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Lecture 3-1: Parametric procedures for a single

proportion

We can use the normal distribution to model the sampling
distribution of a sample proportion p

KEY IDEA: If certain conditions are met, the sampling
distribution of p will be

A\

Condition #1: _@M—HJV\S é.k/_lm/zﬁmc&m_
Condition #2: Sﬂ\MP’& 19 w@;(,l:wﬂl/dg /dﬂ’?V
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Lecture 3-1: Parametric procedures for a single

proportion

A quick sketch: [ M ( F, \\ ;
Desenbes possivle \ialves y
Stohshe 5 a3 ah

&5t mtor ff P

The mean of this normal distribution is &F_—Flﬁ%@{ﬁj

1
The standard error is SE \l P( | - P)
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The one-proportion z-test

The one-proportion z-test

What is it?

A procedure for evaluating contradictory hypotheses about the true
value of a single population proportion. The test statistic is:

A~ 1—
SEﬁ ‘\} n

What does
it do?

It provides a formal way to quantify the likelihood of our observed
data, or data more extreme, from a null distribution, which is a type
of sampling distribution that is based on a particular value for a
population proportion.

How does |The test statistic z computes the number of standard errors p fell

it do it? from the value expected by the null model. Values that are very far
from 0 tend to discredit the null hypothesis.

How is it [Independent observations must comprise the sample data and the

used? sample size must be sufficiently large. If this is the case, the N(0,1)

distribution is used to find a p-value corresponding to the test
statistic.
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Example 3.1: Xylitol & Ear Infections

m Roughly 38%‘&yodng children develop ear infections at
various points before the age of five. Xylitol is a food
sweetener that has recently gained scientific interest for
its antibacterial properties.

m A Finnish experiment randomly divided children in a local
daycare center into two groups. One group regularly
chewed gum containing xylitol, and another regularly
took xylitol lozenges.

m Over a three-month period, researchers recorded
whether each child at any time developed an ear
infection.
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Example 3.1: Xylitol & Ear Infections

Group No. of children Ear Infection? = ‘Yes’
Xylitol gum 100 22
Xylitol lozenges 250 71

a. Conduct a hypothesis test to determine if regularly chewing
Xylitol gum is associated with a decreased risk of ear infections.

Step 1: Determine the null and alternative hypotheses.
HO: ?7 Oag Ha: P LO. 35
where the parameter lz represents...

trve. ke & ear ickichans_ouans ol daycan “sqoc)
dmurbh w‘w chew )8_/1‘/7/ al/M

Note: The direction of extreme is fcﬂ.‘ -b:/w(

(ddoymines  haw /o«wu/w
s apyted )
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Example 3.1: Xylitol & Ear Infections

Group No. of children Ear Infection? = ‘Yes’
Xylitol gum 100 22
Xylitol lozenges 250 71

Step 2: Create a null distribution to see what'’s typical. In this
case, we wish to use the nacmal distribution for our null

model. To do so, we much check the success-failure assumption
for performing the test.

The data are assumed to be independent observations.
Check if np, = 10 and n(1 - p,) = 10. N.. " Lo katalwaj

OX a" )
90 (033) = 3 10 mﬁ g ™!
100( 0.43)° 62 DO


John

John

John

John

John

John


Page 66

Example 3.1: Xylitol & Ear Infections P

1.70

Group No. of children Ear Infection? = ‘Yes’
Xylitol gum 100 22
Xylitol lozenges 250 71

Step 3: Evaluating evidence: calculate the test statistic and

determine the p-value.
P—Do . 0.33. - a. 68

pol=pg)
Oal,") \ (0 ‘j,\ - A 0. 37{ :o. 63)

= -3,2943

Thes notoms oof abserved
T e Do %203 Shidad
M3, +3.2943, 0.'1) ot \awa' o whet

L.
?W\W s ("-oooo 4yq W wpwfu’ by H

Observed test statistic: z =

I
L
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Example 3.1: Xylitol & Ear Infections

Group No. of children Ear Infection? = ‘Yes’
Xylitol gum 100 22
Xylitol lozenges 250 71

Step 4: Evaluate the p-value and report the conclusion in the
context of the problem.

Qo pve of ©.0004A gNes v Yo &
f)s’\djlb e \%Pa-]'lu‘f\léx 0OV ,wzvg’l'.mw’a‘

m\’b se P': 0.3€  cloes nat
ﬁMUM&‘ Cllﬁblﬂl)b 06‘5(4’(/@6‘

A

N(0,4)
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Example 3.1: Xylitol & Ear Infections

Group No. of children Ear Infection? = ‘Yes’
Xylitol gum 100 22
Xylitol lozenges 250 71

b. Conduct a hypothesis test to determine if regularly taking
Xylitol lozenges is associated with a decrease in risks of ear

infection. I'L: P . 0,3% K. ”a: P L0 37

fJ” Hoso = 0.9%

27 -3 1+
P-\mldez > 0.00938%
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Example 3.1: Xylitol & Ear Infections

Group No. of children Ear Infection? = ‘Yes’
Xylitol gum 100 22
Xylitol lozenges 250 71

Step 1: Determine the null and alternative hypotheses.
Hy: \l’J < §.99 H.: F "0-32

where the parameter ,Q represents...
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Example 3.1: Xylitol & Ear Infections

Group No. of children Ear Infection? = ‘Yes’
Xylitol gum 100 22
Xylitol lozenges 250 71

Step 2: The data are assumed to be independent observations.
Check if np, = 10 and n(1 - p,) = 10.
250(0.3¢) 24210 § 930 (2.42)=(55> 10

Step 3: Evaluating evidence: calculate the test statistic and

determine the p-value.
h— 0.a%| - 0.88
Observed test statistic: z = ——P>_ = 2l

. [z K 0.38 (0.63)
ﬁ % = 70.qu \ 3'50

250
. .3 132
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Example 3.1: Xylitol & Ear Infections

Group No. of children Ear Infection? = ‘Yes’
Xylitol gum 100 22
Xylitol lozenges 250 71
Step 4: Evaluate the p-value and report the conclusion in the
context of the problem. 4,)
) lw D,’Jrg" "
Bb‘.)\w\\ “k-, AWt ‘Mk( IOMOI S 0
3
B &3 5 9%

o\ .
5(6\\1' %UW\

24,3.133’9"
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Example 3.1: Xylitol & Ear Infections

c. Consider the results of the two hypothesis tests above. We
have good evidence that the null value of p = 0.38 is not a good
fit for the ear infection risk of children regularly chewing gum or
taking lozenges with Xylitol.

Would you recommend children take one over the other? Briefly
justify your choice.

We have a discrepancy here: the p-values associated with the two tests are very similar, with only four-
hundredths of a percentage point between them. That said, the observed sample proportions ARE
meaningfully different, with xylitol gum having an observed ear infection rate of 0.22 and xylitol lozenges
appearing about 6% less effective at reducing ear infection rates, with an observed rate of 0.284.

Is it worthwhile to recommend gum instead of lozenges, using the difference in observed sample
proportions as evidence, even though the p-values are nearly identical?....

WE NEED A NEW WAY TO INTERPRET HYPOTHESIS TEST RESULTS!!


John
We have a discrepancy here: the p-values associated with the two tests are very similar, with only four-hundredths of a percentage point between them. That said, the observed sample proportions ARE meaningfully different, with xylitol gum having an observed ear infection rate of 0.22 and xylitol lozenges  appearing about 6% less effective at reducing ear infection rates, with an observed rate of 0.284.

Is it worthwhile to recommend gum instead of lozenges, using the difference in observed sample proportions as evidence, even though the p-values are nearly identical?....

WE NEED A NEW WAY TO INTERPRET HYPOTHESIS TEST RESULTS!!
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Introducing effect sizes

We are frequently interested in comparing a population
parameter to a value specified by a null model or (in future
lectures) to a parameter value of another population.

In many research situations, we want to estimate the

JMMM wil ’:1\405[:/ 3 )

va
The test statistic and p-value cannot help us here becausg g
they both

waw‘zu@
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The ‘effect size’

Definition:
The &KLCT S|ZE for a research

study is a measure of how much the truth differs from the
results expected by a statistical model.

A common formula for the effect size when conducting a
hypothesis test regarding a single population proportion p is
Cohen’s h. We estimate Cohen’s h with the following

E=3'mﬂ"\<r§'\ - gl oo (\l?)

¥ ﬁ\ wlwldes, avzsn = s> 4
[ Rodn wWode, it dearsy wods)
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Computing estimated effect sizes

Compute the effect size for each of the Xylitol hypothesis tests on
the previous two pages.

a. Gum: In a z-test of Hy, = 0.38, we observed p = 0.22. This
resulted in a test statistic of z; = —3.2963 and p-value of

0.00049. , . ' "
h = Qs («f:n\ '&6lw1/0.39) 2 -0.8530

b. Lozenge: In a z-test of Hy, = 0.38, we observed p = 0.284. This

resulted in a test statistic of z, = —3.1272 and p-value of
0.00088. )

l;\ ] 9\5“;\1( 0-33”?-1 e /039) = -0.90 93

T
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Computing estimated effect sizes

Compute the effect size for each of the Xylitol hypothesis tests on
the previous two pages.

c. Why are the z-scores in (a) and (b) approximately the
same, if the effect sizes of the treatments are different?

z“ 0.22-0.%¢ > . 0.:\:\&;0.\‘5‘% H Zp M
I8 (.43)° B 28 (o.43 ,
\ 1 00 ADe A ,W Mb
Ske.

A
Obsovad S w P-p we law‘pr n 2,
We'd consjder the results in scenario (a) to have a

Swall-db madeake, et si22 and the results in

scenario (b) to have a _mmﬂ_efed' SlZe. . For

our purposes, Cohen’s h is typically interpreted as one of
four magnitudes.
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Interpreting estimated effect sizes

Effect size Interpretation

We Samd an m m the
|h| < 0.2 5wwv(( nll wodsl 40 swall we cvld

m\w«)’ v with <stchstis,

_ We on |vwlu1vac n +he
0.2<|h| <05 sw\ Wil wedel  Hed Sameme wiih

wmodoote,  Fomed sdz'yul' oparhse wovbl wohe,

Yoo MW Somd s modvgacy, m He
0.5 < |h| <0.8 wﬁ?‘ Wl wadd o mzﬁ 0652r\er

P wald wohee.
v?(/ A Fﬁuom M'Hn nu” malal

[h| > 0.8 la\ﬂr(/ dht 5 obviows do mst dbsanses
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Lecture 3-1B: Confidence intervals

It is known that roughly two-thirds of humans have a dominant
right foot or eye.

The article “Human Behavior: Adult Persistence of Head-Turning
Asymmetry” reported that in a random sample of 125 kissing
couples, both individuals in 80 of the couples leaned more to the
right than the left.

Does this suggest that the two—thlrds figuke is implausible
Kissing behavior?
+m|]")
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Lecture 3-1B: Confidence intervals

Conduct the appropriate hypothesis test to answer the research
question above. Include the procedure’s test statistic, p-value,

and estimate of Cohen’s h. Am’ 44"
i p= 06667 |):p #0647 g
A Q0 " = “' M \)\jl‘l"n P—(a\ 29.934
D = /9,53 d. ¢4 dwo * 0 o = -0.0355
0.44- 2. L8622 we oy, hifle
- \—a.ca? (.3538) =-0. 635 i, +o Suw"
13.3 Psafs 4 & Poo,.
wote &
P- valve = Q_ﬁhmrma‘ 6(1[ ('la"m, -0. 63320, d,) X:'bo ’
. ° 0.53.44 nah*'MMl’l’

) !
h ’lslﬁ’(O-l‘l\v?lflkl(sm;)As—o.osl,\ km,} behavior
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Lecture 3-1B: Confidence intervals

While establishing a null value after considering a sample
statistic is very bad practice, it does show us that there as just as
little evidence against using p = 0.61 as a rate for right-kissing
behavior as p = 0.67, given our data.

In fact, there are M_‘brv parameters that, if
tested, would appear to be a plausible parameter for the process

that created our observed data.

Rather than conduct numerous hypothesis tests, when
statisticians want to create a range of plausible values for a
population parameter, they create a
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The one-proportion confidence interval

What is it? A range of plausible values for a population parameter. For a single
proportion, a confidence interval uses the formula below:

DAL ok /ﬁ(l—ﬁ)
Cl: ptz "

WHEIG LY @ A confidence interval provides two pieces of information: (1) a range
do? of plausible values for a population parameter and (2) a level for
this range. The level corresponds to the reliability of the process
used to create the interval.

)RR It uses the sample statistic p and its standard error to create an
(o [o}| ¢ interval of plausible values for the parameter p. The way the
confidence interval does this has a pre-specified success-rate of
capturing the parameter, called the level of the interval. For
instance, a 95% confidence interval is computed using a process
that has a 95% success rate.

How is it Independent observations must comprise the sample data and the
used? sample size must be sufficiently large. If this is the case, a
particular multiplier z* is chosen by the statistician to dictate the
width of the interval.
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Example 3.2 - ClI for right-kissing couples

Recall the earlier article “Human Behavior: Adult Persistence of
Head-Turning Asymmetry,” which reported that in a random
sample of 125 kissing couples, both individuals in 80 of the
couples leaned more to the right than the left.

a. Use this information to create a 90% confidence interval, i.e., a
range of plausible values modeling the true rate at which Couples
exhlblt ‘right-kissing’ behavior.

0* Yaszod . p Z jp(' )
0.4 £ 1445 \) 2.4 (9.34) |

1S

Confidence interval: ( O 5 6 44 , _O_, Z/Qé )
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Example 3.2 - ClI for right-kissing couples

b. Provide an interpretation of this confidence interval,
along with its level.

\/\ern 0(()% whfw(mdb we ﬂlmk He
tre whe & i dovvnart kemg bhwecin
S6. M7 and H.06T,

36‘&404}3 mﬁm we, Mesin o 5"5‘ Lhod:
He ppthod o3ed Yo areate thuss bourds has

4 0L Suders vuke, ot ca he ke
l_?/lm Ww‘-or' P /D-/mg-
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Example 3.2 - ClI for right-kissing couples

c. As a follow-up, create a 95% confidence for the true rate at
which couples exhibit ‘right-kissing’ behavior. How does it
compare to the interval in (a )’P

06‘\*\“‘5\"‘" (030 (o 5359 07'9#13

KEY IDEA: Holding all else the same, confidence intervals

that have a higher are

N nluf than those with lower confidence levels.
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Example 3.3 - Vaccine Efficiency

Annual iterations of the common flu vaccine are developed by
growing cells in fertilized chicken eggs. 3900 subjects were
administered vaccines developed by this method and 24 of them
contracted the flu during the 28-week observational period that
followed.

a. Estimate the true proportion of individuals who will develop
the flu despite being given this vaccination. Give the standard
error for the sample proportion interpret it in terms of an
average distance. —

N\
g‘q R < 0“3‘443‘)
f)'; 2990 <0.006L 667 \) 3400

: 0.0043

Wg would estimate the average distance between the possible
p values (from repeated samples) and

m_fxmm*d p to be about __0.13% .
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Example 3.3 - Vaccine Efficiency

b. Create a 99% confidence interval for the true proportion of
individuals who will develop the flu despite being given this
vaccination, if it is produced en masse.

fsi 2"353, : 9. 00b2% 2520.008)

Confidence interval: ( OOO Zél , O 0(9 q5 )
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Example 3.3 - Vaccine Efficiency

c. A 95% confidence interval produced from the same

Hvey-results would be
% wider  the same width as

the Inté€rval computed in (b).
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Example 3.3 - Vaccine Efficiency

d. Fill in the blanks for the typical interpretation of the confidence
interval in part b:

“Based on this sample, with 99% confidence, we would estimate

that somewhere between Q,_Z.‘Io/o and o.ﬁZ of all
individuals receiving this vaccine will later develop the flu.”

e. Can we say the probability that the above (already observed)
interval contains the population proportion p is 0.99?

Do!

f. Can we say that 99% of the time the population proportion p
will be in above (already observed) interval you computed in part

(b)?
ol
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Example 3.3 - Vaccine Efficiency

A common mistake laymen make is to turn a confidence interval
Into some

For example, if asked to interpret a 99% interval of (0.003, 0.009),
many people will incorrectly state...

“There is a 99% chance that the population proportion is
between 0.23% and 0.9%”

g. Why is this wrong?

The “cone” 15wk WL T 15 b 07 o (o]
and ve canmt VcV‘r%_ * one MJ o anether. Sm:/arg_,
o\v?('fpu’ coln o ,wrr hos o« “hance” A heads

otter i has landud.
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Example 3.4: Misinterpretations of confidence intervals

Suppose a student is working on a statistics project using data on
pulse rates collected from a random sample of 100 students
from her college. She finds a 95% confidence interval for the
mean pulse rate of (65.5, 71.8). Each of the interpretations below
are incorrect interpretations of this interval. Can you determine

?
why": /’:/ﬂuﬁr{vm
a. |am 95% sure that the mean pulse rate for this sample of

students will fall between 65.5 and 71.8 BPM.
b. lamV¥sure that 95% of all students at this college will have

pulse rates between 65.5 and 71.8 BPM.

c. The mean pulse rates for students at this college will fall
between 65.5 and 71.8 BPM 95% of the time.

\mlw'.
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Lecture 3-2: Normal procedures for p; — p»

There are many cases in which we would like to make
conclusions about the difference in two population
proportions p; — p, using the normal model in a manner
similar to the examples explored in Lecture 3-1.

To draw inferences about a difference in population
proportions p; — p,, we will use the sampling distribution of

two sample proportions, p; — P,.
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Lecture 3-2: Normal procedures for p; — p»

KEY IDEA: If certain conditions are met, the sampling distribution
of p; — P, can be modeled by a normal distribution.

Condition #1:

ow&@m@mm@

(i.e., success-failure assumption)

Condition #2:
Poth Soumpls moot fhe m@Mﬁm
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Lecture 3-2: Normal procedures for p; —

A quick sketch: (l— P[I' \ )\
N(p, pa,f o

Méﬁ PoSS ut. leUCS ,P)

APl'ﬁa i wtl)bcl ,ﬂm\
Pu’a’hm

ArPe
The mean of this normal distribution is ’2 f%

The standard error is SE; = P //J,). B. (],, )0“
h,
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Summary of two-proportion formulas

Note that the way to compute SE; _5, depends on the procedure!

Hypothesis test P" _ p"- hawe Séa‘-ﬁflﬁ("ﬂ( _a_‘ . ;‘,:')
é :
€z, ' ownd B 2%
e P ) n+a,
Effect size
"_"l
\'\ > QLsin ( 5 \ Q»a\wn a\
Confidence wiare
interval re*s 9\(‘-9'\ P,(l 5)
P. P’. EP "P". Sesn';;a. V\\ ’T

L
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Two different ways to calculate SE; _5,
m The approximate normal model for the sampling distribution of
the difference in sample proportions requires that the
quantities n1p¢, n1(1 — p1), nyp,, and n, (1 — p,) are at least
10. Since the population proportions are unknown, we will
check if this assumption is reasonable using observed sample
data.

m For confidence interval estimation we will need that the
quantities nyp4, n1(1 — p1), nyp,, and n,(1 — p,) are all at
least 10. If any of these four quantities fall below 10, the
normal approximation to the sampling distribution of p; — D,
becomes unreliable. For hypothesis testing, we will replace
the population proportions with an appropriate estimate
assuming the null hypothesis is true, so watch for that subtle
difference in checking the large sample sizes assumption.
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Example 3.5: Smoking and lung obstruction

The National Center for Health Statistics looked at the association
between lung obstruction and smoking status in adults ages 40
to 79. In a random sample of 6297 adults without any lung
obstruction, 54.1% never smoked. In a random sample of 1146
adults with lung obstruction (such as asthma or COPD) 23.8%
never smoked.

a. Find and interpret a point estimate of the true difference
between the proportion of adults without and with lung
obstruction who never smoked. (That is, find your best estimate

of p1 — p2).

P Pg“ HsUL-0.233= 9. 303
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Example 3.5: Smoking and lung obstruction

The National Center for Health Statistics looked at the association
between lung obstruction and smoking status in adults ages 40
to 79. In a random sample of 6297 adults without any lung
obstruction, 54.1% never smoked. In a random sample of 1146
adults with lung obstruction (such as asthma or COPD) 23.8%
never smoked.

b. Compute the 95% confidence interval.

[

ﬁ

l94aS ndb

(1 D-pst2*SE = 0303% 1% (9. 0141)
= (0.724, 0.320)
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Example 3.5: Smoking and lung obstruction

c. The statement below interprets the level of this interval.
Comment on the manner in which it is incorrect.

We have a 95% interval for p; — p,. The 95% level of this
interval means there is a 95% chance that p; — p, is
actually contained between the lower and upper bounds of

the interval. . mujua ”
V
6“’0\}@%‘\' A W’ s & Pméo,é,/,i 4

Hhe IM}WVw/ cuU )D#um?_ He pa»amﬁc
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Example 3.5: Smoking and lung obstruction

d. In order for the interval in (c) to be valid, certain conditions
must be met. State these conditions below and check to see

whether they're safe to make.

The drvidtions must be wabwbﬁ wthin  and
bowaeun qm‘:\v:, o & de do s 6“% wapkm

§ Mo collechm 1 Qavapt
Kdichoally, 05, 0 (H) 0P, i, (152)
S\hald ol be ot Least (0.
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Example 3.5: Smoking and lung obstruction

e. Briefly describe the consequences of computing a confidence
interval as we did in (b) when the conditions in (d) are not met.

Su, AHR, 32
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Example 3.6: lonizing your groceries

lonizing radiation is gaining increased attention as a technique
for preserving groceries found in the produce section. A recent
study reported that 153 out of 180 irradiated garlic bulbs were of
sellable status 240 days after treatment, compared to only 119
out of 180 untreated garlic bulbs.

a. Use this information to create a 99% confidence interval for the
percentage increase we could expect in sellable status
attributable to ionizing radiation.
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TeSting HO: P1 — P>

We want to investigate whether there is an increased risk of
cancer in dogs that are exposed to herbicide 2,4-
dichlorophenoxyacetic acid (2,4-D). Study examined 491
dogs that had developed cancer and 945 dogs as a control
group. Of these two groups, researchers identified which
dogs had been exposed to 2,4-D in their owner’s yards. The
results are shown below:

| Cancer | Nocancer | Total
191 304 495
No 2,4-D 300 641 941

491 945 1436
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TeSting HO: P1 — P>
| cancer | Nocancer |  Total |

I8 24D | 191 304 495
H No 2,4-D 300 041 941
491 945 1436

b. STEP 1: Set up the appropriate hypotheses to test for an
investigation as to whether there is anincreased risk of cancer in
dogs exposed to 2,4-D.

Ho: 3 :p&* ' fa /ﬁ" /0“
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Creating the null distribution

Step 2: Create a null distribution to see what'’s typical. In this
case, we wish to summarize our sample data with a

Z-Stert and use the U{_O,i) distribution for
our null model. To do so, we much check the success-failure
assumption for performing the test.

We're, anummg ﬂw,{w A, ) thot 2L,
53 best eshmde L commen  caner meidum ez
ol otwss Al oéf ﬂvml% & 2-4p
ac,aosurb) 5 fvir Negﬁ‘ﬁo/ GW ;

A _ ?‘|‘|'xa.
p ~4 €

h\"' "a
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Recap: SE; 5, for hypothesis tests

When the null hypothesis is that p; = p,, it is useful to find
the pooled estimate of the shared proportion between the
two populations 1 & 2.

| cancer | Nocancer |  Total |
191 304 495

300 641 941

491 945 1436

. Ding + pany 'ﬂl 1300 _:')_q./., 3¢/
P n+n, 495 +494) " M3 0311

A 14l A _309
No‘& f,:‘t”/{'ﬁjy.jﬁ dwj /7“‘%'0.317?
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Recap: SE; 5, for hypothesis tests

m Step 2: Check success-failure assumption for performing
the test.

np =413 (23419) =155.8 G

"'o.f)-‘- G4 (9.9414) =331,
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Recap: SE; 5, for hypothesis tests

Step 3: Calculate the test statistic and determine the p-
value.

- 1 Pes
Observed test statistic: é = ~
~ A /
\HE .
= 0.3959-0.3188

o34 (2458) 4y * )
s 2.941% N(O,i)

p-value: §. 9054
& -serts
Cohen’s h= ©.1406

A [
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Recap: SE;, _5, for hypothesis tests

1~ P2
Step4: Evaluate the p-value & effect size and report the
conclusion in the context of the problem.

\l\]b "\(Nb Vw% M aondun e,
(P""'l"" :0.0034)  hab . cane’ meidie

e 1 gl 4G dogs oxpmed + 34
Heonn Heose, whe G L 7het soud, A%QMJA’

0 5VMJI C#c&" S12C, al'J +he M 0/1%01&
In nudm @ - ﬂ"[d_, ﬁ\’ﬁaff' 0.06%).
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Prenatal Vitamins and Autism

Researchers studying the link between maternal use of prenatal
vitamins and autism surveyed the mothers of a random sample
of children aged 24 - 60 months with autism and conducted
another sample of children with typical development.

Step 1: State the hypotheses appropriate for testing the
independence of prenatal vitamin use and autism diagnosis:

Ho: .P. ':P’ versus H.: P'. 72{

m p, represents the population proportion of children whose
mothers used prenatal vitamins later diagnosed with autism.

m P, represents the population proportion of children whose
mothers did not use prenatal vitamins later diagnosed with
autism.
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Prenatal Vitamins and Autism

Develo oment

111 181
143 159 302
254 229 483

Step 2: Assume these samples are independent random samples.
Verify the remaining assumption necessary to conduct the Z test.

N |1 +320
P . 0 d. 3343

0D =234 (p52) = 95 %085 V
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Prenatal Vitamins and Autism

Develo oment

Vltamln 111 181

143 159 302
254 229 483

Step 3: Conduct the test.

Rop 2 fest
‘A—QP—_ 2 -seort=d 4I¥F

X =l
v\\: l‘ﬂ P‘\ﬂ\l: 9.0094 M/o’i)
Xy * 143 4 .

n, = 309
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Prenatal Vitamins and Autism

Step 4: What is the appropriate conclusion?

Wc ‘M\vb \k.vg_ 5‘{’ma, enclunca_ 6745_( 70,.9039!)

‘Hwﬂt’ vawu Vr,'aumdﬁo > vbww’ *fa
o delo‘f)wuwl'ﬂu wodel 0t asgms
)’)\’Jp} (l.e.., MMOMI'MC&) does et ac/bﬁw-\rc%
Oy Ao oleoned bodo. The 52¢ & Ko apavuntion

L sthruded o5 I 20.5728, whin wed
UN\%\(IM( S’“N\M’ Yo "V\Ambf”"b _r
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x¥* procedures for categorical data

So far in Chapter 3, we've looked at inferential procedures
for binomial characteristics that can be summarized with a
proportion or with a difference between two proportions.

We now explore methods for assessing categorical data with
more than two outcomes.



x¥* procedures for categorical data

Below is data from a random sample of 275 jurorsin a
small county, sorted by their reported racial identity. We are

interested in whether jurors are racially representative of
the population.

If the jury is representative of the population, the
proportions in the sample should resemble the population
of eligible jurors, i.e. registered voters.

Representation Eupyes 26 05 19 275
in juries

AChiel 072 007 012 009  1.00

QLYQ&J a%2(3357) 0036%) o2 (3F) 0.4 (135)
149 (425 35  2FT

voters
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y¥*? procedures for categorical data
The hypotheses:

Hy: The jurors are a random sample, i.e., there is no racial

bias in who serves on a jury, and the observed counts
reflect natural sampling fluctuation.

H,: The jurors are not randomly sampled, i.e. there is a
racial bias in juror selection.
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The x* test statistic

Observed RN 26 25 19 275
data
Expected Rupyes 19.25 33 24.75 275

counts

In previous hypothesis tests, we constructed a test statistic

using the following form:
observed — expected

test statistic =

(null) SE of observed
What would this test statistic be for individuals in the White
category?

R
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The x* test statistic

data
Expected puypyes 19.25 33 24.75 275
counts —_— | .

What would t est statistic be for the ‘Other’ Group?

. Wws-1a7 . = -(.3435
N, 2 2 0.49%5 j(a [, 3945

aj

/X.)_" 28-14.:15: 1$39< X s -LISSQ

- _

\.'
V14,33

57 - o il s1Is+(-13ax) + (1I5S3)
Ao : 035123 )
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The x* test statistic

Summing all these test statistics gives a value that
summarizing how far the actual counts are from what was
expected. As it turns out, it is more common to add the
squared values.

Cg -\
’ /X T O.le\'-lasa'r l.s%ﬁsa* é. 439 + ( - ussﬂa
\
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The x* test statistic

Summing the squared test statistics has two consequences:

L M sk s oot

o Ll Q\Xrg,da i @rogzrﬂw zmpﬁm&d

This final test statistic (in this case, the value 5.89) is called
N
the (x test statistic. We can use

this statistic to compute a p-value and, thereafter, evaluate
the two hypotheses of our test.
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The y* test

The Chi-Square Distribution

1] 20 0 0

Skewed to the right
Only take on positive values

Mean of a y? distribution is... Standard deviation of a x? distribution
is

: -
E(x?) = &’Q sd(x?) = XQ\M
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Using the y?# function

Consider the y?(4) distribution.

a. What is the mean? d -F' q
b. What is the standard deviation for this distribution?
c. How likely would it be to

witness y? > 4?

Q.8

d. How likely would it be to
witness y? > 10.3?

9. 935+

=
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Example: Are jurors representative of their
county?

data
Expected aup e R Tr 33 24.75 275
counts

Hy: The jurors are a random sample, i.e., there is no racial bias in
who serves on a jury, and the observed counts reflect natural
sampling fluctuation.

H,: The jurors are not randomly sampled, i.e. there is a racial bias
in juror selection.

The y? test statistic is: 0.5% + 1.54% + (—1.39)? + (—1.16)% = 5.89



Example: Are jurors representative of their
county?

To calculate the p-value associated with y? = 5.89, we need
to determine the appropriate degrees of freedom.

When evaluating a one-way table such as the one above, we
use __K-4 degrees of freedom.

Because there were q racial categories, we should

)
calculate the p-value using the q(_@) distribution.
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Example: Are jurors representative of their
county?

What conclusion should we make regarding the juror
representation?

Wo et e aclune éw'mm. 1%1)
o\a&o\v& o dum Fht He dvg_
Seledhon pRUS 15 onbuased &
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The x* independence test

m A 2010 study was conducted to determine whether the drug
Nuvigil, a drug commonly prescribed for narcolepsy and sleep
apnea, was effective at helping east-bound jet passengers
adjust to jet lag.

m Subjects were randomly assigned either to one of three
different doses of Nuvigil (low, medium, high) or to a placebo,
flown to France in a plane in which they could not drink
alcohol or coffee or take sleeping pills, and then examined in
a lab where their state of wakefulness was classified as one of
three categories (low, normal, alert).
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The x* independence test

| High [P 36 25 103
| Medium Y 42 16 105

Low 49 32 17 98

73 27 21 121
211 13% 234 14 427

Hy: The treatment a patient was given has no effect on their state
of wakefulness OR, alternatively,

ekt flvess” and Fredwest aie m;lbf&h duit

H,: The treatment a patient was given has effect on their state of
wakefulness OR, alternatively,

Y ol e L\ ness Gunel Yot muact v assioted
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The x* independence test

_

___High 103
. Medium | 47 42 16 105
49 32 17 o8
Placebo 73 27 21 121
Total 211 133 a4 7q 427

The data available are like those explored in Part 3. But the
different combinations of the two variables [treatment and
wakefulness] are binned into a two-way table.

Because the data are provided in a table, the

A‘&M Coury and

¥ test will be computed differently than before.

for our
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Computing expected counts for a two-way table

_

___High 103
. Medium | 47 42 16 105
49 32 17 o8
Placebo 73 27 21 121
Total 211 133 Y 427

To compute the expected counts for a two-way table,

we compute Expected = (&/MW\ 1&'1&0‘,)(,5&\1 ‘{"’é“l)
Noll tofef
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Computing expected counts for a two-way table

T

42 (50.9) 36 (33.0) 5 (19.1)
m 47 (51.9) 42 (33.7) 6 (19.4) 105
Low 49 (48.4)  32(31.4) 17 (18.1) 98
73(59.8)  27(38.8)  21(22.4) 121
211 138 & 3G 427
3
,_(aay (21 -24)
X = - + ... +- 23
49
50.4

Adding the computed values for each cell gives the overall

test statistic. In this case itis y?= _/5 9284 .
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Computing expected counts for a two-way table

Just as before, this test statistic follows a y? distribution. To
use this distribution to calculate a p-value, we need to know
its degrees of freedom. For a two-way table,

f= (ﬁ b oz ~2)(¥ & cabms -1)

In the case of the Nuvigil experiment, df = é)

Compute the p-value for this test. p-val = 0.0S 60
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Effect size for y* tests of independence
Additionally, we can compute an estimated effect size for

the level of association between two categorical variables
using a statistic called Cramer’s V.

The way this statistic should be interpreted is (as always the
case with effect sizes) dependent on the context being

studied. ~ ’)8’ \ W
Cramer'sV = _ _ -1 11 +Hheo
n ( n-1) smallest cimemsiny,
X’ P 'l‘wo'Ma *hblu

b. Estimate the size of the effect for the Nuvigil experiment.
Combine it with your p-value from (a) to draw a conclusion in
the context of the study.

Ve | Bes s 012,56 H
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Example: Painkillers & Pregnancy

m A recent study examined the relationship between
miscarriage and the use of painkillers during pregnancy.
1009 pregnant women interviewed about use of
painkillers. The researchers then recorded which of the
pregnancies were successfully carried to term.

Treatment
NSAIDS 18 57 75

Acetaminophen 24 148 172
No painkiller 103 659 762

Total 145 864 1009
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Example: Painkillers & Pregnancy

NSAIDS 18 10. 33 57 4422 75

Acetaminophen 24 24,32 148 1433 172

No painkiller 103 104.5 659 ¢$AS 762
145 864 1009

a. Does there appear to be an association between having a
miscarriage and the use of painkillers?

STar-6Rb  m dFe (3-1(2-2)22
o-wue = Ccdb( 444, 199, 2) = 0.0447

—

)

bIXA
\/ - \\ 1209 (1) 0.0379
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Example: Painkillers & Pregnancy

NSAIDS 18 57 75

Acetaminophen 24 148 172

No painkiller 103 659 762
145 864 1009

b. If there is an association, can we conclude that the use of
painkillers increases the chance of having a miscarriage?

No\)o‘s OL’ad\J(ﬁl’\M\ ‘S—I'Vc)lté A

\dl\\ﬁz\& lbe. \)‘XA Y \ﬂUS{T(% casal

s
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Example: Painkillers & Pregnancy

Treatment
NSAIDS 18 57 D 75
Acetaminophen 24 % 148 A 172
No painkiller 103 (, 659 & 762
Total 145 864 1009

C. Suppose, in fact, 1019 women were interviewed in the study and
the table above is missing the responses and pregnancy outcomes
of 10 of these women. In what cell would these women have the
largest impact on the value of the y? test statistic? The least?

Lo\wxm)r —» A

Sh,\a“b’p’\' — |-
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