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Problem Formu

Initial-boundary value problem: 0 < a < 1, for u(x,t)for T > t > 0:

ofu—Au=fF, inQ T>t>0,
u=0, ondQ T>t>0, (1)
u0)=v, inQ.

Q: a bounded and convex polygonal domain in R? (d = 1,2, 3).
05': the left-sided Caputo fractional derivative of order o

t
8f‘u(t):r(11_a)/o(t—7)‘“:Tu(T)dT.

The model equation (1) is known to capture well the dynamics of
anomalous diffusion known as sub-diffusion.
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Background

Standard (local) diffusion (a = 1):
mean squared displacement of a particle is proportional to time, i.e., 02  t.

Anomalous diffusion o € (0,1) or (1,2): o7 o t*

@ « < 1, sub-diffusion;
@ o > 1, super-diffusion.

Anomalous diffusion was found in several systems including
@ ultra-cold atoms [16],
@ single particle movements in cytoplasm [15],
@ material with thermal memory [19],
@ heartbeat intervals and DNA sequences [1],
o ..
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Motivation

Goal:
@ efficient numerical schemes (robust w.r.t weak data)
@ theoretically verify the approximation

Challenge: limited smoothing properties in both time and space

ofu(t)+ Au(t)=0,a € (0,1), A >0and u(0) =1.

Solution:
= 3 Aktakﬂ At /T 1) + O(*
u(t) = E -y k) = MM D)+ o),
k=0

a = 1: solution u(t) = Ey 1(=\t) = e .
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Motivation

Moreover, the Mittag-Leffler function decays linearly :

2\« <
Eat (M) < 55

Therefore, for any A > 0 and fixed t > 0

E,1(—At%)] <
MEaa (M) < 73

Standard diffusion (a = 1)

AT M| < tM|(A)Me M| < ct™™.
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Solution Repre

Go back to the FPDE:
{Aj, ¢j}: eigenpairs of —A with homog. Dirichlet boundary condition.
Solution representation:

v + /t E(t — s)f(s)ds
0

where operators E(t) and I::(t) are defined by

Z Eq 1 (V. %))#j:

=1

E(t)v =D 1 B a(= ")V 9)) %)
j=1
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Regularity

Fractional diffusion: (f =0, v # 0):

102 u(t)l ey < CEE+ 2V o0,
wherefor/ =0,g<pand0<p—qg<2andfor{=1,p<qg<p+2.

Spatial regularity restriction (order 2)!!!

Standard diffusion: (f =0, v # 0):

p-4)
(@) U)oy < CtH 2| V]|goqyy 0<q<p, £>0
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1-D example: 07U — Uy = 0, v(X) = d1/2(X) € H-1/2=¢(Q)

Plot of u(t)att =10"",102 and 10~3;
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(a) t=10-23 (b) =102 (©) t=10-"

a € (0,1): continuous and piecewise smooth for all t > 0
a = 1: infinitely differentiable for all t > 0
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Galerkin FE App

{Th}o<ne1: family of regular partitions of Q into d-simplexes.
Xn={x € H}(Q) : x is alinear function over 7, V7€ Tp}.
The semidiscrete Galerkin FEM: find up(t) € X}, such that

(a;th,X)'F(VUh,VX) = (f7X)7 VXGXh, TZ t> 07
Uh(O) = Vp,

(2)

where vj, € X}, is a given approximation of the initial data v. The
choice of v, will depend on the smoothness of the initial data v.

By defining Ay : Xy — Xp s.t. (Ap, x) = (V,Vx) Vb, x € Xy
Then we write the spatially discrete problem (2) as

aﬁuh(t) — Ahuh(t) = fh(t) for t>0 with Uh(O) = Vp. (3)

Zhi Zhou Michigan State University, October 18, 2016



Spatial Semidiscrete Schemes

State of the Art: A

Ou—Au=0, inQ u=00n9Q u(x,0)=v(x) inQ. (4)

Optimal estimates (see, monograph of Vidar Thomée [18]):

For smooth initial data, for t > 0:
<5>J

lun(t) — u(t)ll 2y + IV (Un(t) — u(t)llizi) < CHP(IVIIke(a),

nonsmooth data, i.e. v € L2(Q), for t > 0:

lun(t) = u(t)ll 2@y + IV (un(t) — u(t)lliz@) < CHPE V]| 120y (6)
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Our Main Results

In case of smooth initial data, v € H?(Q) N H} (), t >0

lun(t) — ()2 + AV (un(t) — u(®))llizi@) < CRIIVII1e(a).

In case of nonsmooth data, v € L2(Q): for quasi-uniform meshes
and ¢, =|Inh,t>0

lun(t) = u(®)llize) + AIV (Un(t) = u(®))llizi@) < CHECnt=*||VIli2(q).

Zhi Zhou Michigan State University, October 18, 2016



Spatial Semidiscrete Schemes

Error estimates f

These estimates follows from a novel argument which utilizes
@ Duhamel’s principle of the model.
@ solution regularity pickup from H5(Q) to H5+2(Q).
@ properties L2-projection, inverse inequality...

The argument is powerful and can be extended to

@ lumped mass FEM. However, the optimal estimate in case of v € L?(Q)
requires some restrictions on meshes

@ weaker data v € H9(Q) with g € (—1,0)
inhomogeneous source data f € L>(0, T; H9(Q)), g € (—1,0]

@ multi-term model, distributed-order model, diffusion-wave...
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Error estimates fo

As an example, we consider the multi-term fractional diffusion model:
m
O +> boflu—DBu="f, inQ, u=00ndQ, u(x,0)=v(x)inQ. (7)
i=1
where0 <am<..<aj<a<land b >0,i=1,2,....m.

The solution operator involves multinomial Mittag-Leffler function.

v € L3(Q), f = 0: for quasi-uniform meshes and ¢, = |In h|, t > 0

llun(t) — u(t)l 2y + PIV(un(t) — u()ll 2@ < ChththVHLZ(Q)-
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Numerical expe

(a) Smooth initial data: v(x) = x(1 — x) € H?(Q) N H{ ()
(b) Nonsmooth initial data: v(x) = X[0,4-

Table: Standard Galerkin FEM for nonsmooth initial data, example (b) with o = 0.5.

t h | 1/16 132 1/64  1/128 rate
0.005 | 7 | 213e-3 5.33e-4 1.33e-4 3.33e-5 | ~ 201 (2.00)
H' | 1.24e-2 6.18¢-2 3.09e-2 1.54e-2 | ~ 1.01 (1.00)

001 | L7 | 16363 4.06e-4 1.02e-4 254e-5 | ~ 200 (2.00)
H' | 9.20e-2 4.60e-2 2.30e-2 1.15e-2 | ~ 1.00 (1.00)

1 [? | 2.00e-4 5.00e5 12565 3.13e-6 | ~2.00(2.00)
H' | 1.03e-2 5.13e-3 2.56e-3 1.28e-3 | ~ 1.00 (1.00)

The scheme is robust for small t and nonsmooth data.
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Numerical expe

interpolation = [|(u — un)(t)lliza) < Pt (=B |[V] 0.

Table: L2-error with « = 0.5 and h = 27 for t — 0 for (a) and (b), initial data.
t 1e-3 1e-4 1e-5 1e-6 1e-7 order
(a) | 3.07e-5 4.53e-5 5.28e-5 5.65e-5 5.85e-5 | ~ —0.02
(b) | 6.00e-5 1.32e-4 3.13e-4 7.39e-4 1.74e-3 | ~ —0.37

-e- Lz,example(a),u:OvS

—— Lz,example(cz),azo.s
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L1 scheme: der

The L1 scheme was first mentioned by Oldham and Spanier [14].

Consider uniformgridon [0, T]: 0=fh <t < ... <ty =T and t, = nr,

o Gt (9U W
Oux ) = 1_a Z/t ty— ) “ds
/0
1 S u(x ) —u(x, ) [h a
NI’(1fa)§ T /,] (th—s) “ds

= 7 [bou(X, t)) — bau(x, ) +Z — bi_1)u(x, ta_j)] =: L7(u).

where the weights b; are given by

b=((+1)""=j/")/@2-a),j=01,. n-1.
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L1 scheme

local truncation error: O(72~*), provided that u € C?([0, T], H3(Q2)).

However, it fails to achieve this desired uniform convergence rate.

ofu(t)+u(t)=0,a€(0,1),and u(0) = 1. u(t) = Eo 1(—1t%) J

The L1 scheme:
LI(U)+U" =0, with U°=0.
at the first step:

U'=(14TR—-a)r) =14 (-1)"(F2 - a)r)".
n=1
The difference between U' and u(r):
u(r) - U =(r2-a)—T(a+1)"")r"+ c, 72,

with ¢ = 3777, (=1)"(M(na + 1) 7" = T(2 = )")7("=2.
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L1 scheme

The initial singularity even pollutes the approximation error for large t.

Numerical experiment: ofu+ u =0, u(0) = 1.

Table: |eN = UN — u(ty)|, pointwise errorat T = ty = 1
a\N 10 20 40 80 160 order
0.25 | 3.41e-3 1.65e-3 8.09e-4 3.97e-4 1.94e-4 | =~ 1.04
0.5 | 7.87e-3 3.75e-3 1.81e-3 8.81e-4 4.27e-4 | =~ 1.05
0.75 | 1.43e-2 6.92e-3 3.36e-3 1.63e-3 7.85e-4 | =~ 1.05

Pointwise error is of order O(7).
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L1 scheme

Mathematical Understanding: consider w := u — u(0) = u — 1
Hw+w=-1, w(0)=0.
Applying Laplace transform:

1

W2+ wW(z2)= -z s w(z)=-z (2" +1)"".

hen the inverse Laplace transform gives
1 zt _—1 « —1
w(t) = —— z (2" +1) 'dz
(t) 2 1 /I'e s € ( )
Here the contour Ny s is given by

Fos={zeC:|z|=6largz| <O} U{zeC:z=pe p>s}.
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L1 scheme

Representation for W" = U" — U°:
LIWy+w"=—-1, Ww°=o.
Next multiplying both sides of the equation by £”
L(W)E" + We" = —¢".
summing from 1 to oo

oo

> LWE + W) = 5.
n=1
where -
wE) =Y wre
j=0

is called the generating function of W".
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L1 scheme

Moreover, we have

> LW = Ut S,

with the polylogarithm function: Liy(2) = >°, Z//jP. (z=1 = Riemann zeta)

W)= ( (- Lia_1(§)+1)1-

—&\&reT(2 - a)
Cauchy theorem implies that for ¢ small enough, there holds
1 1 (1-¢? . -
W= ——— ( Lig— +1 d¢.
2ri Ji—, (1 = €)€" \ o (2 — @) (&) &
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L1 scheme

Upon changing variable ¢ = e

1 re 7 (1—ey2 -
Wn — _ Ztn L o zT 1
27 /rO i e (e*z‘rro‘ re-a) fa-1(e7") + az,

with 10 .= {z = —In(o)/7 +iy : |y| < =/}

By deforming the contour I to I', := {z € I'g5 : |3(2)| < «/7} and using the
periodicity of the exponential function

1 e T 1—e 27 2 ) o —1
wr = C2mi Jp eZ[n1 — e (e—(”rar(Z—)a)Llaq(e I+ 1) az,
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L1 scheme

W(tn):_‘]i/r eztnz—1(za+1)—1dz
0,6

27

1 . Tesz 1— e—ZT 2 ) a —1
w" = / e rp—— <e*(”r&|'(2—)a)u“_1(e Ty + 1) dz,

Los

Re

y Re
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L1 scheme

@ onTys\Mr, |e7K(2)| < clz| eI it decays very fast as |z| — oo;
@ letx(2) =7""(e" —1)and y(2) = r(2 oy Lia—1(e7%). Thenon I,

_ _ 1_e 7 _
1z x(2) | ~er  and  |z% = 178 y(zr)| < cr? O

2
T |

Z|.

As a result, the best result we can get is |UN — u(ty)| < crtf .

This argument can be exploited directly to the FPDE with v € H?(Q) N H} ().
IUY = u(t) 2y < ety 1AV 2

Moreover, for N = 1, we have

IU" = u(n)ll 2 < c*(|AV]| 2
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The convolution quadrature is developed first by C. Lubich [13, 12].

The idea is to approximate the Riemann-Liouville derivative # 85

R d s _
are(t) = 4 m@(f s) ds,
using
Fofo(tn) ZW/%" —j7) = 3%¢(tn), n>0, (8)

where {w;}7%, are determlned by >>% wiel = (8(&)/7)*.

@ k=1,6(¢)=1-

@ k=2,6(¢)= 3/2 26+ €2/2

@ k=3,6(&)=11/6 — 3¢ +3/2¢2 —1/3¢°

@ k=4,5(8) =25/12 — 4¢ + 3¢ — 4/3¢% +1/4¢*

@ k=5,6(¢) =137/60 — 5¢ +5¢% —10/3¢% +5/4¢* — 1/5¢°

@ k=6,05(&) =49/20 — 6¢ + 15/2¢2 — 20/3¢3 + 15/4¢* — 6/5¢5 4+ 1/6¢°
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Go back to the FPDE.
By the relation between the Caputo and R-L fractional derivatives

n=1 (k)
R p(t) = "op [ t-> (pk!(o)tk] for n—1<a<n.
k=0
In particular, for subdiffusion (0 < « < 1) we have
e = 07 (p(t) — 9(0)) = "0F (so(1) — ¢(0)).
The spatial semidiscrete scheme (3) can be rewritten as
FOP (un — va)(t) — Dnup = fo.
Then the fully discrete scheme reads: to find U} such that

dX(UR — vi) — DpUp = £, with Up = v 9)

Zhi Zhou Michigan State University, October 18, 2016
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Let’s start with the second order BDF, i.e., §(¢) = 3/2 — 2¢ + £2/2.
Let W := U7 — U0 = UF — v

discrete Laplace transform + Cauchy’s integral formula:

g : / 3 Se_ZT > e_ZZT —Z7 -1 —ZT\« « —1
= — n-"~ = _ A A
" 2mi r € 2 (0(e™*")/7) " (8(e™* ) /T h) AVh dZ,
Recall that:
— 17 Zth o, —1 a 1
Wh(tn) = 5 /Fe ) ez (2% — Ap)” Apvpdz

Observation: 6(e~?7)/7 is a good approximation to z.

Trouble maker: the leading term:

g2
ue) =255 jue )~ 1 <orlzl

Zhi Zhou Michigan State University, October 18, 2016
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As a result, the error at ty satisfies:

a—1

N
[Un — un(tv)ll 2@ < erty ™ [[AV][ 20
only first order!!!!
Question: Shall we restore the optimal order by a simple correction?

My answer: Yes. Just by changing the leading polynomial p(§).

Criterion 1: choose p(§) such that
(€)= 1] < o7z,

However, an arbitary choice may break the structure of the scheme...

Michigan State University, October 18, 2016
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Criterion 2: choose the polynomial with the form

&) = plO) | 75506)].

Now the simplest choice is
p() =3/2 - ¢/2.
Then the resulting modified time stepping scheme reads (f = 0):
3 (Un)' — AhUA*%Ath =32 ()",
O2(Un)" — ApUR = 82(ww)", n>2.
Hence we restore the second order convergence: [8]
U7 = un(ta)l| < c7°63 2 AV] 1200y, v € HA(2) N HO(R)

IUR = un(t)|| < e7°t 2Vl 2y v € L3(Q)

Zhi Zhou Michigan State University, October 18, 2016
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Argument for the nonhomogeneous source problem is quite similar.

Observation: the second order scheme works well for smooth f with f(0) = 0.
Hence we consider the splitting:

f = £(0) + (f — £(0)) = £(0) + (t'(0) + (t = f")(1)) -
Repeating the similar argument, we obtain the modified scheme:
AX(Un)' — AhU1*%Ath = 5$(Vh)1+1§,:/9 + F,
A2 (Un)" — ApUR =82 (vn)"+ Ff, n>2.
Suppose v = 0, then we have the error estimate

1UR = un(to)l < e787~2I£(0) 20 + c7°7 I (0) 2

t
+cT2/O (tr— 9" 1 (D)l oy

Zhi Zhou Michigan State University, October 18, 2016
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This argument may help to reinstate other high order schemes.

e.g., we can extend the above argument to CQ with k = 3, ..., 6.
Advantage:

@ keep the structure of the original schemes, only change the starting
k — 1 steps for a k-th order scheme;

@ restore k-th order, robust w.r.t. the nonsmooth data.
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Numerical expe

Consider the problem with f = 0 and the nonsmooth initial data:
@ Q=(0,1),and v =x""*c H'*=¢(Q), with ¢ € (0,1/4).

Table: The L2-norm of the error ||[UN — u(tw)ll2(q) at tv = 1, computed the fully
discrete scheme without initial correction, h = 1/100.

o N 50 100 200 400 rate
BDF2 | 5.01e-3 2.50e-3 1.26e-3 6.20e-4 | ~ 1.00
BDF3 | 4.98e-3 2.48e-3 1.24e-3 6.19¢e-4 | =~ 1.00

BDF4 | 4.97e-3 2.48e-3 1.24e-3 6.19e-4 | =~ 1.00

0.5 | BDF5 | 497e-3 2.48e-3 1.24e-3 6.19e-4 | ~1.00
BDF6 | 4.94e-3 2.48e-3 1.24e-3 6.19e-4 | =~ 1.00

L1 5.10e-3 2.52e-3 1.25e-3 6.24e-4 | =~ 1.04
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Table: The L2-norm of the error |UN — u(ty)|| 2(q) at tv = 1, computed the fully
discrete scheme with initial correction, h = 1/100.

a [ KN 100 200 400 800 rate
2 | 140e5 3.47e-6  864e-7  2.16e-7 | ~2.00 (2.00)
3 | 27667 3.39e-8 42069 5.23e-10 | ~ 3.01 (3.00)

025 | 4 | 83469 5.04e-10 3.10e-11 1.92e-12 | ~ 4.02 (4.00)
5 | 3.41e-10 1.01e-11 3.07e-13  9.46e-15 | ~ 5.03 (5.00)
6 | 16069 2.55¢-13 3.82e-15 5.83e-17 | ~ 6.04 (6.00)
2 | 118e-4 293e-5 7.30e-6 1.8266 | ~2.00 (2.00)
3 | 3.04e6 3727 4598 5719 | ~3.01(3.00)

075 | 4 | 1.11e-7 6.68e-9 4.09e-10 2.53e-11 | ~ 4.02 (4.00)
5 | 529e-9 1.55e-10 4.70e-12 1.45e-13 | ~ 5.03 (5.00)
6 | 3.01e7 4.53e-12 6.60e-14 1.00e-15 | ~ 6.07 (6.00)
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Numerical expe

Consider the problem with v = 0 and the nonhomogeneous source term:
@ Q=(0,1),and f(x,t) = cos(t)(1 + x(0,1/2)(X))-

Table: The L2-norm of the error ||[UN — u(tn)ll 2y /llu(tn)ll 2 at tv = 1, computed
the fully discrete scheme without initial correction, h = 1/100.

o N 100 200 400 800 rate
BDF2 | 257e-4 1.29e-4 6.45e-5 3.22e-5 | =~ 1.00
BDF3 | 2.59e-4 1.29e-4 6.45e-5 3.23e-5 | ~1.00
BDF4 | 259e-4 1.29e-4 6.45e-5 3.23e-5 | ~1.00

0.5 | BDF5 | 2.59e-4 1.29e-4 6.45e-5 3.23e-5 | ~1.00
BDF6 | 2.59e-4 1.29e-4 6.45e-5 3.23e-5 | ~1.00

L1 2.86e-4 1.39e-4 6.80e-5 3.35e-5 | ~1.02

L1-2 | 1.80e-4 8.76e-4 4.25e-5 2.07e-5 | ~1.04
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Table: The L2-norm of the error |UN — u(ty)|| 2(q) at tv = 1, computed the fully
discrete scheme with initial correction, h = 1/100.

a | KN 100 200 400 800 rate
2 | 16566 4.10e-7 1.02e-7 2.55e-8 | ~ 2.00 (2.00)
3 | 320e-8 391e9 4.83e-10 6.00e-11 | ~3.01 (3.00)
025 | 4 | 1259 7.57e-11 4.65e-12 2.88e-13 | ~ 4.02 (4.00)
5 | 511e-11 1.51e-12 4.61e-14 1.42e-15 | ~5.03 (5.00)
6 | 2.40e-10 3.79e-14 5.68e-16 8.67e-18 | ~ 6.05 (6.00)
2 | 747¢6 18666 4.63e-7 1.16e-7 | ~2.00 (2.00)
3 | 1.31e7 1598 1.96e-9 2.43e-10 | ~3.01 (3.00)
075 | 4 | 572e-9 3.43e-10 2.10e-11 1.30e-12 | ~ 4.02 (4.00)
5 | 2.81e-10 8.24e-12 250e-13 7.68e-15 | ~ 5.03 (5.00)
6 | 1.61e-8 240e-13 3.50e-15 5.33e-17 | ~ 6.07 (6.00)
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Extensions and Future Works

Extensions and F

Some extensions:

(1) modify other schemes, e.g. L1 scheme or Crank-Nicolson;

(2) diffusion-wave: « € (1,2);

(3) multi-term: 9%u + 7, bndP*u — Au = f;

(4) distributed order: 3}“]u — Au = f with 8£“]u = f01 (0¢u)p(a)dey;
Future works:

(1) fast algorithm to solve fractional model;

(2) fully discrete schemes with variable time step;

(3) nonlinear problem.

Zhi Zhou Michigan State University, October 18, 2016
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Thank you for your attention !!!
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