Density Bounds for some Degenerate Stable Driven SDEs.

Abstract

We consider a system of linear differential equations whose first entry
is perturbed by an anisotropic non degenerate (eventually tempered)
Stable noise. Assuming some continuity on the noise coeflicient, and
a Hormander like condition that allows the propagation of the noise
through the system, we prove the uniqueness to the martingale prob-
lem for the associated generator, under technical restrictions on the
number of oscillators and the dimension. Also, we establish density
bounds reflecting the multi-scale behavior of the process

The equation

We study degenerate stochastic differential equations driven by a
finite range stable process, that is:

AX} = (ar' X!+ + ;" X]) dt + o(t, X, )dZ, (1)
AX} = (af' X} + -+ af" X7 dt
AX} = (af?X7 + -+ + " X[ dt

AX} = (ap" " X[ 4 a X[ ) dt, X = € R,
where o : Ry xR"™ — RI@QRY '/ : R, — RIQRY, i € [1,n], j €

[(i—1)V1,n]. Also, Z is an R valued symmetric o stable (possibly
tempered) process (a € (0,2)), that is a stable process whose Lévy

measure 1s truncated:

d
v(dz) = Cd,aq(\z\)‘z“ﬁ&u(dz), 2 =|z|z, € Ry x S,

Assumptions

We will make the following assumptions:

[H-1]: (Holder regularity) 3H > 0, n € (0,1], Vz,y € R" and

vVt >0,
|o(t, ) —o(t,y)l| < Hlz —yl".

|H-2]: (Non degeneracy of the spectral measure) 3A;, Ay € R*

Vu € RY,

Aful® < [ 1, )| p(ds) < Aolul® 2)

[H-3]: (Ellipticity) 3¢, ¢ > 0, V€ € RY, V2 € R™ and Vt > 0,

€] < (€ 00%(t, 2)€) <cl¢]”. (3)

|H-4]: (Hormander-like condition for (A4;);>¢) Ja, a € R*,

VéE € R™ and Vt > 0,
alé]? < (a" "¢ &) < aléf?, Vi € [2,n — 1]. Also, for all
(i,7) € [1,n]", |la;’|| <@
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Links with degenerate FPDE

The function u(t,z) = E|f(X7)|f(X;) = z| solves the fractional
PDE:

&3

Buult, z) = — Luu(t, )

\

(T, ) = f(a)

where L; is the generator of X. Forn = 2. d = 1 and ¢ = 1, the
fractional PDE satisfied can be written:

Owu(t,x) = xo - Vyu(t, x) + A%lu(t, ),

where the fractional Laplacian A;%;l only acts on the first variable of
r = (21, T9).
[n general, the generator L; writes for ¢ : R™ — R:

Lip(x) = (A, Vi) +

T /Rd QD(ZE T BO’(t, 'I)Z) _ SO(CE) i <vx90(37), BO’(t, $)Z>1{|Z‘§1}V(d2‘),

where B is the injection matrix of R? into R".

The Parametrix Series

We approximate the solution of (1) by the solution of the Frozen

equation: <7 T
dX; "V = A, X, Yds+ Bo(s, Rsr(y))dZs. (4)

Denoting p,, the density of (4), and P;; the transition of (1) ,we have
forall 0 < t < T, (z,y) € (R™)? and any bounded measurable
f:R™ = R;

+00
Purf (o) = ELf (01X =) = [, ( £ ® HY)(t.T,3,0)) S

r=0

where H is the parametrix kernel:
VO <t< T7 (517, y) = (Rnd)Qv H(ta Ta L y) = (Lt—zgjy)ﬁgy(t? Ta L, y)

The notation ® stands for the time space convolution:

T
f®qglt,T, x,y) :/t du/Rnddzf(t,u,x,z)g(u,T,z,y).

Main Result

Assume [H] holds. When d(1 —n) + o +1 > 0, for every € R™ there is a unique solution to the martingale problem associated with

the generator of (1). When n = 2, d = 1, the unique weak solution of (1) has a density with:
Vm >1, 3C = C([H],T,K,m,a) > 1, st.Y0<t < s <T, Y(z,y) € (R?)?,

p(t,s,z,y) < Cp(t, s, z,y)log(K V [(TS_,) " (y — Reu(x))]),

where

det(Ty_,) ™

p(t, s, x,y) =

Transport of the initial condition and
multi-scale property

10 0
Xl =z +Z,
X§:$2+5$1+/082tdt.

Consider the simple case: d.X; = (O O) Xdt + (dZt> . This writes:

That is Xy = Rg(x)+| ., 28 , where Ry(x) denotes the transport
Jo Zudu
of the initial condition by the Resolvent of the deterministic ODE

associated with (1).
We can put all the component at the same scale by normalizing by

(0], 0 )
T =

S

\ 0 Sn—l—l—é[d/

C
KV (Ts-) "y — Rsa())]
Eventually for 0 < T < Tj := Ty([H], K) small enough, the following diagonal lower bound holds:

VO<t<s<T, V(z,y) € (R s.t. (T ,) (y — Res(2))| < K, pt,s,z,y) > C 'det(T )"

5520(Cla = 1) (0 = Rurla)] )

Typical Sets

In the degenerate framework, the typical behavior is given by

1_R1 n__ Rn
(T) " (y — Ryz)| = Y : il - Y sl

) 1

Multi-scale Stable Process

From [Watanabe (TAMS) 2007], we know that if the spectral measure
is such that p(B(z,r)) < Cr7~, then:

—a
pz(t,x) < Ct= e (1 | in) .

- d :
And XTote W Rov ot (s —4)710T, S, where (Sy)uso € R™, is
a stable process with degenerate spectral measure, with support of
dimension d 4+ o + 1 in R™.



