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WHITE NOISE ANALYSIS
FOR THE CANONICAL LEVY PROCESS

ROLANDO D. NAVARRO, JR. AND FREDERI G. VIENS

ABSTRACT. We construct a white noise theory for the Canonical Lévy Process
introduced by Solé, Utzet, and Vives. The construction is based on the
alternative construction of the chaos expansion of square integrable random
variables. Then we establish a white noise characterization in the space of
generalized distributions, and prove a Wick-Skorohod identity. Finally, we
prove a Clark-Ocone theorem in L?(P) for the Canonical Lévy space.

1. Introduction

The classical Canonical space for a Lévy process is constucted from the o-
field of cylinder sets and a probaility measure using the Kolmogorov extension
theorem [21], [3]. However, Solé, Utzet and Vives [22] have formulated another
construction of the Canonical space for the Lévy process to be able to interpret
the Malliavin derivative Dy . for the Lévy process. The derivative Dy is the
classical Malliavin derivative with respect to the Wiener process while Dy ,, z # 0
is the Malliavin derivative with respect to the pure jump process defined as an
increment quotient in the generalized distribution space. We shall refer to the
Canonical space constructed by Solé, Utzet, and Vives [22] as Canonical Lévy
process.

White noise theory was first introduced by Hida for Wiener process, from origins
in quantum physics [10]. Subsequently, the theory was extended to the pure jump
Lévy process as in [1], [7], [17], by incorporating generalized function spaces related
to L?(P) [11]. We extend this theory for the Canonical Lévy space by deriving
an alternative chaos expansion of square integrable random variables; then we
prove some important characterizations such as a Wick-Skorohod identity, and a
Clark-Ocone theorem in L?(P).

The Clark-Ocone theorem is the explicit representation of the Ito representation
theorem in terms of the Malliavin derivative. The Clark-Ocone theorem in D'-?
for the Canonical Lévy process can be stated as follows [23]. Let F € DY? be
Fr-measurable, then

F = B[F] + / E|Dy. FIF, |M(dt, dz), (1.1)
[0,T] xR
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where M is the independently scattered measure given in (2.6).

The Clark-Ocone representation can be weakened to a representation for F' €
L?(P) using white noise analysis with the same form (1.1). However, the Malliavin
derivative D, . and the expectation E will be generalized to a stochastic gradient
and a generalized expectation respectively.

This paper is organized as follows. Section 2 provides background review of the
Malliavin calculus for the Canonical Lévy processes and the chaos expansion with
respect to the measure M. We present the construction of the Canonical Lévy
white noise process [14] in Section 3. Then we construct the alternative chaos
expansion of Canonical Lévy process in Section 4. The proof of this alternative
chaos expansion uses the chaotic representation property in Theorem 4.1 by Nu-
alart and Schoutens [16] and the results of Solé, Utzet, and Vives in Theorems 4.3
of [23].

Our alternative chaos expansion for the Canonical Lévy process is new. From
this expansion, we characterize the white noise theory using some family of function
spaces of stochastic test functions and distribution functions. This characterization
is an extension of the Wiener case [9] and the Poisson case [17], [8]. White noise
analysis in the Canonical Lévy space is presented in Section 5. These concepts have
analogues in the Wiener and Poisson cases: [8], [7], [18], [19]. We have shown a
Wick-Skorohod identity (Proposition 5.12). Finally, we established a Clark-Ocone
theorem for Wick polynomials (Proposition 6.6) and for L?(P) (Proposition 6.8).

2. Canonical Lévy Space

We present a brief background on Lévy processes, following [3], [8], [21], and
introduce preliminary concepts on the Malliavin calculus in the Canonical Lévy
space, as in [22], [23].

Let (2, F, P) be a complete probability space. A Lévy process X = {X(t) :
t > 0} is a stochastic process that has following properties: X (¢) has independent
and stationary increments with X (0) = 0, and it is continuous in probability. The
Poisson random measure N : © x [0,7] x Ry — Ny is a counting measure defined
as

N(A) = Z 1{5:(5,AX(5))€A}7 A€ SB([O?T] X RO)’ (21)
s€(0,t]
where Ry = R\0 and AX (t) = X (¢) — X (¢7) is the jump of X at time ¢. The Lévy
measure v of X is defined as the expectation of N as follows:

v(B) = EIN((0,1] x B)] = E Z 1ieax(s)eny|» B € BRo). (2.2)
s€(0,1]

The Lévy measure is o-finite and satisfies v({0}) = 0, fRO(l A 22)v(dz) < oo.

The compensated Poisson random measure N : Q x [0,T] x Ry — R is given by

N(dt,dz) = N(dt,dz) — dtv(dz). The characteristic function of the Lévy process
is given by the Lévy Khintchine formula, see [8].

Consider the Canonical Lévy space

(Q7f,P):(QWXQJ,.FW@.FJ,PW@-PJ), (23)
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where (Qw, Fw, Pw) is the Canonical Wiener space and (5, F, P;) is the Canon-
ical pure jump Lévy space.
Let X (t) be a centered, square-integrable Lévy process, then X (¢) can be written
as follows:
X(t)=0cW(t) + / 2N(ds,dz). (2.4)
[0,t] xRg
From the Lévy Khinchine formula, see [3], its characteristic function is given by

E (exp(iuX (£))] = exp K—;a%ﬁ + /R (exing) 1 - iuz)u(dz)) t] . (@25)

The square-integrable assumption on X (¢) implies fJRo 22v(dz) < co.
It6 [13] extended the centered square-integrable Lévy process X to an indepen-
dent measure M on (R; x R, B(R; x R)) which can be expressed as

M(E) = o [E AW (t) + / AN (dt,d), (2.6)

where E € B(Ry x R), By = {t ¢ R4 : (¢,0) € E} and E' = E \ Ey. Then for
E1, By € B(R; x R) such that u(E;) < oo, pu(E2) < oo

E[M(E1)M(E2)] = p(E1 N Ey), (2.7)
where £ is a measure on ([0, 7] x R,B([0,7] x R) and
=0 / dt+/ 22dv(z E € B([0,7T] x R). (2.8)
Fo B
In differential form, we have
p(dtdz) = o?ddo(z)dt + 2*(1 — 6o(2))dv(z)dt = \(dt)n(dz), (2.9)
where A(dt) = dt is the Lebesgue measure and
n(dz) = a2déo(2)dt + 2*(1 — do(x))dv(2). (2.10)

2.1. Iterated Lévy-Itd Integral. Let f € L%(([0,T] x R)") be a deterministic
function such that

1112 uny :/ [ ((t1,21) -+ (tns 20)) Pauldt, dza) - p(dt, dzn) < oo.
([0, T]xR)™

(2.11)
The symmetrization of f denoted by f” over (t1,x1), -, (tn,Ty) is given by
St 21), - (tny 2n)) == Z f((to1ys 20(1))s+* (to(n)s Zo(n)) (2.12)
! ceG,
where o = (0(1),--- ,0(n)) is a permutation of {1,--- ,n} and &,, is the set of
permutations of {1,---,n}. Denote S, = {(t1,21),  * (tn,2n) : 0 < 1 < -+ t, <

T,z; € Ryi € {1,---n}}. For f € L*(u™) let J,,(f) be the n-fold iterated integral
over S, and I,,(f) be the n-fold multiple integral over ([0,7] x R)™.

Denote by L2(u™) the subspace of symmetric functions in L?(u™). Then, for
f € L%(u™), we have the following identity: I,(f) = n!J,,(f). The multiple integral
I,, has the following properties [23]:

(1) Symmetry:  L,(f) = I.(f"),  f€L*u"),
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(2) Linearity:  In(af +bg) = al,(f) +bl.(g), f,g€ L*("), a,beR,
(3) Tsometry: E[L,(f)In(9)] = n! (f",9") 12 (ny Omn, f € L2 ("), g € L*(u™).

1t6 has shown the following chaos expansion for the Lévy space.

Theorem 2.1. [13] Let F' € L?(P), then F has chaos expansion given by
F =Y I(fn), (2.13)
n=0

where we set Io(fo) = E[F]. The chaos expansion is unique if f, € L2(u™) for all
n € N. Furthermore, we have the following isometry relation:

o0

1FNZ2py = D nlllfallZoquny,  fo € L2(W): (2.14)

n=0

3. Construction of the Canonical Lévy White Noise Process

Followig [14], we construct the Canonical Lévy white noise process using a pro-
cedure which parallels the derivation of Wiener and Poisson white noise processes
in [11]. Let & = S(R) be the Schwartz space of test functions which consists of
rapidly decreasing smooth functions f € C°°(R) such that

171

o5 = sup |z fP)(z)] < co. (3.1)
z€R

In addition, S(R) is a Fréchet space with respect to the seminorm || f|[, 5. Its dual
S’ = §'(R) is the Schwartz space of tempered distribution functions endowed with
a weak* topology. The action of w € §'(R) on ¢ € S(R) is given by the mapping
w:SR) x S'(R) = R
w(o,w) =< w,d > . (3.2)

Moreover, we have the following inclusions: S(R) C L?(P) C S'(R).

To construct the Canonical Lévy white noise process on the 2 = S’(R), we only
need to appeal to the Bochner-Minlos theorem which is stated as follows:

Theorem 3.1. A necessary and sufficient condition for the existence of a proba-
bility measure P on S'(R) such that

o(0) = Ele=e>] = [ a<eo>ap() (33)
S'(R)
is defined on S'(R), is that g satisfies the following conditions:

a.) g(0) =1,
b.) g is positive definite
c.) g is continuous in the Fréchet Topology.

In our construction, we let

o?u?

o) = exp ([ woty). W = =T+ [ (= iuz = uta)
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We can express g as the product g(¢) = f(¢)h(¢) where

) =exp (-5 [ 1oty )
o e ([ [ (0 o)z - (dz)dy). (35)

Then, f and h satisfies the Bochner-Minlos theorem corresponding to the Wiener
and the compensated Poisson case respectively [11]. Clearly, g satisfies conditions
(a) and (c) of the theorem. It is suffice to check (b) to prove that for g defined
above, P as in the Bochner-Minlos theorem exists. Define the following n x n
matrices: Gn = {g(¢i — ¢;)}ij, Fn = {f(di — ¢;)}ij, Hn = {h(¢i — ¢;)}ij, then
G, = F,,® H, where ® denotes the Hadamard product. Since f and h are positive
definite, so does the matrices F}, and H,, is also positive definite for all n € N. By
the Schur’s product theorem [12], G,, is positive definite. Since this holds for all
n € N, then ¢ is positive definite. The functional g is thus as in the Bochner-Minlos
theorem, and P therein exists.
By taking ¢(y) = tp(y) with ¢ € R fixed, then we obtain

E[eit<w’¢>}

—e (<25 [letwPar+ [ [ explitzply)) = itzely) ~ Du(d)dy).
(3.6)

Let ¢ € S(R), then we claim that
El<w,p>]=0, E[<wyp>’]= C/Rw(y)dy, (3.7)
where
(=0 —I—/ 2?v(dz). (3.8)
Ro

By a density argument, it suffice to show the identity for ¢ € C§°(R). Let the
Lévy density v € [—r,7]\ {0} for some r > 0. Then by expanding the terms in
(3.6) in a Taylor series, we obtain:

el inn
Y El<w,p >
n.

n=0

o 52422 0 kpk ko "
Zi!(/R (“;(y)+/R Ztk!‘”(y)y(dz)> dy> L (39)

n=0 0 k=2

Collecting the t and t? coefficients asserts our claim.

We extend the definition of < w,¢ > from ¢ € S(R) to L?*(R). Since S(R) is
dense in L2(R), then for ¢ € L%(R) arbitrary, there exists ¢, € S(R) such that
©n — ¢ in L?(R). By completeness of L%(R), as m,n — 0o

| <w,on > —<w,pm > | =|<w,0n—m>|—0. (3.10)
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Hence, {< w, ¢, >: n € N} is a Cauchy sequence in R and its limit is < w, ¢ >.
Then, define X (t,w) =< w, xj0,5) > Where X[, € L?(R) is given as follows:

1, se0,4,t>0
X[O1t] = _1’ s € [—t,O),t <0 (311)

0, otherwise.
Computing the characteristic function of X (t) yields

E[exp(z'uf((t))] = Elexp(iu < w, X[, >)]

o2u2v2 t( ) o .
=exp l/JR <—XQ[O]y + /Ro (e X[0,t] (y)) — zX]|o0,t] (y) - 1) y(dz)) dy]

—exp K— 022“2 + /RO (€™ — juz — 1) Z/(dz)> t} . (3.12)

By the Lévy-Khinchine theorem, X (t) is a Lévy process and there exists a cadlag
modification of X (t), say X (¢) which is a Lévy process [3]. The smoothed white
noise process for the Canonical Lévy process is given by:

<w, ¢ >= / d(t)dX (t,w), w e Q, é € L*(R), (3.13)
R

where X (¢) has the following representation:

X(t) = 0/0 dW (t) + /[o,t]xRO 2N (ds, dz). (3.14)

We define the filtered probability space (Q, F, {Fi}i>0, P) for the white noise
Canonical Lévy process where F = B(S'(R)) and F; = F¥ VN where F¥ =
o{X(s) : s € [0,t]} is the o-field generated by X up to time ¢ and N is the
collection of P-null sets.

4. Construction of Alternative Chaos Expansion for
Canonical Lévy Processes

We assume that the Lévy measure v satisfies the so-called Nualart-Schoutens
assumption [16]: for all € > 0 there exists A > 0 such that

/ exp(A|z|)v(dz) < oco. (4.1)
Ro\(—¢,¢)

This assumption has the following implications:

(1) The absolute moments of order greater than or equal to 2 with respect to
v are finite, that is, for all p > 2, flRo |z|Pv(dz) < oo and thus, X (¢) has
moments of all orders p > 2.

(2) The characteristic function Elexp(iuX (t))] is analytic in the neighborhood
of zero and the polynomials are dense in L?(R, P o X (¢)71).
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We denote the power jump process X () = {X®)(¢) : t > 0}, i € N defined as
| S AWM, i1,
XO(t) = { se0 (4.2)
X(t), i=1,
and the compensated power jump process Y = {Y®(t) : t > 0},i € N by
YO(t) = XO(t) — E[XO(t)] . The process YV is referred to as the Teugels
martingale of order 7, and it is a normal martingale.
Let Sy be the space of real polynomials in R, that is,

S1={chzk_l:ck6R,z€R+,k€{17~-~n},n€N} (4.3)
k=0
endowed with the inner product << -,- >>; given by

<< P,Q>>1=0’P(0)Q(0) + | P(2)Q(2)2°v(dz) =< P,Q >r2(p, (4.4)
Ro

where P,Q € S;. Let {p;(2)}ien be the orthogonalization of {1,z,22%,---} in 5.
From the Gram-Schmidt orthogonality procedure, we have the following:

pi(z) = Zaijzjilv (4.5)
j=1
where
B e N AN
ajj = Ips ()17 Jepi(2)n(dz) T " (4.6)
Likewise, we have the following orthogonality relation [15]
<) = [ pE i) = 0, (47)

where ¢q; = Hpi”?ﬁ(n) =02+ Z;Zl Zli=1 al,al;myyi. On the other hand, let Sy be
the space of linear transformations of Teugels martingales of the Lévy Processes,
that is,

Sy = {chY(k):ckeR,ke{l,mn},neN} (4.8)
k=0
endowed with the inner product << -, >>5 given by
<< Y(i),y(j) >>9= EHY(Z), Y(j)]l] = 0'21{1-:j:1} + Mitj- (49)

Let {H®"},cn be the orthogonalization of {YM) V() y(®) ...} in Sy. Then,
{H (i)}ieN are strongly orthogonal martingales. From the Gram-Schmidt orthogo-
nality procedure, we have the following;:

1—1
HD =3 a5y ®, (4.10)
j=1
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where
<< HO YO >> E[[HW y®
* - 112 2:_ [[ - ]1], ]6{17,2—1}
a;; = ||H(J)H2 E[[H(J)]l} (4.11)
1, j=i.
Then, a;; = aj;, j € {1,---,i},i € N, and therefore 1 Y@ is an isometry

between S; and Sy [16]. Likewise, we have the following quadratic covariation
process:

< I‘I(i)7 H(j) >i= qitéij. (412)

Denote the following multiple integral for f € L2([0,T]") with respect to the
orthogonal martinagles H(9)’s:

i

T rt, ty ) _ _
:// / f(tl’...tn_l’tn)dH(ll)(tl)...dH('Ln—l)(tn_l)dH(ln)(tn).
0 0 0
(4.13)

Leon et al. [15] have shown an orthogonality property between different multi-
indices (i1, ,i,) stated as follows for f € L?([0,T]") and g € L*([0, T]™):

E[Jv i) (£) g0 am) (g)] = g ~-~qz-n/E Flt, o ta)g(te, o tn)dty - - dtn,

(4.14)
where (i1, -+ ,in) = (J1, - ,Jn),m = n and 0 otherwise and %, = {(t1,--- ,tn) :
0<ty <---t, <T} is the positive simplex of [0, T]™.

Nualart and Schoutens [16] have shown that every F' € L?(P) can be represented
in terms of the iterated integrals with respect to the H®)’s.

Theorem 4.1. Chaotic Representation Property (CRP): Every random variable
F € L?(P) has a representation of the form of

F=E[F]+Y > JU ) (f,5.) (4.15)
n=1g1,,jn>1

As a corollary to the CRP, Nualart and Schoutens [16] have shown a predictable
representation in terms of in terms of H®.

Corollary 4.2. Predictable Representation Property (PRP)
Every random variable F € L?(P) has a representation of the form of

F = E[F] + i /OT o™ (s)dH™ (s), (4.16)

where ¢\ (s) is a predictable process.

We present some important results, all based in Solé et al. [23], which are
crucial in finding the alternative chaos expansion for the Canonical Lévy space.
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Theorem 4.3. (i) Let g = {g(t) : t € [0,T]} be a predictable process such
that

E

T
/ gQ(t)dt] < oo. (4.17)
0
Then, g(t)p;(z) is integrable with respect to M and
T
| owanO® = [ g, da). (4.18)
0 [0,T]xR

Also, HO(t) can be expressed as follows:

HO (1) = /[0 P 2). (4.19)

(ii) Let f € L2([0,T)"), then
Jr(zjhm Jn)(f) = In(f(th T 7tn)12n (th T 7tn)pj1 (Zl) * Pin (Z”)) (420)

We follow the approach in Benth et al. [4] in comparing the relationship between
1t6’s chaos expansion and the CRP. Their approach was limited to chaos expansion
with respect to the iterated integral of the compensated Poisson random measure
N. With their result, Di Nunno was able to derive the alternative expansion in
the Poisson case [7]. With the results of the preceding theorem, we are able to
establish an alternative chaos expansion for the general Canonical Lévy space.

From Nualart-Schoutens CRP and from the previous theorem, we obtain

F—E[F]

=Y I, S fireegn i ta)pi (1) -, (2)1s, (b )

n=1 1y 3in>1
(4.21)

gn((tla Zl)7 e (tna ZTL)) =
S Firgn b ta)ps (1) -+, (2) s, (B ). (4.22)
1 dn>1

Then, from the uniqueness of Ito’s chaos expansion for the Canonical Lévy process,
we obtain

fn=2ab, Vn € N. (4.23)
We define Hermite functions {e,},cy as
en(z) =7 V4 ((n— D))"V 2e " 2h,_ (V2z), neN, (4.24)
where {h, }nen, are the classical Hermite polynomials given by
_ n _x2/2 dn —z2/2
ho(z) = (—1)"e®/ s /2, (4.25)

Then {e, },, oy forms an orthonormal basis in L*(\) [11]. Since

fj1,---7jn(t17"' 7tn)12n(t17"' 7t’n) S L2(>\n)a
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then we have following orthonormal expansion

Frrve gt ta) = 3 AT e (41) e (ta). (4.26)
7;17...71‘”21
We let
m =2 ey (4.27)
sz‘”L?(n)

then, from (4.7), {m;}ien are orthonormal basis functions in L?(n). Denote

I = lpiy ey - 0,

in

PR e (4.28)

Hence, we can express (4.22) in terms of orthonormal basis functions in L?(u") as
follows:

gn((tlv Zl)a R (tna Zn))

= > N e (b)) (21) e, (B, (20)- (4.29)

i1,y in 21 g1, e 21

Since the symmetrization operator is linear, then

gr/z\((th Zl)? T (tm zn))
= Y 3 I en(t)m (1) e (B, (). (4.30)

i1, yin 21 g1, e 21

We want to express (4.30) in terms of orthogonal functions in L2(u"). Denote
. . . . 3 LN (i+7—2)(i+5—1)

the Cantor diagonalization mapping « : N x N by k(i, j) = j + *“L—5"— Let

k = k(i,7) and

Or(t, 2) = e;(t)m;(2), (4.31)
then {0y }ren is an orthonormal basis in L?(x). Then from (4.30) and (4.31)

gé\((tl, Zl)a ) (tnv Zn))
i1, im AN
= Z Z CSZ? ,;i ) (55(1'17]'1) (tl’ Zl) e 65(i717j7r)(t"’ Zn)) : (432>

i,y in 21 g1, jn 21

Denote the following multi-indices given by o = (a1, a2, -+),a; € Ng,i € N with
compact support and Z by the set of all such a. Also, we denote the following:
Index(a) = mazf{i : oy # 0}, |a] = >, oy, of = [[12, as,m = Index(a).
Suppose that m = Index(a) and n = ||, define the following tensor product as:
6®a((t1a Zl) e (t'rm Zn))
=07 @ @0 ((t1,21) ++ (tns 2n))
=01 (tla Zl) 01 (ta1vza1)52(ta1+lv Za1+1) e 52(ta1+a2a Zal+a2)
6m (tnfam%»l; anoszrl) T 5m (tna xn) (433)
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with the convention 5;-8’0 =1,47€ {1,---,m}. Also, we denote the symmetrized
tensor product as follows:

3% ((t1,21) -+ (tn, 20)) = (0%((tr, 21) -+~ (tns 20))) "

=621 . @5Em (t1,21) -+ (tn, 2n)).-
(4.34)

Now, since g} € span{6®° : |a| =n,a € I} then g/ has of the form

|a]=n
By taking Io(6%*) = 1 and ¢y = E[F], then from (2.13), (4.23), and (4.35) we
obtain
F =" calia (5°). (4.36)
ael
We denote )
Ko = Ijoy (6°°) (4.37)

then we have the following chaos expansion.

Proposition 4.4. Let F € L?(P), then it has a unique chaos expansion of the
form

F =Y ciKa. (4.38)

acl

Proposition 4.5. (Isometry) For F € L?(P) with a chaos expansion of the form
(4.38), we have

||F||2L2(p) = Z caal. (4.39)
a€l
Proof. We let m, = Index(a), mg = Index(B), no = ||, ng = |5|. Then, by
isometry,

E[K.Ks] =E [I% (5®a) I, (5@’”
=ng! / 580688 dpns,, .. (4.40)
([0.T1xR)y"a

For n, # ng, the (4.40) vanishes. Throughout the remainder of the proof, it
suffice to evaluate for the case n = no = ng. Denote m = my, and consider the
tensor product in (4.33). There are n! terms in the symmetrization of 5% as well
as of 6%8 while each term of these symmetrized tensor product has a factor of
1/n!. Since {8;}ren forms an orthonomal basis in L?(u), then for a # 3, (4.40)
vanishes.

Consider the case o = f, for each n! terms in K,, one can get a non-zero
expectation term with a product on a term in Kg by permuting the terms in
(4.33) by permuting the first a; terms, then permuting the next s terms, and so
forth and finally, permuting the last «,, terms. There are a! = a1!- - - a,,! possible
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combinations in this procedure each with the weight of one by orthonormality of
Ok {keny in L?(p). Thus, we obtain

1
E[KQKB] =n!- W -nl-al- 1{04:5} =al- 1{a:5}, (441)
and therefore,
2
1PN m) = DD cacs EKaKg] = Y c2al. (4.42)
a€l BET a€l
O

5. White Noise Analysis
Consider the following formal expansion
F=)Y coKa. (5.1)
If the following growth condition holds,
Z c2al < oo, (5.2)

a€l

then F' € L?(P). We relax this growth condition to obtain a family of generalized
function spaces of stochastic test functions and stochastic distribution functions
which relate to L?(P) naturally [11].

5.1. The spaces G and G*. The spaces of stochastic test functions G and of
stochastic distribution functions G* were first investigated by Pothoff and Timpel
in the Wiener case [20]. A parallel definition was carried out by Di Nunno [7] in
the Poisson case. We extend these definitions for the Canonical Lévy space.

Definition 5.1. Let G,, ¢ € R be the space of formal expansion
F=Y"I(f) (5.3)
n€Ng
such that

1/2
I1Fllg, = (Z n! an”zp(un) €2qn> < 0. (5.4)

n€Np
For every ¢ € R, G, is a Hilbert space with inner product
<FG>g =Y nl< fu,gn >r2(um) 7", (5.5)
neNp
where F' and G have the following formal sum:
F=Y L(fa), G=Y ILgn) (5.6)
n€Ng n€Ng

We define the space of stochastic test functions G as G = (), G, endowed with the
projective topology and the stochastic distribution function G* as G* = 4>0 g4
endowed with the inductive topology.
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Note that G* is a dual of G. Let F' € G and G € G* with the formal expansion
of F and G of the form (5.6). The action of G on F is given by:

<G, F >g.gr= Z n! < fn,gn >L2(un) - (57)
n€Np

Also, we can express the G;-norm, ¢ € R in terms of the chaos expansion (4.38)
as follows:

\|F||éq =Y caale®. (5.8)
o€

5.2. Kondratiev and Hida spaces. We let o € 7 and suppose that Index(a) =
m, then we denote (2N)** = [}, (27)%"* where k € Z. In particular, if a =
em = (0,---,0,1,0,---), that is, €™ is a multi-index with all zeros except for
the m-th component which contains one, then (ZN)g(m)k = (2m)k.

Definition 5.2. Let p € [0,1]. Suppose that F has a formal expansion of the
form (5.6). Then, F' belongs to the space (S), 4, ¢ € R if

IF)2, =" aZ(al)*P(2N)* < oo (5.9)
acel

The Kondratiev test function (S), is defined as (S), = (1,5 (5),, , endowed with
the projective topology. Suppose that G has a formal expansion of the form (5.6).
Then, G belongs to the space (S)_p —q, ¢ € R if

G2, _, = > b2(a)'"P(2N) " < oo (5.10)
a€el

The space defined as (S)_, = U, (S)_, _, endowed with the inductive topology
is known as the space of Kondratiev distribution functions.

Note that (S)_,, is a dual of (S),. The action of G € (S)_, on F € (§),, with
the formal expansion of F' and G of the form (5.6) is given by

<G, F>=) alagb,. (5.11)
o€l

The Hida spaces are the special cases of the Kondratiev spaces. The Hida test
functions (S) and Hida distribution functions (S)" are given by (S) = (S), and
(8)" = (S)_, respectively. From the above definitions, we have the following
inclusions for p € [0, 1]:

(8),C(S)

C(S)yCcGCL*(P)CG C(S) ,C(S) ,C(S)_,. (5.12)

p p

5.3. White Noise Lévy Processes and Lévy White Noise Field. We ex-
tend the concept of white noise processes in the Canonical Lévy space. Consider
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the chaos expansion of X (t) in (2.4)

X(t) =1(1) = I, (Z S (e gy (L) 1o, ez-(s)vrj(z))

i€N jEN
=>y / ei(s)ds / 7 (s)n(dz) 11 (ei(s)mj(2)) . (5.13)
€N jeN
Now since
Kori =11 (5®€N(1 n) =1 (e;(s / /eZ s)mi(z)dsn(dz) (5.14)

and {m;},en is orthonormal with respect to L?(n), hence

cZ/ ei(8)dsK i, (5.15)

1€EN
where ( is given by (3.8).
Definition 5.3. The white noise Lévy process X(t) is defined by
Y Y et / (A Koo = €Y e encnr.  (5.16)
ieN jeN i€EN

Proposition 5.4. Characterization of X (t)
) X() < (8)
(i) X(t) === i (S)

Proof. The proof is similar to that in [8].
(i) Since (i, 1) > i and sup,cg |en(t)| = O(n=1/12) [11], then,

T
€N
=¢? Z e; (t)(2k(i, 1))
1€EN
<G ey (i) (5.17)
€N

The series converges for ¢ > 2 and thus proves our claim.
(ii) Note that from (5 15) and (5.16), we have the following:

X(t+h)—X(¢
( })L (Z / e, ))dSKaﬁo 1)
€N
:Czai(h)Kam(i,l), (518)
€N
where

t+h
aih) = 7 /t (e3(s) — es(t))ds. (5.19)
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Since sup,cg |en(t)] = O(n~1/12) then, sup,cy |ai(h)| < oo for all h € [0,1].
Furthermore, since k(i,1) > 1 then,

2

’ X(t+h})L—X(t) X =¢2D U ay(h)*(2n(i, 1)) 7
—q 1€EN
iEN

Now, since a;(h) — 0 as h — 0 for all ¢ € N then, for all ¢ > 2 from the
dominated convergence theorem,

> lai(h)*(2i)77 =0 as h—0. (5.21)
€N
From the bounded convergence theorem, we obtain

2

—X@)| —0 as h—0. (5.22)

—4q

“X(t+h) —X(#)
h

Definition 5.5. The Lévy white noise field M(t, z) is defined by

- Zzei(t)ﬂj(’z)Ka“(iui)' (523)

ieN jeN
Lemma 5.6. M(t,2) € (S)*, u — a.e.

Proof. Since

=33 ed(t)m(2)(2k(6, 5)) 7O (5.24)

i€N jeEN

pie

Since v/ij < £(4,7) and by orthonormality, {e;}ien and {7;};en are orthonormal
with respect to L?(\) and L?(n) respectively. Thus

/RXRHM(t,z)HQ_qM(dt,dz)g/R Y S AR R @

i€eN jeN
=> (V2i)™ / (H)dt Y (V25 / 2(2)n(dz)
i€N JjEN
=D (V2i)71> (V2)) e (5.25)
iEN JEN
The above series converges for ¢ > 2, thus proving our claim. (]

Remark 5.7. Radon-Nikodym Interpretation of the Lévy white noise field: Let
t € Ry and A € B(R). Then

M(t, A) //Mdsdz —a/dW //szsdz (5.26)
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Likewise, we can express M (¢, A) as follows:

M(t, A) =I(1)p,4(s)1a(2))

=0 DD (L0 €4) gy (LasT5) 1) €6(5)m5 (2)

i€N jEN

_ /0 t /A ST i) (2)alds, d2)K enci

€N jEN
—/t/ M (t, 2)p(ds, dz) (5.27)
0o JA

by definition of M. Hence, from (5.26) and (5.27), M(s,z) is interpreted as a
Radon-Nikodym derivative in (S)* as follows:

M (dt,dz) = M(t, 2)u(dt, dz). (5.28)

5.4. Wick Product. The Wick Product was first introduced by Wick in 1950
as a renormalization tool in quantum field theory. Its application in stochastic
analysis was introduced by Hida and Tkeda in 1965 [11]. We state some of its
properties which are similar to the Wiener and Poisson white noise theory.

Let F' =3 craaKa € (§)-1 and G = 3 5 703K € (S)-1, then the Wick
Product of X and Y denoted by X ¢Y is defined as

XoY =Y absKass =Y | D aabs|K,. (5.29)

o€l BET YELZ \ a+B8=y

We define the Wick powers of X € (S)_; as follows: X°" = X°(""Vo X nc
N, X°¥ = 1. If f : C — C is entire, given by the Taylor series expansion f(z) =
oo ganz", then, we define the following Wick version f°(X), X € (S)_1 by
setting fo(X) = >°07 , a, X°". Also, we define the the Wick exponential of X €

(8)-1 denoted as exp®(X) = >0 Xno, whenever it is convergent in (S)_;.

5.5. Stochastic Derivative. Consider the formal sum

F=Y I(f) =) caKa, (5.30)

neNg a€EL
where
Ko = 1o (6%°) fa= Y cad®™, (5.31)
la|=n

As is well-known (see [22]), if FF € D'2, the Malliavin derivative in D'? is as
follows,

Dy F = Iy 1(fu(. (t 2))). (5.32)

n=1
Let us relax the requirement of belonging to D'-2, by defining a stochastic deriv-
ative in F' with the same form as (5.32) whenever D, ,F' converges in a generalized
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function space. In the Wiener case, the stochastic derivative corresponds to the
Hida-Malliavin derivative whenever D; oF converges in (S)* [8].
From (5.31), we have:

Fu(s(t,2) = > cad®(, (¢, 2)). (5.33)
|a|=n
Let p = Index(a), then a; = 0 for @ > p and lete; = (0,---,1,---,0)T, a unit
vector with a 1 in the i*” component and zero otherwise. Then, §9%(.,t,z) can be
computed as follows:

1

09 2) = 1

Z ;60 @—ei) 5 (t, 2). (5.34)
ieN
Then, from (5.32), (5.33), and (5.34), we obtain the stochastic derivative

DiF =33 catiKae, 09 (L, 2). (5.35)

a€Z ieN

Note that if F' € D12, then the Malliavin derivative in (5.32) and the stochastic
derivative in (5.35) coincide. Since k is bijective, then for any ¢ € N, 3(k,m) €
N x N such that ¢ = k(k,m). Hence, we can also express (5.35) as follows:

Dt’zF = Z Z Z Caaﬁ(kvm)Ko‘fsm(k,m) 6®Eﬁ(k',m) (t’ Z) (536)

a€Z keNmeN

- Z Z Z Catr(k,m)Ka—e i my €6 (E)Tm (2) (5.37)

a€Z keNmeN

=Y 3 e Brtem) + DKger(t)mn (2). (5.38)

BET keNmeN
Proposition 5.8. Closability of Stochastic Derivatives. Let F,,, F € G* such that
as m — oo
(i) Fn — F in G*,
(ii) Dy Fy, converges in G*
Then, Dy . F,, = Dy F in G*.

Proof. We follow an argument similar to [8]in showing closability in D'2. Consider
the formal expansion

F=>Y cKa, Frn=)Y_ cl'Ky, (5.39)
acl a€cl
such that Fj,, — F in G*, then there exists ¢ > 0 such that
|Fm = Flig- =) allel = ca?e™2l — 0. (5.40)
o€l
Hence, ¢} = co. Since the stochastic derivative of D;, . F is given as

DioFr =3 > 3 clomnKa e, ert)m(z). (5.41)

a€Z keN IeN
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and since D, . F, converges in G* then, there exists » > 0 such that

HDt,sz - Dt,an|@7T
= " — %ol a— epp)le 2ol 0, 5.42
«@ « K (k,l) (k,0)

acZ keN leN

From Fatou’s lemma,

: 2 2 —2r|a—e¢, !
Jim YN 0D et — calfol o (0 — enge)le 2T e 00 ]

a€T keN IeN
= lim E E E liminf [¢” — ¢ |*a2 (. — € Ve~ 2rla—eaenl!

m— 00 n—o00 o @ w(k,1) w(k,0)/?

€T keN leN
. . . — — 1
< lim liminf E E E ™ — 202 a—c¢ le=2rle—esamnlt =
= oo Moo I « a| K(k},l)( H(k?,l))
€T keN IeN

(5.43)

Hence, as m — o0, || Dy, Fi — Dt,zFHé,T — 0. Therefore, D; . F,,, = D; F €
G, Cg*. |

Proposition 5.9. Let
F= i[n(fn) e g, (5.44)
n=0
where f, € L2(u™). Then, D;.F € G*, u a.e. and is given by
Di.F =Y nly(fai1(-(t2))). (5.45)
n=1

Proof. We follow arguments which are parallel to [19] in the Poisson case. Since
F € L?(P), defining its partial sum as

m

then F,,, — F in G* as m — oo. Pick ¢ > 0 arbitrarily, then

oo

|Em = Fllg . = > nllfall2me 2" = 0. (5.47)

n=m-+1

Since ¢ > 0 is arbitrary, then F' € G*. Note that

oo

1DeFon — D oFIE = D7 nnl|[fales (8 2))] 3o nnye 2D (5.48)

n=m-+1
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Integrating both sides and letting m — oo yields

/[0 DBy = PPt i)
t] X

=Y / 1 (6 2) ey 21D u(d, d2)

n=m-+1 [0,¢]xR
<K Z | full 72 umy = 0 (5.49)
n=m-+1
for some K > 0. Thus, our claim is established. O

Lastly, we state the chain rule under Wick-polynomial action for entire func-
tions.

Lemma 5.10. [6] Let F' € (S)* and g : C — C be entire, then
Dy .g°(F) =(¢")°(F) © Dy . F. (5.50)

5.6. Wick Skorohod Identity. We extend the concept of (S)* integrability [10],
[17] to the Canonical Lévy space.

Definition 5.11. ((S)* integrability). The random field w : Ry x R is said to be
(S)*-integrable if the action of u for all F € (S)* satisfies < u, F >& L*(u). The
(S)*-integral denoted by fR g U(t, z)p(dt, dz) is the unique element in (S)* such
that

< / u(t,z)u(dt,dz),F>: / (u(t, 2), F) p(dt, d=). (5.51)
Ry xR Ry xR

Proposition 5.12. Wick-Skorohod Identity.
Let u be Skorohod-.integmble with respect to M, then, for all (t,z) € Ry x R, we
have that u(t, z) o M (t,x) is (S)*-integrable and

/ w(t, 2) M(5t, dz) = / u(t, 2) o MI(t, u(dt, dz).  (5.52)
Ry xR Ry xR

Proof. The steps of the proof are parallel to [7]. Since u is Skorohod-integrable
with respect to M, then it has a representation of the form

= calt,2) afZI (fu (-, (£, 2))), (5.53)

a€l
where f,,(-, (t,2)) € L2(u™). The right-hand side of (5.52) yields the following:

/ u(t, z) o M(dt, dz)p(dt, dz) Z Z Z < CayerPm >r2(p) Koyentem) .
R+ xR

a€Z keNmeN
(5.54)

Now since

Falo(8,2)) = D calt, 2)0%°, (5.55)

|a|=n
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then, f,.(-, (t,2)) has the following orthonormal expansion

fals (t,2) = Z Z Z < Ca» CkTm > L2(p) 5®aek(t)7rm(z)~ (5.56)

keNmeN |a|=n

Hence, the left-hand side of (5.52) yields the following:

/ u(t, z)M(0t,dz) = Z Z Z < Cay €kPm >12(n) Kogenthim) - (5.57)
R+ xR

a€T keNmeN
Finally, (5.54) and (5.57) give us the desired identity. O

6. Clark-Ocone Theorem in L?(P)

Now that we have presented a framework of concepts for Canonical Lévy pro-
cesses’ white noise theory, our goal is to show a Clark-Ocone theorem in L?(P)
with respect to the independent random measure M. The steps in proving the
Clark-Ocone theorem in L?(P) are similar to the Wiener and Poisson white noise
cases [8]: first one shows the Clark-Ocone theorem for a Wick polynomial, and then
one proves an auxiliary lemma (Lemma 6.7) to obtain the Clark-Ocone theorem
in L?(P).

We let P(z) be a polynomial in R™, that is, P(x) can be written as follows:

P(z) =) caz®, z€R", co€R, IT=N" (6.1)
acl

Throughout this section, we assume that a process u : Ry — (9)* is differentiable
in the (S)* sense. Define the following processes in (S)* :

Xkm :/ er(z)mm (s)M (ds, dz) = K xom),

]R+ xR
x® _ ex S g®
P k(2)mm (8) M (ds, dz) = K ) - (6.2)
’ [0,t] xR
From the Wick-Skorohod identity, we have the following derivative in (S)*
d
ax,gfzn = e1(2) L (1), (6.3)
where
Lon(t) = / ()N (ds, d)(de). (6.4)
R
We let
X = (Xkl,mu e van,mn)Tv X(t) = (Xlg?,mﬂ Y ’Xlii),Mn)T’
a = (an(kl,ml)a T 7an(kn,mn))T7 (65)

where k;,m; € N, for all ¢ € {1,--- ,n}. The Wick polynomial of X is given by

Po(X) =) caX® (6.6)
o€l
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Moreover, we have the following identities:

XOQ = (thml)o’f(klvm'l) AR (Xk,mn)on(kn’mn) = Kaa
oa or(k1,m) ok (kn,my)
(x@0) " =(x0,,) oo (x0) =K. (6.7)
Lemma 6.1. Differentiation of the Wick Polynomial
(i)
" a—erkimy)
De2P(X) = Cattu(unmn X" g (), (2), (6.8)
i=1 a€Z
= a—er(kimy))
DeaP(X) =3 Cattnnmn X e (0T, (2). (6.9)
i=1 a€l
(ii)
d "~ [ 0P\°
P =37 () (XO) o en, ()L, (2). 6.10
a =2 (5, e, (1)L, (2) (6.10)
Proof. (i) From the chain rule,
"L 9P(X)
D; ,P(X) = D . Xy, m,, 6.11
P () =3 S DX, (6.11)
"L OP°(X)
D, .P°(X) = Dy . Xy m.- 6.12
P00 =3 S DX, (612)
Since
OP(X w (kg m
( ):anaﬁ(ki,mﬁxa—f o (6.13)
(9561' acl /
GPO(X) k(kymy)
= Qe (o oy X Ol €TT0) 6.14
0x; (gzc iolles,ms) ( )
and
Xbsm; :/ €k; (8)Tm,; (x)M (ds, dx) = I (e, Tm,)- (6.15)
Ry xR
Then,
Dy . Xk, m, = ek, ()7, (.’L‘) (6.16)

Plugging (6.13) — (6.16) into (6.11) — (6.12), yields the desired result.
(ii) From the Wick chain rule and (6.15), we obtain

Aoy N~ (9PN (v . 4 @
oy =3 (22 (x0). L,

»
i=1 v

= - (9£ ¢ ) o ep ). '
;(axi) (X )<> ki (£) L, (2) (6.17)
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Definition 6.2. [17] Let F = ZZO:O I,(fn) € G*. We define the generalized
expectation E[F] in G* by

E[F] = Io(fo) (6.18)
and we define the conditional expectation of F with respect to A € B([0,T]) by

E[F|Fa] = Z L(fa18™). (6.19)

Let T' > 0 be a constant, we say that F' € G* is Fp measurable if E[F|Fr] =

Remark 6.3. If F € L?(P) C (G)*, then the generalized expectation coincides with
the usual conditional expectation. Let F' € G* and A € B([0,T]), then E[F|F4] €
G* and for some ¢ > 0, ||E[F|.7-'A]||g_q <||Fllg_,- Hence, E[F|Fa] € (G)*
Lemma 6.4. [17] Let F,G € G*, and A € B([0,T]), then
E[F o G|Fa] = E[F|F4] o E[G|Fal. (6.20)
Lemma 6.5. [8] If FF = P°(X) € G*, then its generalized conditional expectation
in G* is given by
fote?
E[FIF] =Y ca (X(t)) - p° (X(t>> . (6.21)
acl
F € G* is Fr measurable iff F can be written as
fete?
F=Yca <X<T>> . (6.22)
acl
To show the Clark-Ocone theorem in L?(P), we first establish a Clark-Ocone

theorem for polynomials.

Proposition 6.6. (Clark-Ocone Theorem for Polynomials). Let F € G* be an
Fr measurable Wick polynomial of degree n. Then

F—E[F] + / EIDy. FIF,_|M(dt, d2). (6.23)
[0,T]xR
Proof. Since F' Wick polynomial of degree n, then it has of the form
F=P(X)=) caX®, (6.24)
a€T

where P(x) is a polynomial in R™. Moreover, since F' is an an Fp measurable,
then

F =E[F|Fr] = O;Ic( )a‘le
:O%caE [(X(T))w‘ fT}

=Y (X<T) . (6.25)

a€l
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The expansion F' and E[D, ,F|F;_] consists of a finite number of terms. Hence,

both processes are Skorohod integrable. Then from the Wick-Skorohod identity
and from the preceding lemma,

| EDRFo M)
[0,T]xR

o § (52) (x)oen 0 [ mterite itazar

(6.26)

Now, since
ex, (1) / Tom, ()M (t, 2)n(d2)dt = ey, () Ly, () = %X,if?m, (6.27)
R

then, from the Wick chain rule and since F' is be Fp— measurable, we finally
obtain

| EDLrEo )
[0,T]xR

_ = AP\ ° ) d ®
_/[O,T] ; (8951) (X t ) © @in,midt

_ /[O}T] %po (X(w)

=P (x) - P (x)

_F — E[F). (6.28)
0

We need the following auxiliary lemma in establishing Clark-Ocone in L?(P).

Lemma 6.7. Let F' € G*, then we have the following:

(i) D, FegG*, G uae.,

(ii) Let F,, € G*, ¥V n € N such that F,, — F in G* as n — oo, then there exists
a sub-sequence Fy, , k € N such that D, . F,,, — D;.F € G* as k — oo,
g*, 1 a.e.

Proof. The proof is similar to the proof of Okur [18] in the Wiener case. O

Proposition 6.8. Clark-Ocone Theorem in L*(P)
Let F € L?(P) be Frmeasurable, then
F—E[F] + / E(D,.. FIFi | M(dt, dz), (6.29)
[0,T]xR
where E[Dy ,F|F;_] € L*(P x p), (t,2) € [0,T] x R.

Proof. Since F is Fp-measurable, then it has a chaos expansion of the form

F=Y coKa. (6.30)
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Let F,, be the truncation of F' such that
Fo= > ciKa, (6.31)
a€l,

where Z,, = {a € T : |a| < n,Index(a) < n}. Then, from the Clark-Ocone
theorem for polynomials, for at n € N,

B, —E[F,] + / E|D,.. F|Fi | M(dt, d=). (6.32)
[0,T]xR
From Itd’s representation theorem, there exists a unique predictable process u(t, z),
(t,z) € [0,T] x R such that F [f[o T}XRuz(t, z)pu(t, z)] < o0,
F =E[F] +/ u(t, z) M (dt, dz). (6.33)
[0,T]xR

From the isometry relation with respect to the independent random measure M
(Section 1.5 of [23]), we obtain

E[|(F. = E[F.]) - (F - E[F])’]

2
=B ’/ (E[Dy . Fo|Fi—] — ult, 2))M(dt,dz)
[0,T]xR

=F

/[0 g DT ) 2uldt, dz)] . (6.34)
T x

Then, since F,, — F in L?(P), the right hand side approaches zero as n — o0o.
Thus, we have the following convergence:

E[Dy . F,|Fi-] — ult, 2), L*(P x p). (6.35)

Now since F,, — F € L?*(P) C G*, then from Lemma 6.7 there exists a sub-
sequence F,, , k € N such that

E[DyF, |Fi—] — E[Dy ,F|F_] € G*, kE—oo G*,u ae. (6.36)
Taking a further sub-sequence, we have
E[D, o Fp, | Fi—] = u(t, 2), k — oo L*(P),nn a.e. (6.37)
Thus, it follows that
u(t,z) = E[Dy . F|Fi—], L*(P),1n a.e. (6.38)
O
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