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Abstract

The innovations algorithm can be used to obtain parameter estimates for periodically stationary time
series models. In this paper we compute the asymptotic distribution for these estimates in the case where
the underlying noise sequence has infinite fourth moment but finite second moment. In this case, the sample
covariances on which the innovations algorithm are based are known to be asymptotically stable. The asymp-
totic results developed here are useful to determine which model parameters are significant. In the process,
we also compute the asymptotic distributions of least squares estimates of parameters in an autoregressive
model.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

A stochastic process X; is called periodically stationary (in the wide sense) if u, = EX; and
v:(h) = EX;X;4p for h = 0, %1, %2, ... are all periodic functions of time ¢ with the same
period v 1. If v = 1 then the process is stationary. Periodically stationary processes manifest
themselves in such fields as economics, hydrology, and geophysics, where the observed time series
are characterized by seasonal variations in both the mean and covariance structure. An important
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class of stochastic models for describing periodically stationary time series are the periodic ARMA
models, in which the model parameters are allowed to vary with the season. Periodic ARMA
models are developed by many authors including [1,2,4-7,20,22-24,26,28,30,31,33-41].

Anderson et al. [5] develop the innovations algorithm for periodic ARMA model parameters.
Anderson and Meerschaert [4] develop the asymptotics necessary to determine which of these
estimates are statistically different from zero, under the classical assumption that the noise se-
quence has finite fourth moment. In this paper, we extend those results to the case where the
noise sequence has finite second moment but infinite fourth moment. This case is important in
applications to river flows, see for example Anderson and Meerschaert [3]. In that case, Anderson
and Meerschaert [2] proved that the sample autocovariances, the basis for the innovations algo-
rithm estimates of the model parameters, are asymptotically stable. Surprisingly, the innovations
estimates themselves turn out to be asymptotically normal, although the rate of convergence (in
terms of the number of iterations of the innovations algorithm) is slower than in the finite fourth
moment case. Brockwell and Davis [13] discuss asymptotics of the innovations algorithm for
stationary time series, using results of Berk [8] and Bhansali [10]. However, all of these results
assume a finite fourth moment for the noise sequence. Hence our results seem to be new even in
the stationary case when the period v = 1. Since our technical approach extends that of [13], we
also need to develop periodically stationary analogues of results in [8,10] for the infinite fourth
moment case. In particular, we obtain asymptotics for the least squares estimates of a periodically
stationary process. Although the innovations estimates are more useful in practice, the asymptotics
of the least squares estimates are also of some independent interest.

2. The innovations algorithm

The periodic ARMA process {X,} with period v (denoted by PARMA, (p, ¢)) has representation
P q
Xi =Y p(DXimj == ) 0:(erj, 1)
j=1 j=1

where X; = X + — 1, and {&} is a sequence of random variables with mean zero and standard

deviation a; such that {at_lsf} is i.i.d. The autoregressive parameters ¢, (j), the moving average
parameters 0, (), and the residual standard deviations g, are all periodic functions of 7 with the
same period v > 1. We also assume that the model admits a causal representation

o
Xe =Y ¥,(De, )
j=0
where /,(0) = 1 and Z?‘;o [, (j)| < oo for all #, and satisfies an invertibility condition
o
=y m()Xij, 3)
o

where 7, (0) = 1 and Z‘;‘;O |7 (j)| < oo for all £. We will say that the i.i.d. noise sequence 6; =
afls, is RV(a) if P[|0;] > x] varies regularly with index —o and P[o; > x]/P[|0;| > x] — p
for some p € [0, 1]. The case where E |5t|4 < oo was treated in Anderson and Meerschaert
[4]. In this paper, we assume that the noise sequence {d,} is RV(«) for some 2 < o < 4. This
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assumption implies that E|d;|” < oo if 0 < p < a, in particular the variance of &; exists. With
this technical condition, Anderson and Meerschaert [2] show that the sample autocovariance is a
consistent estimator of the autocovariance, and asymptotically stable with tail index «/2. Stable
laws and processes are comprehensively treated in, e.g., Feller [16], Samorodnitsky and Taqqu
[29], and Meerschaert and Scheffler [25].

Let Xl(J:k Py, Xitk denote the one-step predictors, where Hy; = sp{Xi, ..., Xitx—1},
k=1, and Py, ; is the orthogonal projection onto this space, which minimizes the mean squared
error

Vi = [ Xik = X\ 0P = EXig — X2

Recall that y,(h) = Cov(X;, X;45), h =0, £1,£2,.... Then

XD =0 Xikor + -+ O X k=1, o)
where the vector of coefficients d)(’) (d),(: )1, .. ¢>(’) )’ solves the prediction equations
Tridy =7 5)

with 7 = (1D, 422, -, 9:(0) and

Thi = [iga—e (€ — m)]e,m=1,...,k ©)
is the covariance matrix of (X;14—1,..., X;) foreachi =0,...,v— 1. Let
N-1
5@ =N"" Z Xjvti X jytite (7
j=0

denote the (uncentered) sample autocovariance, where X; = X + — ;. If we replace the auto-
covariances in the prediction equation (5) with their corresponding sample autocovariances, we
obtain the estimator <;5(') of (l)(')

Because the scalar- valued process X; is non-stationary, the Durbin—Levinson algorithm (see,

e.g., [14, Proposition 5.2.1]) for computing ¢ k) does not apply. However, the innovations algo-
rithm (see, e.g., [14, Proposition 5.2.2]) still apphes to a non-stationary process. Writing

k
o (1) @) o (1)
X =200 Kipj — X1 (®)
j=1
yields the one-step predictors in terms of the innovations X; yx—; — X l( ke . Proposition 4.1 of
Lund and Basawa [22] shows that if ol.z > Ofori =0,...,v—1,then for a causal PARMA, (p, q)
process the covariance matrix I’y ; is non-singular for every k> 1 and each i. Anderson et al. [5]
show that if EX, = 0 and I'y; is nonsingular for each k > 1, then the one-step predictors X iths
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k >0, and their mean-square errors v ;, k > 1, are given by

UO,i = Vl (O)’
-1
Hl(cl)k Z—(UZ:) Vi—t—l(k_e)_zel(;)é jel(cl)k J Vji | >
j=0
k7
Vi = 714x0) = Y (O _)?vj, )
j=0
where (9) is solved in the order vy ;, 0(1{)1, V1, 0&’.’)2, 0;)1, V2.0, 0%,0;’)2, 0§')1, V3, ... . Theresults
in [5] show that
ik .
0.7 i (),
Vi (i—k) —> 07,
ik )
B = —m () (10)

as k — oo forall i, j, where (j) = j mod v.

If we replace the autocovariances in (9) with the corresponding sample autocovariances (7),
we obtain the innovations estimates 9,(( , and 9 ;. Similarly, replacing the autocovariances in (5)
with the corresponding sample autocovariances yields the least squares or Yule—Walker estimators
qﬁ(’) The consistency of these estimators was also established in [5]. Suppose that {X,} is the
mean zero PARMA process with period v given by (1). Assume that the spectral density matrix
f(2) of the equivalent vector ARMA process is such that mz'z <z’ f(A)z < M7z, —n< A< 7, for
some m and M such that 0 < m <M < oo and for all zin R”. Recall that the i.i.d. noise sequence
Oy = 0',_18, is RV () for some 2 < a < 4, viz., the noise sequence has infinite fourth moment but
finite variance, and define

ay = inf{x : P(|6;] > x) < 1/N} 11
a regularly varying sequence with index 1/, see for example Proposition 6.1.37 in [25]. If k is
chosen as a function of the sample size N so that k>/ 2a12v /N — 0as N — oo and k — oo, then

the results in Theorems 3.5-3.7 and Corollary 3.7 of [5], specific to the infinite fourth moment
case, also show that

~(i—k)) P .
O,j = i),

A~ P

Uk <l—k> - 6121

~((i—k)) P .

b = —m()) (12)

for all i, j. This yields a practical method for estimating the model parameters, in the case of
infinite fourth moments. The results of Section 3 can then be used to determine which of these
model parameters are statistically significantly different from zero.
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3. Asymptotic results

In this section, we compute the asymptotic distribution for the innovations estimates of the
parameters in a periodically stationary time series (2) with period v 1. In the process, we also
obtain the asymptotic distribution of the least squares estimates. For any periodically stationary
time series, we can construct an equivalent (stationary) vector moving average process in the

following way: Let Z; = (e, - .., €¢+1)pv—1) and ¥; = (X, ..., X¢4+1)v—1)’, so that
o0
Yo=Y ¥iZj, (13)
j=—00

where V'; is the v x v matrix with i £ entry y; (tv + i — £), and we number the rows and columns
0,1, ..., v—1forease of notation. Also, let N (m, C) denote a Gaussian random vector with mean
m and covariance matrix C, and let = indicate convergence in distribution. Our first result gives
the asymptotics of the least squares estimates in the case where the noise sequence has heavy tails
with an infinite fourth moment but finite second moment. The corresponding result in the case
where the noise sequence has finite fourth moments was obtained by Anderson and Meerschaert
[4]. A similar result was obtained in the finite fourth moment case by Lewis and Reinsel [21]
for vector autoregressive models, however, the prediction problem here is different. For example,
suppose that (2) represents monthly data with v = 12. For a periodically stationary model, the
prediction equations (4) use observations for earlier months in the same year. For the equivalent
vector moving average model, the prediction equations use only observations from past years.

Theorem 3.1. Suppose that the periodically stationary moving average (2) is causal, invert-
ible, the i.i.d. noise sequence 6; = at_lst is RV(x), and that for some O<m < M <00 we have
mz'z<7 f(ADz< M7z for all —n< A<, and all 7 in R", where f (1) is the spectral density
matrix of the equivalent vector moving average process (13). Ifk = k(N) — coas N — oo with
ka3, /N — 0 where ay is defined by (11), and if

oo
N2 mek + )l —> 0 fore=0,1,....,v—1 (14)
j=1

then for any fixed positive integer D

N1/2 (ni(u) + IR <UD, i=0,... v - 1) — N(0, A) (15)
where
A = diag(a3A?, 2AD ... g2 AUTD) (16)
with
) m—1
AN = MmO s (s + [0 —ul)or 2, (17)
5s=0

and m = min(u, v), 1 <u,v<D.
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In Theorem 3.1, note that A is a D x D matrix and the Dv-dimensional vector given in (15)
is ordered

N2 (mg (1)+¢° YD)+ e+ T T (D)
1— k
+¢;D

Note also that ay is roughly on the order of N''/* for some 2 < o < 4 so that the condition on k
is essentially that k3 grows slower than N'~2/%_In practice, on the boundary o = 2 + 1, > 0,
we look for the value k in the innovations algorithm where the estimates have stabilized. Next we
present our main result, giving asymptotics for innovations estimates of a periodically stationary
time series.

Theorem 3.2. Suppose that the periodically stationary moving average (2) is causal, invert-
ible, the i.i.d. noise sequence 6; = 0',_18, is RV(x), and that for some O<m < M <oo we have
m7'z<7 f(ADz< M7z for all —n<Ai<m, and all z in R", where f (1) is the spectral density
matrix of the equivalent vector moving average process (13). Ifk = k(N) — coas N — o0 with
k3a%, /N — 0 where ay is defined by (11), and if

o0
N2 metk+ ) —> 0 fore=0,1,....v—1 (18)
j=l1
then
N2OE — g ru=1,....Di=0,....v=1)= N@O, V) (19)
where
V = Adiag(eiDY, ..., 62 DY"D)A, (20)
D—1
A= Z EnH[Dv—n(D-H)]’ (21)
n=0
n D—n n
. —t— —— ——
E,=diag | 0,...,0,yy(n), ..., Yy(n),0,...,0,
Y ), (), 0,00 (), () ] (22)
—_— N— —
D—n n D—n
DV =diag(c; %, 0, %, ..., 0;°p), (23)

and I1 an orthogonal Dv x Dv cyclic permutation matrix,

o100 --- 0
o010 ---0
m=|:: i 24)
00 0 O 1
1 0 0 O 0
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Note that T1? is the Dv x Dv identity matrix and IT~* = (IT')¢. Matrix multiplication yields
the following corollary.

Corollary 3.3. Regarding Theorem 3.2, in particular, we have that
u—1
A ik B
N2@ST =) = N (0, o2y a,i,,%(n)) (25)
n=0

Remark. Corollary 3.3 also holds the asymptotic result for the second-order stationary process

where the period is just v = 1. In this case “;‘2 = ¢° 50 (25) becomes

u—1
N2 (O — ) = N (0, > zﬁz(n)>
n=0
which extends Theorem 2.1 in [13] to the case where the noise sequence has only moments of
order 2 +n,n > 0.
4. Proofs
Theorem 3.1 depends on modulo v arithmetic which requires our (i — k)-notation. Since the

lemmas in this section do not have this dependence, we proceed with the less cumbersome i-
notation.

Lemma 4.1. Let 1) = (mi 4 (1), ..., mipx (k) and Xy)(k) = (Xjytith—ts---» Xjvii). Then
foralli =0,...,v—1and k>1 we have
. . N
r + ¢ = (T v > Xﬁl)(k)Sjerwk,k (26)
Jj=0

where Etk = Xt + ﬂt(l)Xt_] + -+ Tft(k)Xt_k.

Proof. The least squares equations are

o N
O =(f) 8 @7
where
1 N—1 va+i+k—1
Iei = N (Xjvrith—t1s - s Xjvi)
J=0 Xjvti
and
Net [ X jvrith—1
RO
=N X jvtitk
j=0

X jvti
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from Eq. (7). Thus,
Ne1 [ Xjvtitk—1

A N 1
Frim +5 = N Z

j=0 Xjvi
i+, (1)
X 3 Xjytith—1s ooy Xjyti) : + Xjvrivk
ik (k)
1 N—1 va+i+k71
= — . Etk
N ,
j=0

X jyti
since X jyrivk + Ttk (DX jyrivk—1 + -+ + ®isk (k)X jy4i = & by definition. Then, using the
least squares equations (27), we have

. . . -1 /. . .
)+ ¢ = (rk,i) (Fk,in]((l) + )7;(:))
N=1 { Xjvritk—1

= (fk,i)_l % Z : &1k

=0 Xjvti
I =
=(f) & 2 X e
J:

which finishes the proof of Lemma 4.1. [

Lemma 4.2. Letc;(0),d;i(£) for£ =0,1,2,...andi =0,...,v— 1 be arbitrary sequences of
real numbers such that y_ ;. |ci (£)| < 0o and Y52 |d;(€)| < oo, and let

o0 o0
Upy+i = Zci (K)ervyi—rx and Urvt+j = Z dj(m)81v+j—m
k=0

m=0
and set
] o0
Ci=) leik)| and Dj="7 |d;(m)|
k=0 m=0

for0<i, j <v.Then

M
} Upy+iVtv+j

t=1

E <MCDn, (28)

where C = max(C;), D = max(D;), and n = maxt,t/(ala,/u%, 0,2) where 11, = E(|d;]).

Proof. Write
M

§ Upy+iVy+j

t=1

E

M
<E Z |'4tv+ivtv+j >
t=1
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where
o o
Urvsivivej| = ZZ i (k) (m)erysi—kivm
=0
e
ZZ ci(k)d; (m)| |5tv+z —kEtvtj— m|
Then

o o
E |uppiverj| <Y Y |eitd;m)| E |envsiksivsjm

’

k=0 m=0
where
Eleyysik|Elepvjom| i =k # ] —m
E Etv+i—kEtv+j— = / op s .
[ervei—kervsjon| E(e, ;0 ifi—k=j—m

. -1
Since Eleiyti—k| = Eloi—k 0;_yerv+i—k| = E|0i—k0svyi—k| = iy, we have that

Gi—kGjomis ifi—k#j—m

E \eivyi—k&mvtj—m| = o .
|n+z kétv+j m| Jz‘z—k ifi—k=j—m

Hence,

o (e.¢]
E |upiivivj| <n ) lei®)] Y |djm)] <CDn
k=0 m=0

for 0<i, j < v, and then (28) follows easily, which finishes the proof of Lemma 4.2.

Lemma 4.3. For & i as in Lemma 4.1 and u;y4; as in Lemma 4.2 we have

N—1
E D wnviEviek — enee)| SHNCB max Z ok + ).,
t=0 j=1

where C, y are as in Lemma 4.2 and B = Z;’;& Y ooco Wi (O]

Proof. Write

9]
Ervte — Ervilk = Z e (m) Xeve—m
m=k+1
9] 9]
= Y mm) Y Ve meriemr
m=k+1 r=0

=Y dixk+ Dervrei—j,
j=1

where

J
desk+ ) = melk + Wi (G —9).
s=1

(29)
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Since {X;} is causal and invertible,

103

o0 o0 J
D oldextk+ Dl =D 1wtk + Wiy (G — )
j=1 j=1|s=1

o

le(k-irs)lZlW (k) G = 9]

s=1 j=s

o

Z|m<k+v>|2|w (k) ()]

s=1 r=0

|de k(K + j)| < oo. Now apply Lemma 4.2 with vy =

is finite, and hence we have 372,
Etv+e,k — Erv+e to see that

N-1
> Uik — Envie)| SNCDy gn <NCDy,

t=0
where Dy ; = Z] 1 lderk(k+ ) and Dy = max(Dg k : 0< € < v). Next compute

Zlﬂe(k-i- v>|2|w () (D)

Dy = Z |dek(k + j)| <
j=1 s=1 =0
00 v—1 oo
SNEAERDINIAGI
s=1 Jj=0r=0

=B |m(k+s)|

s=1

and (29) follows easily.
The next lemma employs the matrix 1-norm given by

max |[[Mx]|1,
lxlh=

=nl+

Ml =
(]

where || x| |xk| is the vector 1-norm (see, e.g., [17])
Lemma 4.4. For ¢ and X;i) (k) as in Lemma 4.1 we have that

N—1
E NS XD W6 jvpikk — ejvrith) <AkmaXZ|7T£(k+J)|
Jj=0 1 Jj=1

where A = nBmax; Y, [W; ()| and B is from Lemma 4.3

Proof. Rewrite the left-hand side of (30) in the form

k—1 N—1
Nt Z E Z Xiytits Ervrithkk — Ervritk)
s=0 =0 1
and apply Lemma 4.3 k times with u;y4; = X;y4i4s for each s = 0
. O

max; Z;o o [W; (©)| to obtain the upper bound of (30)

(30)

.,k —1and C =
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Lemma 4.5. Suppose that the periodically stationary moving average (2) is causal, invertible,
and that the noise sequence d; = 0',_18, is RV(x) with 2 < o < 4. Assume that for some 0 <
m<M < ocowehavemz' z <7 f(A)z<Mz7'zforall —-n<A<m, and all zin R', where f (1) is the
spectral density matrix of the equivalent vector moving average process (13). If k = k(N) — oo
as N — oo with k3a]2V/N — 0 where ay is defined by (11) and (14) holds then

N-1
o | ,
N2 (5 + §) = N2 T S XV W jrgisn > 0 (31)
j=0

for any b(k) = (bx1, ..., bxx) such that ||b(k)||1 remains, of k and X;i)(k) is from Lemma 4.1.

Proof. Using (26) the left-hand side of (31) can be written as

N-1 N—1
N2y | B ST XM jvgiin — Tt Y XV 0)ejurive | = I + I,

j=0 Jj=0
where
B N—1
=Ny | (P =Tl ) D2 X wejvsie |
i j=0
B N—1
L=N""2b@) | Tl Y XV 0@ jurivkk — ejviien)
j=0
so that
N—-1
(SN2 - 1T =T | XV ®ejuriir| =i Jae I,
j=0 1

where J1 = ||b(k)|| is bounded by assumption, J» = k||lA",;,]. —l",;} Il1,and J3 = %

X;i)(k)8j1'+i+k,kH1'

Next we will show that J, = k||f,;} — 1",;}”1 — 0 in probability. The proof is similar to
Theorem 3.1 in Anderson et al. [5]. Define pi; = [T 11, qxi = 15 F — Tp Hli, and Qg =
||1A“k,,- — I'k.ill1. Then we have

Gri < (qri + pri) Oki Pki (32)

exactly as in the proof of Theorem 3.1 in [5], and we want to show that kgx; — 0 in probability.
From Theorem A.2 in [5] we have, for some C > 0, that

1 \N-1
NZ/‘:O

E[Nag?G:0) = (0] <C
uniformly over all i = 0, ..., v — 1, all integers ¢ and all positive integers N. Then, using the
bound

k
E|A|l1 = E max E la;j| <kmax Ela;j| <kC
1< <k ij
1=
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in the proof of Theorem 3.5 in [5] it follows that E Qy; gkalva /N for all i, k, and N. Since
Pki <k1/2||F,;} |l> we also have using Theorem A.1 from [5] that for somem > 0, py; <k1/2/(2nm)
for all i and k. Then

K32a3,C

—_— 0
2nNm -

E(pri Qki) = pri E Qki <
as k, N — oo since we are assuming k3a[2V /N — 0. Then it follows from the Markov inequality
that py; Qi — O in probability. If pi; Or; < 1 then 1 — pg; Qi > 0, and then it follows easily
from (32) that

kqki < —kpl%i Qi .
I — pri Qki
Since py; <k1/2/2nm, we have
E (kpf, 0ui) <k- Fac
2nm)2N

so that kp,%l. QOki — 0 in probability. As p; Qr; — 0 in probability, it follows that

2
kpki Ori _P) 0.
1 — pri Qki
Now the remainder of the proof that J, — 0 in probability is exactly the same conditioning
argument as in Theorem 3.1 of [5]. As for the remaining term in [y, write

J3 =

N1/2 1N_1 .
- |~ Z Xy)(k)gjv+i+k,k
=0

so that E(J3) < E(J31) + E(J32) where

N2l V=L 0
J31 = — |~ Z le (k)€ jyritk and
Jj=0 1
Nl/z 1 N-—1 )
Je=——1I% > X;l)(k)(gjv-i-i+k,k = Ejvti+k)
j=0 1

Lemma 4.4 implies that

N1/2 o0 " oo
E(J32)<TAkm§1xZ Ime(k +5)| = N/ Amlgxz e (k + 5)| — 0,

s=1 s=1

where the maximum is taken over £ =0, ..., v — 1. Also

Nl/z 1 N—-1 )
E(J3) < ——KPE|Z 3 XD Wi
Jj=0 2
2

N\ 12 | N
S <?) Ely Y X R jurien
Jj=0 2
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2
N 1/2 1 k—1 N-—1
= (E) N2 ZE Z X jvtitt€jvitk
=0 j=0
| kIN-l
_ 2 2
= N D2 EXG i EE )
t=0 j=0

k—1 N—1
= |k Z%‘Jrr(o) N Z ik
\ =0 j=0
so that E(J31) <+/D where D = max; 7;(0) - max; 01.2. Thus E(J3) < o0, Ji is bounded, and
J> — 0 in probability. Then it is easy to show that /1 — 0 in probability.
Next write

N—1
L=N"1? Z Ujytitk—1(Ejvtithk — €jvritk)s
j=0
where u jy i 151 = b(k)’l“,;}x;")(k). Then
Var(ijysipk-1) = By p) = b(k) T EIXY (0 X (k)10 [ b (k)
= b(k)' Ty jb(k) < |b(K)|I3/(2mm)

by Theorem A.1 in [5], since I' ; is the covariance matrix of X;.i)(k). Hence by Lemma 4.3,

o0
E|I>| = Constant - N'/? maxz |me(k+ j)] — 0
¢ =
for{ =0,...,v—1by (14). Then I — 0 in probability, which finishes the proof of Lemma 4.5.
O

Proof of Theorem 3.1. Define ¢, (k) to be the k dimensional vector with 1 in the uth place and
zeros elsewhere. Let

wil ) = e () Ty XS R0 jug it 40 (33)
so that
N—1
NPy = N2y W) (34)
j=0

i —k
Here X;-O ))(k) = [X./‘y+<,'_k)+k_1, ey X.j‘7+<l’_k>]/ and
rk,(i—k) — E{Xi(l_k»(k)X;(l_k)) (k)/} (35)

thus for i, u, k fixed, w,(ly_;k)) are stationary martingale differences since the first two terms in
(33) are non-random and do not depend on j while the third term is in the linear span of &g,
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(i=k) (i'=k))

s < jv—+ (i — k) + k due to the causality assumption. Then E{wuj,k Wy g } = O unless

Jyv+ i —k)=j + i —k)

because, if jv+ (i —k) > j/+ (i’ — k), X" 7Pk, Xj.i"""”(k) and &/, i+t are in the linear
span of &; for s < jv+ (i — k). Otherwise Xﬁ.@;k))(k) = X;giLk))(k) and

i —k i —k —
E{w;(jl’k >)w£§l’k >)} = a,-zeu(k)/l k,}i k>ev(k).
lake

_ 1, ((0=k)) ((0—k)) ((v=1-k)) ((v—1-k))q/
wjk—[wlj’k e Wpig e Wk seeesWpig 1.

It follows immediately that the covariance matrix of the vector

N—1
—1/2
INnk =N /ijk
Jj=0

is Ap = diag{o—(z)A,(co), U%A](cl), o a%_]A,Ev_l)} where
Ay = eu k)T iy (k). (36)

and 1<u, v< D. Apply Lemma 1 of [4] to see that
eu(®)' Ty i _pyev®) — (A

as k — oo where, taking m = min{u, v},

m—1

ADuw =D Timas O Timps(s + v —ul)oi 2, .
s=0

Then, provided that k = k(N) increases to co with N,
lim Var{tN,k(N)} = A, (37)
N—o0

where A is given in (16).
Next we want to use the martingale central limit theorem (Theorem 3.2, p.58 in Hall and Heyde
[18]) to show that

i/lN,k = N0, /A )

for a fixed k and any A € RP". Consider the triangular array of summands Xy (j) = N~/2)'w ks
j=0,...,N—1,N =1,2,....Foreach fixed k, it is sufficient to show that
. . P
(i) maxo<j<n Xn(j)*> — 0,
(i) YV Xn(j)? > Vfor V > 0, and
(i) supy E{maxo< -y Xn(j)?}<c < oco.
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As w ji is stationary with a finite second moment, w jx = o(j 1/2y and therefore X i )2 = o(1),
where both expressions hold almost surely [27, Lemma 7.5.1]. Now

max Xy(j)?< max X;(j)?
0<j<n 0<j<n

so that for any ¢ > 0 and n < N, the Markov inequality obtains
n
P {02% XNG)? > e} < Z(:)P{XN(J) >ej+ P {gljagN X)) > e}
j=

n E{(Jwi)?
<z {( /k)}+
N €

(0.¢]
P{X;(j)* > €.

j=n

Upon taking » an increasing function of N so that n/N — 0, and noting that 230:1 P{X; () >

c} < oo, the RHS converges to zero, which establishes (i). Moreover

N—-1
N2 N2
E {orgn?i(lv Xn(j) } < -Eo E{Xn()*} =V E{wjrw)}h < 00
j:

so that (ii1) also holds. To establish (ii) note that w j; is ergodic (see the discussion in [15, p. 458])
and consequently

N—1
Z Xn(j)* — 2 E{wjw’y} = 2 N,
j=0

where the RHS is the positive quantity V in (ii). Thus the conditions of Hall and Heyde [18],
Theorem 3.2 are satisfied and therefore, for each /. and fixed k, i’tN,k converges to a normal
distribution with zero mean and variance A’ A A. Then an application of the Cramér—Wold device
[12, p. 48] yields

INk = N, Ay).

To extend the central limit theorem to the case where k = k(N) — oo as N — oo we use a result
due to Bernstein [9] that we refer to as Bernstein’s Lemma, which is proved in Hannan [19, p. 242].
Let xn be a sequence of vector valued random variables with zero mean such that for every € > 0,
{ > 0,n > 0 there exist sequences of random vectors yy (€), zn (€) so that xy = yn(€) + zn(€)
where yy (€) has a distribution converging to the multivariate normal distribution with zero mean
and covariance matrix V (¢), and

eliir(l) V(e =V, Plen@©zn(e) >} <.

Then the distribution of xy converges to the multivariate normal distribution with covariance
matrix V.

Using the notation of Bernstein’s Lemma, take xy = #y x(nv) Where now k = k(N) is explicitly
written as a function of N. For any € > 0 take k = [e~!] and yn (€) = tn k. We have shown that
yn (€) converges to a multivariate normal distribution with zero mean and variance Var{ty} =
Ar = V(e) and, in (37), that Ay — A as k — oo thus verifying the first condition of Bernstein’s
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Lemma. Consider
Zn(€) = xn — YN (€) = IN k(N) — IN k-

The second condition of Bernstein’s Lemma follows if E{zy (¢)'zn (€)} — Oask, N — oo which
holds if the variance of each component of z (€) converges to zero.
For a given k, take N sufficiently large so that k(N) > k. The components of zy(e) are

tN k(];\gﬁv) () — (<l D), i =0,...,v,u=1,..., D which have variance

Var{t\’ k(’;éﬁv”(u)}JrVar{tNk D(w)} — 2Cov{ey " @), e .

From (36) the first two terms are ol-z(A,(f()N))W and ol-z(A,(ci)) uu»> respectively. The covariance term
is the expectation of

N—1N-1
NS N Ty iy X5 NP N e ju -k xav)
j=0 j'=0
x€ jivt i +k (X5 PN Ty euth). (38)

The only summands with non-zero expectation occur when jv + (i — k(N)) + k(N) =
Jj'v+ (i — k) +k = s, say, and then

i —k
XD (N = Xy, Xk s
RGP ST

so that E{X(.<i7k(N)>)(k(N))(X;giik))(k))/} is the matrix consisting of the first k£ columns of
T'k(n), (i—k(ny)- Thus the mean of those summands with non-zero expectation in (38) may be

evaluated (compare the argument for Lemma 4.6 later in this paper) as al.z(A,((i))W and hence

Varlr 0w = @) = 0 [ = N v ]

where Cy is the number of those summands. Since jv+ (i —k(N)) +k(N) = j'v+ (i —k)+k

can occur for at most one value of j’ for each j = 0,..., N — 1 it is not hard to check that
lC N —> las N —> 00. Lemma 1 from Anderson et al. [4] shows that the (u, u)th elements of
A_ k(v and A k) converge to

u
2 2
Ory O i jyu (1)
s=0

as k, k(N) — oo and therefore E{zy(€)'zy(e)} — 0. Thus for any ¢ > 0, { > 0 and > 0 we
may take k, N sufficiently large, k > [e~!] so that E{zy(¢)'zy(€)} < ¢ and an application of
Markov’s inequality establishes the second condition of Bernstein’s Lemma. Thus we conclude

IN k(N) = N, A), (39)

where limy oo Ak = A. _ o _
Applying Lemma 4.5 yields N'/?¢, (k)’(n,(c(’_k» + c],’),(c(’_k») — t,(v(’k_k))(u) — 0 in probability.

Note that 7'~ = (m;(1), ..., m (k) and ¢ ™ = @7, ..., 7). Combining (39)
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with e, (k) (nk )y (,bk >)) =m;(u) + (25,((@,;]()) implies that

N2 (i) + ) — 1wy Lo (40)

as N — oo. Then Theorem 3.1 follows from (39) and (40) and the continuous mapping theorem.
O

Proof of Theorem 3.2. From the two representations of X; X (@ 4« given by (4) and (8) it follows that
(i—k)) . (i —k)) n({i—k))
i— i— i—
Oy = Z bre e j—e (41)
=1

for j = 1,..., k if we define 9,((87](0)) = 1 and replace i with (i — k). Eq. (41) can be modified
and written as '

((i—k)) (i—k
()k,l d’k,l
((i—k)) ((i—k
2 ((i—k)) P2
(i—k) | = RW— ((i—k))
Hk,g R! ¢kf3 i (42)
((i=k)) ((i:—k>>
()k,D d’k,D
where
1 0 o --- 0 0
el(cqul)) 1 o --- 0 0
ng(i_k» = 91(< 12) Ol(c 21 Lo 0 0 @9
G-k (i I
9k101 0k2D2 9kD+11 1

for fixed lag D. From the definitions of 9,({'),1 and &Sil)u we also have

o Dir
oy b
o | = R gl | (44)
g i
where Ié((i_k» is defined as in (43) with 9((i_k replacing 0( ) From (12) we know that
(A9,(<<lu x//l (1), hence for fixed £ with K’ = k — £, we have (9,(c oy = 0( RN Wi (u).

Thus,

Ié/&(i—k}) _P> R(i), (45)
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where
1 0 0 0
. i (1) 1 0 0
RO = . . . (46)
Vi (D—=1) Y ,(D—=2) - Y_py(1) 1
We have

~(li—k ) N ~((i—k . N . .
0((1 N _ pli—k) — R}ﬁ(l k))(d)((l N _ qS““k))) + (ng(z k) R1E<l k»)qs((“k)), (47)

. - . . . . ~A(li—k
where 9(i—k) — (91((01 k>)’ ""91(<<l1)k>))/’ pUi—RN = ((]5](6(11 k>), ) .-,¢,E('Dk>))’, and 9(<z ) and

~ ({i=k))
¢

are the respective estimators of 0% and ¢~V Note that
(IQIE(i—k)) N R1£<i_k>))¢(<i_k>) _ (Iglg(i—k» _ ]’élg(i—k))*)d)((i—k))

_}_(Iéli(i*k))* _ Rli(i*k))*)qs((ifk))

(R QUKD k) (48)
where
1 0 0 - 0 0
61({(’11—1—1(» 1 0 e 0 0
i~k (i—1=k)  p((i=2-Fk)
R]E(z D¥ _ Hk,lz Hk,ll | 0 0 49)
(i—1=k)  g((i=2—k) (G-Di1-k)
Gk,Dfl Hk,lsz T ek,ll 1

and Ié,sifk) * is the corresponding matrix obtained by replacing Bl(ﬁfk) ) with @,Ef';k)) for every

season i and lag u. We next need to show that R,i<i7k))* — R,E<i7k)) = o(NY?) and IG(’IEO*/C)) —

Ié,ﬁ<i7k>)* = 0p(N'/?). This is equivalent to showing that

i—0—k i—k

NI2@S D gy o (50)
and

N2 ey B (51)

for{ =1,...,D—1andu = 1,..., D. Using estimates from the proof of [5] Corollary 2.2.4

and condition (14) of Theorem 3.1, it is not hard to show that N1/2(¢I((<,iu—k>) + m(u)) — 0as
N — oo foranyu =1, ..., k. This leads to

N2 b ) — 0 (52)

by replacing i with i — ¢ for fixed £. Letting a; = N1/2(¢,((<;[7k>) + mi—¢(u)) and by =

N1/2(¢,<(<i;l;)) + m;_¢(u)) we see that by = ay_g. Since ar — 0 then by — 0 as k — oo.
Hence,

N2 1 w)) — 0 (53)
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as k — oo. Subtracting (53) from (52) yields

i—0—k i—k
NS = g5 =0 (54)
which holdsfor =1,...,u —landu =1, ..., k. Since
({i—€—k)) (i ({i—l—k)) ({i—k))
H l - Hk e, 1 = d)k,ll - d)kfe,l

we have (50) with u = 1. The cases u = 2, ..., D follow iteratively using (10), (42), and (54).
Thus, (50) is established. To prove (51), we need the following lemma. [

Lemma 4.6. Foralll =1,...,u—landu =1, ...,k we have

A (li—t=k) A=k P
N1/2(¢k,u - d)k—i,u ) — 0. (55)

Proof. Starting from (34), we need to show that tle t=h )(u) tN e [) (u) —> 0. Note that

E(w wkg k) uj’kk>)£) 0 unless
J=j—t+ (i —C—k)+L—(—k)/v (56)

which is always an integer. For each j there is at most one j’ that satisfies (56) for j € {k —
£,...,N —1}.If such a j’ exists then

E w0 = 62 pen k) (e i—ei) ™' Che 1)~ eutk — 0),

where C = E(X(U_e_k))(k)X((i_k»(k £)"). Note that the (k — £)-dimensional vector X;ﬁi_k»

(k — 2) is just the first (k — €) of the k entries of the vector X’(< )(k) Hence, the matrix C

is just I'y (j—¢—k) with the last £ columns deleted. Then (I'x ;i —¢—x)) ™ 'C = I(k, ) which is the
k x k identity matrix with the last £ columns deleted. But then for any fixed u, for all k large we
have e, (k) (Tk.i—e—k)) "' C = e, (k —¢). Then

Eli ™ w0 =02 jeute— 0 (e i)~ eulk = 0
=07 (Tt i)
Consequently,
Va0 — w50 = Bl w0

= 07 Tk limt—t)) i + 07— e (Tt =k e
207y (Th—ti—k) Dt
= 67 [T ti—t—k)uu — Tkt (i—k)) |

—- 0
by Lemma 1 of [4]. Thus,
Var(ty'c P ) — Y ) < N Var(wll

-0

—t=k)) _  ({i—k))
uj’,k—l)N
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since for each j = k,..., N — 1 there is at most one j’ satisfying (56) along with j/ =

k —£,..., N — 1. Then Chebyshev’s inequality shows that tj(\ffk*(*k»(u) - tj(\,(i,:f;) (u) £ 0.

Now (40) yields

A ((i—t—k i—0—k P
N2 ice@) + ¢l ) =iy T 0
and another application of (40) usingi — € — (k — £) =i — k gives
A (li—k i—k P
N2 (i) + $00) = 1355 ) 5 0
and then Lemma 4.6 follows easily.

Now, since

Ali—t—k))  pUi—k)) A Wi—E=k) A (k)
9k,1 _Qk—z,l =‘/’k,1 _d)k%,l

we have (51) with u = 1. The cases u = 2, ..., D follow iteratively using (44), Lemma 4.6,
and (41) with 0, ¢ replaced by 0, ¢. Thus, (51) is established. From (47), (48), (50), and (51) it
follows that

~((i—k . (i ~(li—k . ~(li . .
9(0 N gUi—k) _ R]E(l k))(¢((l N ¢((sz))) 4 (R]E@ ks« RIE@ k))*)d)((hk))
+op(N'/?). (57)
To accommodate the derivation of the asymptotic distribution of @(l) — 0%, we need to rewrite
(57). Define

0 HU0—k)) ({0—k)) nU0—k)) ((0—k))
0—0=@0 " -0l 00 -0l

k,1 5 3 e ey
H((v—1-k)) ((v—1-k)) A((v—1-k)) ((v—1-k))
0k,1 - 9k,1 R Ok,D - Hk,D )
and
0—k 0—k —1—k —1—k
b= GO GO Gtk iy 69

Using (58) we can rewrite (57) as

0—0=Ri(d—d) + (R — RN+ op(N'/?), (59)
where q;b is the estimator of ¢ and

Ry = diag(R,£<0_k)), R,E“_k)), e, R,Sv_l_k)))
and

R = diag(R,gO*k))*, R,i“*k))*, e R,i("flfk))*)

noting that both Ry and R} are Dv x Dv matrices. The estimators of Ry and R} are, respectively,
Ry and I?,j. Now write (I@;; —R)¢ = Ck(@ — 0) where

D—1
Ck — Z Bn’kH[DV—n(D-I-l)] (60)

n=1



114 P.L. Anderson et al. / Journal of Multivariate Analysis 99 (2008) 94—116

and

D—n
n n

N ok 0-k) T
By =diag [0.....0, (" .. o 07 0,0,

({(1—k)) ({(1—k)) ((v—=1-k)) ((v—1-k))
P T 0,0, gl

n

D—n D—n

with IT the orthogonal Dv x Dv cyclic permutation matrix (24). Thus, we write Eq. (59) as
0—0=Ri($p— )+ Cr(®—0) +o0p(N'/). (61)
Then,
(I = (0= 0) = Re(d — ¢) +0p(N'/?)
so that
0—0=(—Co™" Re(d— ) +0p(N'). (62)

Let C = limy_, o Gy s0 that C is Gy with ¢\ replaced with —; (u). Also, let R =
limy_ ~o R; Where

R = diag(R?, ..., R"™D)

and RY) as defined in (46). Eq. (45) shows that Iék £ R, and then Theorem 3.1 along with Eq.
(62) yield

NY20 - 0) = N(0, V)
where
V=U-C"'"RAR[(I-0O)Y (63)

and A is as in (16). Let

1 0 0 0

() nl‘*l(l) 1 0 0
S = . ) . (64)

ni1(D—=1) mo(D—=2) -+ m_ppi(l) 1

It can be shown that

AD = S(i)diag(ai_fl, 0;22, e, ai__zD)S(i) .
From the equation, Y; () = > y_, —m; (O;_,(u — ©), it follows that RVSD = Ip, p, the
D x D identity matrix. Therefore,

ROADRD = ROSDdiag(a72, 073, ..., 0,2,)SD' RV

T -2 2 -2
=diag(s, 5,0, 5%,...,0,"p)
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and it immediately follows that

RAR' = diag(D?, ..., D" )
where D® = diag(o—i_fl, 6;22, e, 0;20). Thus, Eq. (63) becomes

V=0-C)"diag(d?, ..., D" Na-c)7l. (65)
Also, from the relation ; (u) = Y y_; =1 (O)y; _,(u — £), it can be shown that

D—1
(1 _ C)—l — Z EnH[DV—n(D+l)]

n=1

where E,, is defined in (22). Using estimates from the proof of Corollary 2.2.3 in [5] along with
condition (18) it is not hard to show that N'/2(iy — ) — 0. Then it follows that

N2 —y) = N, V),
where Yy = (Yo (1), ..., Yo(D), ..., ¥,_ (1), ..., ¢,_1(D)). We have proved the theorem. [J
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