is a stable
subordinator of index fa; cf. for example, BENDIKOV (1994). It should be recognized that that
a — K(a) is isotropic and strictly decreasing in ||a]|.

It follows from (7.4) and (7.5), combined with Fubini’s theorem, that

HQH ¢ / / N-1,—t,, st/ ( /2)
K(a) = @
(a) t Tl (s)dsdt

CY/Q N-— d/ - N/2 (a/2)
- = «@ o [e% d
ool (s) dsx

* 1(aN—d)-1 [[al[ /2 _LY g
X/o u?z exp( ayz U exp | = | du. (7.6)
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When d — aN > 0, (7.6) and the monotone convergence theorem imply

K(a) /2 /Oo _aN g o 1
li _ (e /2) d / (aN—-d)—1 — —Vdu.
b R (d-Nay(a) — (4m)2(N —1)! J, 0 (s)ds 0 v e ( 4“) ¢

Hence, when d — aN > 0, we can identify the constant C(a,d, N) in (7.2) as

O[2dfaN7 1

Clewd V) = 5= F(%(d — aN)) /000 o8 %) (5) ds

In the above, note that

/000 5™ gle/?) (s)ds = E[T(l)_%] = /OOOIP’{T(l) < x_aiN} dx < 400, (7.7)

by a well known estimates for P{7(1) < e} as ¢ — 0; see, e.g., HAWKES (1971), or BERTOIN (1996, p.
88).
If d — aN = 0, we split the last integral in (7.6) as

flaf = oo
/ (-~-)du+/ () du = L(a) + s (a). (7.8)
0 Il

all=t

We note that

/2 flall=* 1 llall =" 1
exp < ||Z|°|‘/2 ) /0 u Lexp (4u> du < I1(a) < /0 ulexp <4u) du,

and, thanks to L’Hopital’s rule,

lall =" —1

1
iy 0 U expE; @)du:L
a—0 10g ||Cl||
Thus,
L@ (7.9)

a—0 log [|al|
On the other hand,

o (1) [ o () <y < [ o (1Y
4 ) Jja st Jall 1 s/t
and by using L’Hopital’s rule again, we obtain
. I2(a) . 1 /oo -1 || ||
1 — 7 =] [ — a/2 d
A Tog Tal T~ b Tog [a T Jyyoa ¥ P (e d

all

o lall*?Y | allal® (% _iiae _llal* o
_ili%{—exp(— a2 + /2 \|a\|*1u exp a/2 du

=1. (7.10)

It follows from (7.6), (7.8), (7.

and (7.10), combined with Lebesgue dominated convergence theorem
(the above upper bounds for I1(a)

9)
(a) and Iy(a) are used here), that when d — aN =0,

im @) _ a s s)ds
M Ry (@) @m) (N = 1)!/0 (5) ds.
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In case d — aN < 0, (7.6) tells us that we only need to show that the following limit exists:

: aN—d > i (aN—-d)—1 || Ha _i
ilL%HaH /o u? exp( a2 U exp | — du.

After changing variables and appealing to the monotone convergence theorem, we can see that the

above limit equals
0 a/2
/ v%(o‘Nfd)flexp < ) dv.
0 sa/2

Hence, in this case, we apply (7.6), and change variables once more, to show that (7.2) holds with

T - )

o

_ > —d «@
C(a’d’N)_Mﬂ‘WJ\flﬂ/o s~ 1291272 (s) ds,

where, as in (7.7), the last integral is finite.
Finally, the inequality (7.3) follows readily by adapting the aforementioned arguments. For example,
when d — aN > 0, it follows from (7.6) that

K(a) a/2 /oo s /oo Lo .
< @ (X/Q d ) z ((,EN d) 1 _ d .

Rianoy(@) — @my@i2(N—1)1 Jy ° g% " (s)ds o exp (— - ) du

We omit the other two cases, and declare the proof of Proposition 7.4 complete. 0

8 Proof of Theorem 1.6

We will use Frostman’s theorem of potential theory; cf. KAHANE (1985; Chapter 10) or CARLESON
(1983). Recall that the latter states that for any Borel set G C R?, the capacitary and the Hausdorff
dimensions of G agree. That is,

dim(G) =sup {y > 0: C(,(G) > 0}, (8.1)

where C(, is the Bessel-Riesz capacity of §7, and sup @ = 0.

Now, we introduce an M-parameter additive stable process Y in R? whose index is a € (0,2]. The
process Y is totally independent of X, and we will determine the constants M and « shortly. Note that
X @Y is an (N + M)-parameter additive Lévy process in R? whose Lévy exponent ® = (®1,...,®x )

is given by
’ Lgle, ifj=N+1,...,N+M.
Clearly,
N+M
/ H Re () dé < 400 = JMY) < 40,
RY G 1+9,()

where for all v € R,

N
7 — ( ) d
/seRd lel>1 1:[ 1+ W;(¢) Il
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Thus, we can apply Theorem 1.1 to the process X &Y, and see that
E{ D XRY) @ Y(RY)} >0 = 1M < 400
On the other hand, we can also apply Theorem 7.2, conditionally on F' = X (Rf ), to deduce that
E{AaXRY) @ Y(RY))} >0 <= E{Cls—nma)(X(RY))} > 0.
We combine the latter two displays to obtain:
E{Cunmay XRY)} >0 <= 1M < 4o

Consequently, when JM®) = 400, C(d,Ma)(X(Rf)) = 0, P-almost surely. From Frostman’s theorem
[(8.1)], we deduce that ™) = 400 implies that P-a.s., dim(X (R%Y)) < d — Ma. On the other hand,
we can choose M € {1,2,...}, and rational a1, a,... € (0,2] such that Ma; T 7; this shows that
dim(X(RY)) < d —n, P-almost surely. In particular, if n = d, then dim(X(R%Y)) = 0, P-almost
surely, and this constitutes half of our theorem. For the other half, we use the same argument, but
quantitatively.

For the converse half, we only need to consider the case when n < d. With this in mind, choose
a € (0,2] and M € {1,2,...} such that n < Ma < d. Thus, we can deduce from the preceding
paragraph that

gMe) < oo,

We now recall the killed occupation measure O, from (2.1) and (5.1). This is a Borel probability
measure carried by X(RY), and we claim that as long as 0 < d — aM < d — 17,

(0, 0y) < +00, P-a.s., (8.2)

(d—Ma)

where (O, 0y)  is the y-dimensional Bessel-Riesz energy of O, as defined in §7. Together with

Frostman’s theorem [(8.1)], this shows that with probability one, dim(X (RY)) > d — M«. This is the
key part of our proof, since we can approximate 1 from above arbitrarily well by numbers of the form M«
(M e€{1,2,...}, a € (0,2]NQ). In this way, we deduce that with probability one, dim(X (R%Y)) > d—n,
as asserted.

At this point, we only need to establish (8.2). For this purpose, recall the process Y, as above, and
consider its Lévy exponent A = (Ay,...,Ays), where A;(€) = £[|€[|*, i = 1,..., M. The process Y has
a l-potential density K whose asymptotics are described by Proposition 7.4. After applying Lemma
6.1 to Y, we deduce that (0, 0), = Ex(OQ), P-almost surely. In particular, Lemma 5.2 gives

B{(0n 0.} = @m~ [ BueF {1+ blelry dg

N
= e [ TR () o+ ey

which is finite, since IM®) < 4o00. Therefore, we have found a random measure O, on the random
set X (Rﬂ\r’ ) such that with probability one, (0Oy,0,), < 4+o0o. Thanks to Proposition 7.4, there is a
positive and finite constant C’, depending on a,d and N only, such that

Ra—nay(a) < C'K(a), Va € RY with ||a|| < 1.

Hence,
(0, 0k) (y_pray S 1+ C" % (04, 0p) . < +00.

This verifies (8.2), whence Theorem 1.6 follows. O
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9 Concluding Remarks

A number of interesting questions remain unresolved some of which are listed below.

Question 9.1 Do Theorems 1.1 and 1.5 hold for all additive Lévy processes? One only needs to worry
about the necessity since in both theorems the sufficiency has already been shown to hold generally.

A possible approach for proving Theorem 1.1 without Condition (1.3) is as follows: In light of
Lemma 5.2 and the upper bound in Theorem 2.1, it suffices to show that

JuePE): |l < +oo = ||l < +oo. (9.1)

When || o || is an energy norm based on a positive definite convolution kernel, one can prove such a
result by appealing to simple Fourier analytical arguments. In the present general setting, however, we
do not know how to proceed. In the Appendix below, we derive an analytical estimate that may be of
independent interest, and which barely falls short of settling this open problem by way of verifying the
preceding display. ([l

Question 9.2 A simpler, but still interesting open problem is to find a necessary and sufficient condition
for X (Rf )@ F' to have positive Lebesgue measure with positive probability when X;’s are independent
[but, otherwise, arbitrary] subordinators. Equivalently, we ask for a necessary and sufficient condition
for the existence of local times of N-parameter additive subordinators without a condition such as (1.3).
O

Question 9.3 In light of Theorem 1.6, it would be interesting to determine an exact Hausdorff measure
function that gauges the size of X ([0, 1]"). For stable sheets and two-parameter additive subordinators,
related results can be found in EnM (1981) and Hu (1994). O

10 Appendix

In this Appendix we present a possible alternative approach for proving Theorem 1.1 without Condition
(1.3) that involves an estimate that may be of independent analytical interest. As we mentioned in
Section 9, the key is to prove (9.1). In the present general setting, we are only able to verify a partial
derivation; cf. Proposition 10.3 and Remark 10.4 below.

Given any measure p on Rf , and given s € RV, write

fi(s)(®) = pu(e + )
for the s-shift of u. We note that j () need not be a measure on Rf although p is assumed to be.

Lemma 10.1 (Shift invariance of energy norm) The map p — ||pt]|e is shift invariant in the sense
that whenever p and p(s) are both finite measures on ]R_IX,

leelle = llpcslle-

Proof This follows immdiately from our computation of ||u||. in Lemma 2.4. |

Next, we prove that convolutions reduce the norm. To be more precise,

Lemma 10.2 (Norm reduction of convolutions) Suppose ¢ is a probability density function on
RY such that ¢ * i and p are both in P(RY). Then,

llo* plle < il
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Proof We write ¢« i for both the measure, and its density with respect to Lebesgue measure A\y. In
this way we can write the corresponding occupation measure as

Opsn(f) = . J(X(s))e* p(s) ds.

Using Fubini’s theorem, twice in succesion, we obtain

Ore) = [ s [ pls—tyutan

N RN
= [t [ O g
R RYo{t}

[ etwe [ X
RN Rf@{v}

= [ B @ .
RN

To this, we apply the Cauchy—Schwarz inequality twice as follows:

lowutz =0 [ [ B0 0000 e duda

<en [ | B{|om @] e

<eo [ [ {100 ©F et due

= llul?,

2
dg

thanks to Lemma 10.1. O

We conclude this appendix by showing that if there are any probability measures of finite norm on
a given compact set F', Lebesgue measure on F' is also of finite norm.

Proposition 10.3 Suppose F C Rf is compact. Then,
A <2V sup|t|V  inf ,
Aol < 2% sup ™ int el

where Ay | denotes the restriction of Ay to F.

Proof First, we suppose that F' is a compact subset of (0,00)Y. At the end of our proof, we show
how this condition can be removed.

Since F C (0,00)", its closed e-enlargement (written as F¢) is a subset of RY for all € > 0 small
enough.

For all € > 0, define the function ¢., on RY, by

@e(r) = (26) Nz (o, (r), vr e RN,
where

B(s,r)={t e RN : |t —s| <r}, Vs € RN 7 >0,
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and |t| = maxi<;<n |t;| is the £*°-norm on RY. We note the following logical sequence:

p€PE) = pxpe€P(Fe)
= Ve > 0small, p.xpe PRY)
= Ve > 0small, [pe*plle < [|plfe,

the last inequality following from the norm reduction of convolutions; cf. Lemma 10.2. For each n > 0,
. 1 . . . . .

let f,, denote the density of 72 times a d-dimensional vector of independent standard Gaussians; cf.

(4.6). We note that for all ¢ > 0 sufficiently small,

O (fy) = (22)°Y / Fo (X () (B(s, €)) ds.

[The only reason for our insisting on the smallness of is to ensure that ¢, « u € P(RY). Of course,
here, “small” means “small enough to ensure that F¢ C Rf.”] We will use this formula, and a covering
argument, to obtain a simple bound.

For any compact set K C RY, and for all € > 0, let N (¢) denote the minimum number of /*°-balls
of radius € needed to cover K. N is sometimes called the metric entropy of K. Plainly, if € > 0 is fixed
but sufficiently small, we can find s', ..., sNF() ¢ Rf such that B(s,¢e) C Rﬁ and U;\LFl(E)B(Sj7 g) D F.
Consequently, Z;\IZFI(E) 1(B(s?,€)) > p(F) = 1. We can deduce the existence of a point s* € RY such
that u(B(s*,¢)) > [Nr(e)]~!. [Warning: s* may depend on ¢.] On the other hand, for all s € B(s*,¢),

B(s,2¢) D B(s*,¢e), thanks to the triangle inequality. In other words, we have shown that for

inf B(s,2¢)) > .
sGB(s*,e)u( ( >) NF(E)

The display preceding the above, then, shows that

1
Opsenn(fn) = AN (2) /3(5*76) fa(X(s))ds

1
(4e)NNp(e) QANJB(S*,E) (fn)-

In other words,

2 1 2
E,, {|0psexn(fa)] "} > SEa e E, |0y, ()]}

We apply Lemma 3.5 to see that for any finite measure v, on RY,

2
E, {Ou(f)] T IVIE, asn Lo (10.1)
Thus, we have shown that for all € > 0 sufficiently small,

1
2 2
lp2e * pll > (42N [Nr ()2 AN o oy lle-

Since convolutions decrease the energy norm, the first term is bounded above by ||1||?; cf. Lemma 10.1.
By shift invariance, we then conclude that for any ¢>°-ball B of radius ¢,

2 > m IAN] 612,
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as long as € > 0 is sufficiently small. But || e || is a seminorm [Lemma 5.1]. Thus,

NF(E)
delle < 3 1wy e
j=1

< AVeNINp(E) - lulle, (10.2)

for any € > 0 that makes F¢ C Rf . We now claim that this holds for all ¢ > 0, and remove the
assumption that F C (0,00)" in one sweep.

For any real number ¢ > 0, consider the set (¢) + F = {{(¢) + s; s € F'}, where (c) is the N-vector
all of whose coordinates are c. By shift invariance, Ay |, and Ay] . have the same energy norm

Lemma 10.1]. Furthermore, N/, r = Ng. Thus, if we only know that F' C RY', by considering (c¢) + F
(e)+ +
in place of F in (10.2), we arrive at the following:

IAv]Flle < 4VeMNp(E) - llklle,

whenever ({c) + F)* C RY, which holds when ¢ > ¢. Since the above inequality is independent of ¢, we
can deduce that (10.2) holds for all compact sets F' C Rf , and for all € > 0. Let € equal the ¢*°-radius
of F and note that, for this choice of e, Np(¢) = 1, while eV < 27N sup, . [t|V. O

Remark 10.4 Proposition 10.3 comes very close to showing that Theorem 1.1 holds without restrictions
such as Condition (1.3). Indeed, suppose that E{Aq(X (RY))} > 0. Then, by Theorem 2.1, there exists
a nonrandom ¢ € RY, and a p € P([0,¢]) such that ||ulle < +oo. Proposition 10.3, then, shows that
AN J[0,qlle < +00. We now appeal to Theorem 1.3 to deduce the existence of a local time process,
RY 3t €,(8) = Ly j0,4(e), such that for all ¢ € RY, and all bounded measurable f : R? — R, the
following holds P-a.s.:

o f(X(s))ds = /Rd f(a)t,(a) da.

Moreover, ¢; € L?(R%), P-almost surely. Theorem 1.1 can be shown to follow, if we could show that
this fact would imply that [~ exp(— Zf;l t5)|1€¢]| 2 (ray dt has a finite expectation. When N = 1, this
+

follows from the strong Markov property. (Of course, when N = 1, Condition (1.3) holds tautologically.)
However, when N > 1, we do not know if such a fact holds. O
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