STT 315                    SPRING 2006          Week 2

           Recitation KEY 1-19-06 

Your TA will be assisting students in completing this assignment during recitation.  However, time will be limited so kindly complete as much as you can ahead of time.  

Attendance and full participation in recitation are course requirements .

1. Historical data suggests a connection between the level of our customers’ January satisfaction level Sa and the amount A of our product that they purchase in May.  Here is a summary

P(Sa high) = 0.6, P(A high | Sa high) = 0.3, P(A low | Sa low) = 0.4.

Make a complete tree diagram for this information as in slide 7 of week 2.

SaH          AH        SaH  AH 

0.6             0.3        0.6 0.3 = 0.18

SaH           AL       SaH  AL

0.6             0.7        0.6 0.7 = 0.42

SaL           AH       SaH  AH

0.4             0.6        0.4 0.6 = 0.24

SaL           AL       SaL AL

0.4             0.4        0.4 0.4 = 0.16

                                       total = 1

Make a complete Venn diagram as in slide 8 of week 2.

Circle labeled SaH overlapping another circle labeled AH.

In the intersection (overlap) place 0.18.

In the rest of SaH place 0.42.

In the rest of AH place 0.16.

Finally, outside of both place 0.24.  

Calculate P(A high).

total prob, P(AH) = P(SaH AH) + P(SaL AH) 

                                =  0.18 + 0.24 

Calculate P(Sa high | A low).

def: P(SaH AL) / P(AL) = 0.42 / (0.42 + 0.16)

Calculate P(Sa low | A high).

def: P(SaL AH) / P(AH) = 0.24 / (0.18 + 0.24)

2.         P(oil) = 0.2      P(+ | oil) = 0.95      P(+ | no oil) = 0.1.

           cost to test 40       cost to drill 200      return from oil 600

Make a complete tree diagram for this information as in slide 7 week 2 but also include detailed calculation of net returns from the policy “test, but only drill if the test result is positive.”

Calculate E(net return) from policy “just drill.” You need only consider, and should display, the short tree with branches for oil and no oil and the net returns from the “just drill” policy.

E(net just drill) = 0.2 (-200 + 600) + 0.8 (-200 + 0) = 80 – 160 = - 80

Calculate E(net return) from policy “test, but drill only if the test result is positive).
     oil +  (0.2 0.95)  (-40 - 200 + 600)

     oil -   (0.2 0.05)  (-40  - 0 + 0)

no oil +  (0.8 0.1) (-40 - 200 + 0)

no oil -   (0.8 0.9) (-40 – 0 + 0)  

           total E(net from “test, but drill only if test +”) = 20

3.  Refer to Jack & Jill setup {1, 1, 5}, Jack first, without replacement.

Make a complete tree diagram for this information as in slide 7 week 2.

Ja 1  Ji 1

2/3   1/2   = 1/3

Ja 1  Ji 5

2/3   1/2   = 1/3

Ja 5  Ji 1

1/3    1     = 1/3

Ja 5  Ji 5

1/3    0     = 0

 total 1

Make a completed Venn diagram as in slide 8 week 2.

A circle labeled Ja 1 overlapping a circle labeled Ji 1.  

In the intersection (overlap) place 1/3.

In the rest of Ja 1 place 1/3.

In the rest of Ji 1 place 1/3.

Finally, outside of both place 0.  

Calculate P(Jill 5).

total prob P(Ja 1  Ji 5) + PJa5  Ji 5)

               = P(Ja 1) P(Ji 5 | Ja 1) = 2/3  1/2 = 1/3 as above.

Calculate P(Jack 1 | Jill 5).

def P(Ja 1  Ji 5) / P(Ji 5) = 1/3  / 1/3 = 1

as must be so, after all if Jill gets 5 then surely Jack got 1.

Calculate P(Jack 1 | Jill 1).

def P(Ja 1  Ji 1) / P(Ji 1) = (2/3  1/2) / (2/3) = 1/2

as must be so, since by “order of the deal does not matter” is must equal

P(Jill 1 | Ja 1) = 1/2.
4.  A venture returns one of 2500, 3700 or 5200 with probabilities {0.3, 0.5, 0.2}.

       Calculate E(return).
E (return) = 2500  0.3 + 3700  0.5  + 5200  0.2 = 3640.

Calculate Var(return) using the definition.

=  (2500-3640)2  0.3 + (3700-3640)2  0.5  + (5200-3640)2  0.2 = 878,400.

Calculate Var(return) using the computing formula method.

E (SQUARE of return) = 25002  0.3 + 37002  0.5  + 52002  0.2 = 14128000.

Var(return) = E (SQUARE of return) – SQUARE of E(return)

                      = 14,128,000 - 36402 = 878,400.

Hint:  Try claculating Variance both ways for a few distributions that you make up.  It is an easy way to gain practice.  Be aware of the possibility of rounding errors with the second method above.

Determine E(3 return – 600).

= (linearity of expectation) 3 E(return) – 600 = 3  3640 – 600 = 10,320.

Determine Var(3 return – 600).

= (property of variance) 32 Var(return) = 9  878,400 = 7,905,600.

Determine s.d.(3 return – 600).

= (root of variance) 3 root(878,400) = 2811.69.

If the venture is replayed four times what is E(sum of the FOUR returns)?  Your answer would be the same regardless of any dependence between the replays.

= 4 E(return of one play) = 4  3640 = 14,560.

If the venture is replayed four times INDEPENDENTLY what is Var(sum of returns)?  You have not been given enough information to determine this variance if the replays are not known to be INDEPENDENT.

= (variances ADD for a sum of independent r.v.) = 4 Var(return on one play)

= 4  878,400 = 3,513,600.

If the venture is replayed TWICE INDEPENDENTLY what is E(product of returns)?  You have not been given enough information to determine this if the replays are not known to be INDEPENDENT.

= ( E(product of independent r.v. is product of their individual expectations))

878,4002 = 771,586,560,000.

(interesting that monster numbers show up in such a simple venture).

5.  [Business people need to learn about PRODUCTS of random variables].  In a business venture the first stage offers a return, on average, of 1.09 to 1 (i.e. earns 9% on average).  Write E X = 1.09 where random variable X denotes the outcome of investing 1 at stage one.  Random variable X is termed the “price relative” (return on the dollar).  E X is its average and is termed the “expected price relative.”

Suppose a second stage returns 1.04 to 1 on average, that is E Y = 1.04 where random variable Y is the outcome of investing 1 for stage two.  If 1 is invested at stage one and then the random result X is REINVESTED for stage two then the overall outcome is random variable XY (the product). That is, the stage-by-stage price relatives X, Y multiply to give the overall price relative XY (the amount a dollar earns over two stages).

If these stages are INDEPENDENT and a dollar is invested at stage one, the proceeds being reinvested  at stage two, what  is the average return on a dollar E(XY) through two stages?
= (1.09)(1.04) = 1.1336. 

On average, one dollar invested earns 13.36% over the life of the two investments with reinvestment of the outcome of the first into the second.

However, in growth (or decay) of this type the expected return is not a proper guide.  This is because small-probability outcomes of extreme size can unduly impact expectation.  For example, a return of one million with probability one in ten million (rare) still adds 0.1 to the expectation calculation.  Also, a random product, such as is proper with reinvestment of returns, is not directly governed by expected return.  Rather, the summing takes place in the exponent 

                                      e.g. X1 ..... Xn = 10 to power (Log10 X1 + ... + Log10 Xn)

Since the sum of logarithms is “guided by” n times E Log10 X , our evolving random fortune is guided by 10 to power n E Log10 X

                                      i.e. X1 ..... Xn guided by 10 to power n E Log10 X.

6.  An ordinary six sided die will be thrown.  Denote the result by X.   Bob will earn the amount Y = 1/X.  

Calculate E Y.  That is, list all of the values for Y and calculate their probability average. 

 1/1  1/6 + 1/2  1/6 + 1/3  1/6 + 1/4 1/6 + 1/5 1/6 + 1/6 1/6 = 49/120.
7.  Random variable W takes the values 3.4 and 6.1 with probabilities {0.3, 0.7}.  

 Calculate E Sin(X).  To do it you find Sin(3.4) and Sin(6.1) then take their probability average.

Sin(3.4) 0.3 + Sin(6.1) 0.7 = -0.204176.

