Preliminary Exam: Probability
9:00 am to 2:00 pm, August 25, 2006

Problem 1. Assume that triangular array{X , , : k=1,...,n} is independent

for each n=1,...
(a) Prove: m’?X{ | X, |}——=z—>0 in probability if and only if
I<ksn : e

ZP(| Xn,k ]Z 8)—?‘0—)0, Ve>0.
k=1

Hint: 1>e™* >1—x, x>0.

(b) Let {X,,k=1L,...} be independent and identically distributed with

P(X .
(XP>x) >C with 0<C <o for some >0. Let {a,} bea
x—af X—>w
- max{| X |} _ o
positive sequence. Prove: = ;1 a_ —5—>0 in probability if and only

if a, > ©.

(c) Let {X, ,k=1,..} be independent and identically distributed with

X, ~N(0,1). Find the minimal £ >0 so that ———0in

probability, for each & > 0.
Problem 2. Let X be a random variable with P(X >x)=x"%, x>1 for

some >0 (so X =1as. )
(a) Calculate the function f(y,a)sE(X* X<y), a>0, y>0.

2
(b) For each « >0 find limm
e f(y,a)

(c) Find an example of a sequence of positive random variables,
{X,,k=1,..} , so that the following 2 requirements both hold.




(i) Foreach o >0 there exist an integer K, > 0 so that
E[(X,)*]=w, k>K,
(ii)) {X,} converges in probability to 0.

Problem 3. In what follows a characteristic function (c.f.) of a random
variable X is denoted by ¢, (¢).

(a) Prove that for every T >0

L1 _ . o SIn(TX)
(D) T_£¢X(r)dr—2 B(—

)

. _sin(7X) 1 2
1) £qQ T )ZZP(IXIZT)

Let {X, ,k=1,...} be a sequence of random variables. For parts (b)
and (c) assume that ]Eim @x, (1) exists for |#[<1 . Denote the limit by

g(t) (observe that g(¢) is defined only on |£]|<1.)

(b} Prove that for every M >2 we have

2/ M
M- [[1-g(®)]dt = limsup{P( X, | = M)}
2/ M k00

(c) Assume also that: limg(¢)=1.

t—0

(1) Use part (b) to show that V& >0 3M >0 so that sup{P(| X, [2M)}<¢e.
k

(ie.: {X, } is tight ).
(i1} Use (c)(1) to show that there exists a random variable ¥ whose ¢.f.
@y (?) 1s an extension of g(¢) (ie. @y (£)=g(¥), [1]<1.)




Problem 4. Let {D,,F,; n=1,...} be a sequence of I? martingale
differences, namely {D, } are random variables and {F),} are o — algebras,

D,eF,, F,cF,, Ep(D,;)=0 and E(D?) <. We denote

X, = ZDk , A, = ZE Fo (D}) (F, isatrivial o —algebra) and
k=1 pas
A, =1limA, {canbe ).

(a) Is N.=inf{n: 4,,,>C}, C>0 astopping time? Prove or give a
counter example.

(b) Does limX, , existsas. foreach C>0 ? Prove or disprove.

(c) (i) Does th exists a.s. on | J{N, =w}? Explain.
C>0

(i) What is the relationship between the events | J{N- =0} and {4, =0} ?
C=0

Problem 5. Here we use the setup and notations of problem 4.
2

i D
(a) Let b, T o . Prove that on the event {>E F_ (—;‘) <0} we have
= k

Xn

bﬂ

b) Provethat 3 E, (Ziy< (4

(b) Prove that Z Fy € =5 8.8,

=2 Ak A

© D

(c) Prove (i) Assume E(D,2)>O. Prove that ZA—k converges a.s.
k=14,

(ii)

+———>0, a.s. on the event {4, =}

R

. ¢
(11i) A” converges a.s.

n




Problem 6. {X,} is called Uniformly Integrable (UI) if

supE(| X, |1y, sary) —37520

(a) Prove: {X,} is Ul if and only if
(1) supE(| X, D < ,and

(i) Ve>0 35>0 sothat P(4)<d=>supE(l X, |;4A)<¢

(b) Give an example of a sequence {X,} that is not Ul but at the same
time the following 3 requirements hold: (i) X, ————0, as.,

(ii) E(X,)——==>0, (iii) supE( X, ) < .

(c) Give an example of a sequence {X,} so that (i) {X,} is Ul
(i) X, ———0, a.s. (iil) There exista o —algebra F so that E(X,)
doesn’t converge a.s.

Problem 7. Let {X,,k=1....} be independent and identically distributed

with symmetric distribution. Let a, =0, a, T and denote
Y,=X, lyx |<q,;- Assume

(i) ThereisC>0sothat Y a,;><C-m-a;’, Vmz=1, and

R=m

@) S PUX|>a,)<wo

n=t
2 E(Y? , n
(a) Prove: ( > ) <oo. Hint: E(Yn2)= ZE(Xi;am_I <X,Ka,),
n=1 an m=1

etc.

> X
(b) Prove: ¥ ——0, as,
a




(¢) Assume E| X, |’ <o, 1< p<2. Show by using part (b) that

2. X,
k==l

nl/p n—y

>0, a.s.
¢ 9]

Problem 8. Let {B(¢)} denote standard Brownian motion.

(a) (i) Prove that 212, < % . e"‘zlz, x>0 (Hint:use z=x+y).

L
Var ;

Remark: in the book the upper bound is

ey,
which is worse for x< 2.

x
(i1) Use the inequality in (i) to present a function f(¢, x)so that

P(max|B, |>x)< f(t,x), x>0.
O<u<t

(b) Provethat EmaxB><2-t.

O<u<t
(c) Let A, =max{A, ,: 1<m<2"} where
A, =max{]B(t) - B(m2; 1 |} m2:1 <t< Zﬁ”}' Prove: Thereis C < so

that

A, £C-n-27", nz2N(w)




