0807.1208v2 [math.PR] 18 Jun 2010

arXiv

SELF-SIMILARITY PARAMETER ESTIMATION AND
REPRODUCTION PROPERTY FOR NON-GAUSSIAN HERMITE
PROCESSES

ALEXANDRA CHRONOPOULOU, FREDERI G. VIENS, AND CIPRIAN A. TUDOR

ABSTRACT. Let (Zt(q'H))te[OJ] be a Hermite processes of order g and with
Hurst parameter H € (%, 1). This process is H-self-similar, it has stationary
increments and it exhibits long-range dependence. This class contains the
fractional Brownian motion (for ¢ = 1) and the Rosenblatt process (for ¢ = 2).
We study in this paper the variations of Z(¢:1) by using multiple Wiener -1t6
stochastic integrals and Malliavin calculus. We prove a reproduction property
for this class of processes in the sense that the terms appearing in the chaotic
decomposition of the their variations give birth to other Hermite processes of
different orders and with different Hurst parameters. We apply our results to
construct a consistent estimator for the self-similarity parameter from discrete
observations of a Hermite process.

1. Introduction

1.1. Background and motivation. The variations of a stochastic process play
a crucial role in its probabilistic and statistical analysis. Best known is the qua-
dratic variation of a semimartingale, whose role is crucial in It6’s formula for
semimartingales; this example also has a direct utility in practice, in estimating
unknown parameters, such as volatility in financial models, in the so-called “his-
torical” context. For self-similar stochastic processes the study of their variations
constitutes a fundamental tool to construct good estimators for the self-similarity
parameter. These processes are well suited to model various phenomena where
long memory is an important factor (internet traffic, hydrology, econometrics,
among others). The most important modeling task is then to determine or esti-
mate the self-similarity parameter, because it is also typically responsible for the
process’s long memory and other regularity properties. Consequently, estimating
this parameter represents an important research direction in theory and practice.
Several approaches, such as wavelets, variations, maximum likelihood methods,
have been proposed. We refer to the monograph [1] for a complete exposition.
The family of Gaussian processes known as fractional Brownian motion (fBm) is
particularly interesting, and most popular among self-similar processes, because
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of fBm’s stationary increments, its clear similarities and differences with standard
Brownian motion, and the fact that its self-similarity parameter H, known as
the Hurst parameter, is also clearly interpreted as the memory length parameter
(the correlation of unit length increments n time units apart decays slowly at the
speed n2~2) and the regularity parameter (fBm is a-Holder continuous on any
bounded time interval for any o < H). Soon after {fBm’s inception, the study of its
variations began in the 1970’s and 1980’s; of interest to us in the present article are
several such studies of variations which uncovered a generalization of fBm to non-
Gaussian processes known as the Rosenblatt process and other Hermite processes:
[2], [5], [7], [17] or [18]. We briefly recall some relevant basic facts. We consider
(Bi" )tejo,1) a fractional Brownian motion with Hurst parameter H € (0,1). As
such, B is the continuous centered Gaussian process with covariance function

Ri(t,s) = E [BYBY] = %(s”f FEH PR s e [0,1],

Equivalently, B! = 0 and E {(Bf - BtH)2] = |t — s|*. Tt is the only Gaussian
process H which is self-similar with stationary increments. Consider 0 = ¢y <
tp < ... <ty =1 a partition of the interval [0,1] with ¢; = & fori =0,..., N
and define the following ¢ variations

N-1 H _ gH N-1 BH _ BH)
B — Bf (B b
o =3 H, e h ;i =

27\ 2 “\ « ¢
= = +1 — U
el my)

where H, with ¢ > 2 represents the Hermite polynomial of degree q. Then it
follows from the above references that for:
efor0 < H<1- % the limit in distribution of N_%vg\?) is a centered
Gaussian random variable,
o for H=1- 21—q the limit in distribution of (N log N)*%vj(\?) is a centered
Gaussian random variable,
o for1— % < H < 1 the limit of N‘J(l_H)_lvj(\?) is a Hermite random variable
of order ¢ with self-similarity parameter q(H — 1) + 1.

)H

This latter random variable is non-Gaussian; it equals the value at time 1 of a
Hermite process, which is a stochastic process in the gth Wiener chaos with the
same covariance structure as fBm; as such, it has stationary increments and shares
the same self-similarity, regularity, and long memory properties as fBm; see Def-
inition 2.1. We also mention that very recently, various interesting results have
been proven for weighted power variations of stochastic processes such as frac-
tional Brownian motion (see [11]), fractional Brownian sheets (see [15]), iterated
Brownian motion (see [12]) or the solution of the stochastic heat equation (see [16]
or [3]). Because of a natural coupling, the last limit above also holds in L?(£2)
(see [13]). In the critical case H =1 — 2—1q the limit is still Gaussian but the nor-
malization involves a logarithm. These results are widely applied to estimation
problems; to avoid the barrier H = % that occurs in the case ¢ = 2, one can use
“higher-order filters”, which means that the increments of the fBm are replaced
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by higher-order increments, such as discrete versions of higher-order derivatives,
in order to obtain a Gaussian limit for any H (see [9], [8], [4]). The appearance of
Hermite random variables in the above non-central limit theorems begs the study
of Hermite processes as such. Their practical aspects are striking: they provide
a wide class of processes from which to model long memory, self-similarity, and
Holder-regularity, allowing significant deviation from fBm and other Gaussian pro-
cesses, without having to invoke non-linear stochastic differential equations based
on fBm, and the notorious issues associated with them (see [14]). Just as in the
case of fBm, the estimation of the Hermite process’s parameter H is crucial for
proper modeling; to our knowledge it has not been treated in the literature. We
choose to tackle this issue by using variations methods, to find out how the above
central and non-central limit theorems fit in a larger picture.

1.2. Main results: summary and discussion. In this article, we show results
that are interesting from a theoretical viewpoint, such as the reproduction prop-
erties (the variations of Hermite processes give birth to other Hermite processes);
and we provide an application to parameter estimation, in which care is taken to
show that the estimators can be evaluated practically. Let Z(@) be a Hermite
process of order ¢ with selfsimilarity parameter H € (%, 1) as defined in Definition
2.1. Define the centered quadratic variation statistic

N—1 (ZE&H) _ Z(q,H))2
N_

VN::%Z i

W —
2

Also for H € (1/2,1), and ¢ € N\ {0}, we define a constant which will recur
throughout this article:

(1.1)

H(2H —1))'/? H-1
d(H,q) : = (A ) VoL H’=1+7( ). (1.2)
(q!(H'(2H" —1))9) q
We prove that, under suitable normalization, this sequence converges in L?(Q) to
a Rosenblatt random variable.

Theorem 1.1. Let H € (1/2,1) and ¢ € N\{0}. Let Z@H) be a Hermite process
of order q and self-similarity parameter H (see Definition 2.1). Let ¢ be an explicit
positive constant (it is defined in Proposition 3.1). Then eN@—2H)/ay/y converges
in L? () to a standard Rosenblatt random variable with parameter H" := @4—
1, that is, to the value at time 1 of a Hermite process of order 2 and self-similarity

parameter H” .

The Rosenblatt random variable is a double integral with respect to the same
Wiener process used to define the Hermite process; it is thus an element of the
second Wiener chaos. Our result shows that fBm is the only Hermite process
for which there exists a range of parameters allowing normal convergence of the
quadratic variation, while for all other Hermite processes, convergence to a second
chaos random variable is universal. Our proofs are based on chaos expansions
into multiple Wiener integrals and Malliavin calculus. The main line of the proof
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is as follows: since the variable Zt(q’H) is an element of the gth Wiener chaos,
the product formula for multiple integrals implies that the statistics Vy can be
decomposed into a sum of multiple integrals from the order 2 to the order 2¢. The
dominant term in this decomposition, which gives the final renormalization order
N(@=2H)/4_ig the term which is a double Wiener integral, and one proves it always
converges to a Rosenblatt random variable; all other terms are of much lower
orders, which is why the only remaining term, after renormalization, converges to
a second chaos random variable. The difference with the fBm case comes from
the limit of the term of order 2, which in that case is sometimes Gaussian and
sometimes Rosenblatt-distributed, depending on the value of H. We also study
the limits of the other terms in the decomposition of Vj, those of order higher
than 2, and we obtain interesting facts: all these terms, except the term of highest
order 2¢, have limits which are Hermite random variables of various orders and self-
similarity parameters. We call this the reproduction property for Hermite processes,
because from one Hermite process of order ¢, one can reconstruct other Hermite
processes of all lower orders. The exception to this rule is that the normalized
term of highest order 2¢ converges to a Hermite r.v. of order 2¢q if H > 3/4, but
converges to Gaussian limit if H € (1/2,3/4]. Summarizing, we have the following.

Theorem 1.2. Let Z@H) be again a Hermite process, as in the previous theorem.
Let Ty, be the term of order 2n in the Wiener chaos expansion of Vi: this is
a multiple Wiener integral of order 2n, and we write Vy = ZZ:I conTo, where
C2g—2k = k!(g)z'

e For every H € (1/2,1) and for every k = 1,...,q — 1 we have con-
vergence of the expression (zp ) " N@2HDRTy, in L2(Q) to 2K, 4
Hermite random wvariable of order r = 2k with self-similarity parameter
K =2k(H' — 1) + 1, where z g is a constant.

e Forevery H € (1/2,3/4), with k = ¢, we have convergence ofx;}q/fZ\/Nqu
to a standard normal distribution, with x1 m 4 a positive constant depending
on H and q.

e For every H € (3/4,1), with k = q, we have convergence of x;}ﬁz N2-2H

Ty, in L*(Q) to Z2¥2H=1" o Hermite r.v. of order 2q with parameter
2H — 1; with x2 H,q a positive constant depending on H and q.

e For H=23/4, with k = q, we have convergence of \/N/log Nx;}qugq to
a standard normal distribution, with xs g a positive constant depending
on H and q.

Some of the aspects of this theorem had been discovered in the case of ¢ = 2
(Rosenblatt process) in [20]. In that paper, the existence of a higher-chaos-order
term with normal convergence had been discovered for the Rosenblatt process with
H < 3/4, while the case of H > 3/4 had not been studied. The entire spectrum
of convergences in Theorem 1.2 was not apparent in [20], however, because it
was unclear whether the term T5’s convergence to a Rosenblatt r.v. was due
to the fact that we were dealing with input coming from a Rosenblatt process,
or whether it was a more general function of the structure of the second Wiener
chaos; here we see that the second alternative is true. The paper [20] also exhibited
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a remarkable structure of the Rosenblatt data when H < 3/4. In that case, as
we see in Theorem 1.2, there are only two terms in the expansion of Vi, To and
Ty; moreover, and this is the remarkable feature, the proper normalization of
the term T3 converges to none other than the Rosenblatt r.v. at time 1. Since
this value is part of the observed data, one can subtract it to take advantage of
the Gaussian limit of the renormalized T}, including an application to parameter
estimation in [20]. In Theorem 1.2 above, if ¢ > 2, even if H < 3/4, by which
a Gaussian limit can be constructed from the renormalized T5,, we still have
at least two other terms 75,7}, --T5,—2, and all but at most one of these will
converge in L? () to Hermite processes with different orders, all different from
q, which implies that they are not directly observed. This means our Theorem
1.2 proves that the operation performed with Rosenblatt data, subtracting an
observed quantity to isolate T3, and its Gaussian asymptotics, is not possible with
any higher-order Hermite processes. The last aspect of this paper applies Theorem
1.1 to estimating the parameter H. Let Sy be the empirical mean of the individual
squared increments

N—
1 (Z(%H) (q,H))2

N
1=0

)_.

and let
Hy = (log Sy) / (2log N) .

We show that Hy is a strongly consistent estimator of H, and we show asymp-
totic Rosenblatt distribution for N2(1—H)/4 (H - ﬁ) log N. The fact that this

estimator fails to be asymptotically normal is not a problem in itself. What is
more problematic is the fact that if one tries to check ones assumptions on the
data by comparing the asymptotics of H with a Rosenblatt distribution, one has
to know something about the normalization constant N2(!=H)/4¢_ Here, we prove
in addition that one may replace H in this formula by Hy, so that the asymptotic
properties of Hy can actually be checked.

Theorem 1.3. The estimator ﬁN is strongly consistent, i.e. limy_ o0 ﬁN =H
almost surely. Moreover there exists a standard Rosenblatt random variable R with
self-similarity parameter 1 4+ 2(H — 1)/q such that

lim B (|20 (H — Iy ) 10og N = eac)/ 3 R|| = 0

N—o00
Herea(H)=(1+(H-1)/q) 1 +2(H-1)/q).

Replacing the constant c¢q, g by its value in terms of Hy instead of H also seems
to lead to the above convergence. However, this article does not present any nu-
merical results illustrating model validation based on the above theorem; moreover
such applications would be much more sensitive to the convergence speed than to
the actual constants; therefore we omit the proof of this further improvement on
C1,H-
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2. Preliminaries

2.1. Multiplication in Wiener Chaos. Let (W;):c[o,1] be a classical Wiener
process on a standard Wiener space (Q,F,P). If f € L?*([0,1]™) with m > 1
integer, we introduce the multiple Wiener-It6 integral of f with respect to W.
We refer to [14] for a detailed exposition of the construction and the properties
of multiple Wiener-It6 integrals. Let f € S, i.e. f is an elementary function,
meaning that

f: E C’L'l,...imlAiiX...XAim

where 41, ..., %, describes a finite set and the coefficients satisty ¢;, .. 4,, = 0 if two
indices 5 and 7; are equal and the sets A; € B([0,1]) are disjoints. For such a step
function f we define

In(f) = > il WAL W (AL

where we put W ([a,b]) = W, — W,. It can be seen that the application I,
constructed above from S to L?() satisfies

E [1:(f)Im(9)] = nl(f, 9) 20,11y if m=n (2.1)
and
E[I,(f)In(9)] =0if m # n.
It also holds that I,,(f) = I, ( f) where f denotes the symmetrization of f de-

fined by f(:vl, cey X)) = % Yove, f(To@)s -+, Ton))- Since the set S is dense in
L?([0,1]™) the mapping I,, can be extended to a linear continuous operator from
from L2([0,1]™) to L?(2) and the above properties hold true for this extension.
Note also that I,,(f) with f symmetric can be viewed as an iterated stochastic

integral
1 tn to
o Jo 0

here the integrals are of It6 type; this formula is easy to show for elementary f’s,
and follows for general symmetric function f € L2([0,1]™) by a density argument.
We recall the product for two multiple integrals (see [14]): if f € L%(]0,1]") and
g € L?([0,1]™) are symmetric then it holds that

mAn

m\ (n

L(f)In(g) = Y l!( z ) <Z>Im+n—2l(,f 21 9) (2.2)
1=0
where the contraction f ®; g belongs to L2([0, 1]™*"=2!) for | = 0,1,...,mAn and
it is given by

(f Xy g)(sl, e ,Sn,l,tl, e ,tm,l) =

/ l F(s1y ey Snetytuty ey ug)g(tey ooyt Uty - oy ug)duy .. duy. (2.3)
[0,1]
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2.2. The Hermite process. Recall that the fractional Brownian motion process
(Bf!)ie[0,1) with Hurst parameter H € (0,1) can be written as

t
BtH:/ KH(t,s)dw,, tel0,1]
0

where (W, t € [0,T]) is a standard Wiener process, K (t,s) = cysz—H fst(u -
1
s)H=3uH~2du if t > s (and it is zero otherwise), cy = (%)2 and

B(-,-) is the Beta function. For ¢ > s, the kernel’s derivative is ag—tH(t, s) =

CH (%)%7H (t — s)#=%. Fortunately we will not need to use these expressions
explicitly, since they will be involved below only in integrals whose expressions are
known.

We will denote by (Zt(q’H))te[Oﬁl] the Hermite process with self-similarity param-
eter H € (1/2,1). Here ¢ > 1 is an integer. The Hermite process can be defined
in two ways: as a multiple integral with respect to the standard Wiener process
(Wt)teo,1]; or as a multiple integral with respect to a fractional Brownian motion
with suitable Hurst parameter. We adopt the first approach throughout the pa-
per. We refer to [13] of [19] for the following integral representation of Hermite
processes.

Definition 2.1. The Hermite process (Zt(q’H))te[Oﬁl] of order ¢ > 1 and with
self-similarity parameter H € (%, 1) is given by

t
Zt(q’H) =d(H, q)/ AWy, ...dW,, / LK™ (u,y1) ... 0 K™ (u, Yq)du
[O)t]q Y1V...Vyq
(2.4)

for t € [0,1], where K¥' is the usual kernel of the fractional Brownian motion and
H-1
H =14 —— <= (2H' —2)q=2H — 2. (2.5)
q

Of fundamental importance is the fact that the covariance of Z(@#) is identical
to that of fBm, namely

1
E | 2000 2] = S 4 s — |t — 5[2F).
The constant d(H, q), given in (1.2) on page 3, is chosen to avoid any additional
multiplicative constants. We stress that Z(@H) is far from Gaussian for ¢ > 1,
since it is formed of multiple Wiener integrals of order q.

The basic properties of the Hermite process are listed below: i) the Hermite
process Z(@H) is H-selfsimilar and it has stationary increments; ii) the mean square
of the increment is given by

2
N R

as a consequence, it follows from Kolmogorov’s continuity criterion that Z(@#) has
Hélder-continuous paths of any order § < H; iii) it exhibits long-range dependence



8 ALEXANDRA CHRONOPOULOU, FREDERI G. VIENS, AND CIPRIAN A. TUDOR

in the sense that > - E [Zl(q’H)(Z,(ﬁ_Ilﬂ - Zr(Lq’H)) = oo. In fact, the summand

in this series is of order n2#—2. This property is identical to that of fBm since the
processes share the same covariance structure, and the property is well-known for
fBm with H > 1/2; iv) if ¢ = 1 then Z(H) is a standard Brownian motion with
Hurst parameter H while for ¢ > 2 this stochastic process is not Gaussian. In the
case ¢ = 2 this stochastic process is known as the Rosenblatt process.

3. Variations of the Hermite process

2
Since E (ZS?;F’ - Z(iq’H)) = N2 and by (2.6), the centered quadratic vari-
N N

ation statistic Viy given in the introduction can be written as

— N2H-1 Z [(ZSZF) (q H))2 _N_ZH] '

N

Let I; := [+, ZL]. In preparation for calculating the variance of Viy We will find

N )
an explicit expansion of Vi in Wiener chaos. We have Z (qﬂH )z (N =1,(fin)

N

where we denoted by f; n(y1,...,yq) the expression

i1
N

Lig (g1 V... Vyg)d(H, Q)/ K (u,y) . 0 K™ (u,yq)du
oy Yy1V...Vyq

i

N o' H'
(Y1 V...V yg)d(H, q) MK (u,y1) ... 1 K™ (u, yq)du.

Y1V...Vyq

_1[

4
*N

Using the product formula for multiple integrals (2.2), we obtain
q
I,(fin)Ig(fin) Z ( > Ing—o1 (fi,n @1 fi,N)

=0

where the f ®; g denotes the I-contraction of the functions f and g given by (2.3).
Let us compute these contractions; for [ = g we have

(fin ®q fin) = @ fin, fin) L2012 = E |:(ZE+1 ) Z(q’H)) ] =N

Throughout the paper the notation 9 K (t,s) will be used for 8; K7 (t,s). For
[ = 0 we have

(fin @0 fin) Wi, Ygs 2151 2q) = (fin @ fin)(Y1s-- - Yqs 21,1 2q)
finWi, -y fin (21, ..., 2q)
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while for 1 <k <qg—1

(fin @k fin) W1, Yg—br 215 -+ -5 2g—k) = d(H, Q)Q/ . dog ... doy,
[0,1]

(1;’111(1,61?;11,6 /y dud K (u,y1) ... 1 K (u,yq—k) 01 K (u, 1) ... 01 K (u, o)

i+1,k

=17, 15 / dud1 K (u,y1) ... 01 K (u, yg—r )1 K (u, 1) ... 01 K (u, ak)>
Iy

i,k

41
N
<lfil,q—k1?-|il,k /z dvoi K (v,21) ... O K (v, 2g—k) W K (v, 1) ... 1 K (v, ag)

i+1,k

— 117.’)’;1_%1?)}'C /N dvor K (v,21) ... O K (v, 2g—k) 1 K (v, 1) ... O1 K (v, ak)>

z
ik

where 174 denotes the indicator function 1[07%% (xz;) with = being y, z, or «, and
I7, denotes the interval [z1 V.-V zq—r V a1 -+ V ag;i/N], with = being y or z.
By interchanging the order of the integration we get

(fin @k fiN) Y15+ Ygmbr 215 - -+ Zg—k)

i+1

N
= Jd(H, q)z{l[o)HNl]zqmc (i, Zz)/ dud K (u, y1) ... 01K (u, yg—k)
Y1V...Yg—k
izt,l uAv k
/ dvor K (v,21) ... 01K (v, zg—1) (/ h K (u,a)01 K (v, a)da)
z1V...zg— 0
1 k %
—1ljg,it1)a-+ (yi)l[()y%]q—k (z:) dudi K (u,y1) ... 01 K (u, yg—k)
Y1V..Yg—k
ﬁ. uAv k
/ dvor K (v,21) ... 01K (v, zg—1) (/ " K (u,a)01 K (v, a)da)
z21V...2q—k 0
%
—1[0,%%'6(yz')l[(),%]q—k(zi)/ dud K (u, y1) - .. 01K (u, yg—k)
Y1V Yg—k
it1 k

uAv
/ ; dvor K (v,21) ... 01K (v, zg—1) (/ h K (u,a)01 K (v, a)da)
z21V...2q—k 0

7

+1[o,%}qfk(yz')l[o,%]q—k(zi)/ dud1 K (u,y1) . .. 01K (u, Yq—k)
Y1V Yg—k

2 uNv k
/N dvO K (v,21) ... 1K (v, 2g—1) </ h K (u,a)01 K (v, a)da> }
z21V...2q—k 0
and since

uUNv
/ " K (u, )0 K (v, a)da :a(H/)|u_U|2H/—2
0
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with a(H') = H'(2H' — 1), we obtain
<f’i,N Qk f17N> (yh s Yg—ks R1y - - quk) = d(H7 Q)2G’(H/)k

i1
N

X {Hoﬁ%]qk (yi)l[oﬁ%]qfk (Zz) /U dualK(uu yl) ) alK(ua yq—k)

1V Yg—k

i+1
N

></ dvalK(v,zl)...81K(v,zq_k)|u_Ul(gH/_z)k
z21V...2q—k

i4+1
N
—Lp, it1yar (yi)l[o,%]qfk (z:) dudi K (u,y1) ... 01 K (u, yg—k)
Y1V..Yg—k
% !
><‘/ d’UalK(U,Zl)...alK(U,Zq_k)|u—v|(2H —2)k
z21V...2q—k
%
Lo, z1a-x (yi)l[o,#]q—k (z:) / dudri K (u,y1) ... 01 K (u, yg—k)
Y1V Yg—k
ixl
X/ dvd K (0,21) ... K (v, 24 )|u — v| P Dk
z21V...2q—k
%
+1jg, £ ja-r (yi)l[o,%]q—k (z:) / dudi K (u,y1) ... 01 K (u, yg—k)
Y1V Yg—k

% !
></ dvalK(v,zl)...81K(U,zq_k)|u_v|(2H —2)19}'
z21V...2q—k

(3.1)
As a consequence, we can write

VN = T2q + CQq,QTQq,Q 4. FeqTy + e (32)

Coqok == k! (Z) : (3.3)

are the combinatorial constants from the product formula for 0 < k < ¢ — 1, and

N-1
Tog—ok == N2H7112q72k <Z fi,N Ok fi,N) ) (3.4)

i=0

where

where the integrands in the last formula above are given explicitly in (3.1). This
Wiener chaos decomposition of Vi allows us to find Vx’s precise order of magni-
tude via its variance’s asymptotics.
Proposition 3.1. With
Ad(H,q)* (H'(2H" —1))*
C =

VT AHE = 3)(H = 2)[2H —2)(¢ — D) + 1P[(H = 1)(g — 1) + 17

it holds that

(3.5)

lim E |7, NC226 202 ] = 1.

N —o00
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Proof. We only need to estimate the L? norm of each term appearing in the

chaos decomposition (3.2) of Vi, since these terms are orthogonal in L?. We can
write, for 0 < k < ¢q—1,

2

N-1 s
E (T3 o] = NY7%(2q-2k)! (Z fi,n ®k fi,N)
i=0 L2([0,1]2a—2Fk)
= N4H 2 Z f1N®ksz7f],N®kf], >L2 ([0,1]2a—2k)

where (¢)* = g and f; N®x fi n denotes the symmetrization of the function f; xy ®
fi,n. We will consider first the term T, obtained for k¥ = ¢ — 1. In this case, the

N-1 . . Lo ..
kernel Zi:o fi.n ®q—1 fi,n is symmetric and we can avoid its symmetrization.
Therefore

N-1

E[T7] = 20N"Y723" fin @1 finl 2002
=0
N—-1

= 21 N2 Z (fi,N ®q—1 fi,N, fi,N @q—1 [5,N)L2(0,1]2)-
ij=0

We compute now the scalar product in the above expression. By using Fubini
theorem, we end up with the following easier expression

(fin @q-1 fin, [N @q-1 fi,n)r2(0.012) = a(H')*d(H, q)* ////

x| — v GH == |y o |RH =2)(a=1) |y o) |2H' =2y — o |PH =240/ du/ dvdu

Using the change of variables y = (u — %)N and similarly for the other variables,
we now obtain

E I:TQQ} — H q) (H/(2H/ 1))2qN4H72N74N7(2H172)2q

N-1

Z / / / / ddedy dZ/|y | (2H'—2)(q— 1)|y /|(2H —2)(q—1)
><|y—y'+z FICH =Dz — o i — j|CH D),

This can be viewed as the sum of a diagonal part (i = j) and a non-diagonal part
(i # j), where the non-diagonal part is dominant, as the reader will readily check.



12 ALEXANDRA CHRONOPOULOU, FREDERI G. VIENS, AND CIPRIAN A. TUDOR

Therefore, the behavior of E [T5] will be given by

E[17]

1 1 1 1
= 2!d(H,q)4(H’(2H’—1))2qN_22Z / / / / dydzdy'dz’
o Y0 0 0 0

Xy — 2lly’ — #)EE DD (fy — g i flla— 24— D)
N—-2N—i

= 2d(H,q)*(H'(2H' —1))*N~ 2222/ / / / dydzdy'dz'

=0 (=2
x|y — z|ly’ — 2'|)FH =D q‘l)(ly—y FO-1|z -2 +£— 1) 2

= 2d(H,q)*(H'(2H' —1))*N~ 2221\7 e+1////dydzdydz

x(ly — 2|ly’ — 2'])H ~Dla= 1)(Iy Y +l—1)|z =2 + 00— 1)) =2,

As in [20] note that

N
1 ) ,
WZ(N_K‘FULU—Z/—I—K—1|(2H*2)|Z_Z’_|_g_1|(2H72)
=2
N
1 g—l /{—1 , Z—ZI /—1 ,
N22H ~2) 2H' 2 2H 2
Z N + N | | N 4 ~ |

e:
Using a Riemann sum approximation argument we conclude that
Ad(H, q)*(H'(2H' — 1))24 x N2(H'-2)

G =3~ D(2H =g — )+ DI~ Dg— 1) + 1

Therefore, it follows that

E [Tf] ~

E [ N2 Sy, (3.6)

with ¢1 g as in (3.5).

Let us study now the term Ty, ..., Ta, given by (3.4). Here the function

Z?L_ol fi.n ®k fi,n is no longer symmetric but we will show that the behavior of
its L? norm is dominated by E [TQQ] Since for any square integrable function g

one has ||g||z2 < ||g||r2, we have for k=0,...,q—2
) N-1
2 _ AFAH-2 s g2
ME [T3—ax] = N7 ; Jin @k fi N L2 0 112020

N-1

< N4H_2H Z fi,N Ok fi,N||%2([0,1]2q—2k)
i=0
N-1

= N2 Z (fiN ®k fin, [N Ok [5,N)L2([0,1]20-2+) (3.7)

4,J=0
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and proceeding as above, with eg ., := (2¢ — 2k)!(H'(2H' — 1))?%d(H, q)* we can
write

N-1
B (7%l <onV 5 [ [ ana | [

i,j=0
Xlyn = 2 CH Ryl — o [CH DRy, — g [GH D]y o) GH =2

and using a change of variables as before,

E [T22q—2k}

IN

N—-1
eH,q,kN4H_2N_4N_(2H/_2)2q Z /[ . dydzdy'dz'(|y _ Z||yl _ 2/|)(2H'—2)k
i,j=0710:1

X|y—y/—|—i—j|<2H(72)(q7k)|Z—Z/+’L’—j|<2H(72)(q7k)

’ N
_ (2q —2Kk)ld(H,q)* NCH =2)(2a=2k) -1 / o
= a(H) 2 e ; 1 N o dydzdy'dz

P | (2H'—-2)(q—k)
N

~ (3.8)

- y—y L-1
= =l = )@ (|1 4

zZ—z

Since off a diagonal term (again of lower order), the terms 2% " are dominated by
% for large I, N it follows that, for 1 <k <g—1

E [Cq—_ll“HN(272H/)(2q72k)T22q_2k} =0(1) (3.9)

when N — oo, with
1
oot = 2 / (1— )2 CH =DCa-20) g0 (11 ~2(2g — 20)1d(H, g)2a(H')27. (3.10)
0

It is obvious that the dominant term in the decomposition of Vv is the term in
the chaos of order 2. [The case k = 0 is in the same situation for H > % and for
H € (%,32) the term Ty, obtained for & = 0 has to be renormalized by N, (as in
proofs in the remainder of the paper); in any case it is dominated by the term T5).
More specifically we have for any k < q — 2,

E [N2(272H’)T22q_2k} -0 (N*2(2*2H’)2(qfk*1)) ' (3.11)

Combining this with the orthogonality of chaos integrals, we immediately get that,
up to terms that tend to 0, N2_2H/VN and N2_2H/T2 have the same norm in
L? (). This finishes the proof of the proposition. |

Summarizing the spirit of the above proof, to understand the behavior of the
renormalized sequence Vi it suffices to study the limit of the term

N—-1
I <N2H1N(22H’) Z fin @1 fi1N> (3.12)

=0
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with

(fi,n ®q—1 fi,n)(y, 2) (3.13)
= d(H,q)*a(H")*"

(0,000 2) [ [ doduds i )or o231 = =200

2~

it+1
N /
10,41 (®)10(2) /1 | / dvdudy K (u, )0 K (v, 2) u — v| 27 =200

2~

i1

—I—lli(y)l[o)%](z)/]v /dvdualK(u,y)alK(v,zﬂu—v|(2H’72)(q71)
Y I;

i+1 i+1
+17,(y)1y, (z)/ " / " dvdud, K (u, y)01 K (v, z)|u — v|(2Hl2)(q1)> .
Yy z

We will see in the proof of the next theorem that, of the contribution of the four
terms on the right-hand side of (3.13), only the first one does not tend to 0 in
L? (). Hence the following notation will be useful: f2 will denote the integrand
of the contribution to (3.12) corresponding to that first term, and o will be the
remainder of the integrand in (3.12). In other words,

N-1
4y = NZH-1 N (220 Z Jin ®@q-1 fin (3.14)
i=0
and
Ny,z) + = NMINC2HG( g)2a(H)T!

N—-1
Zl[o,ﬁ-](yv,z)/] /1 dvdud, K (u, y)01 K (v, 2)|u — o| 2 2= (3.15)
i=0 i i

Theorem 3.2. The sequence given by (3.12) converges in L? () as N — oo to the

7/2 times a standard Rosenblatt random variable 21(2’2H/_1) with self-

similarity parameter 2H' —1 and H' is given by (2.5). Consequently, we also have

that cigzN(2_2H/)c;1VN converges in L? (Q) as N — oo to the same Rosenblatt
random variable.

1
constant ¢y

Proof: The first statement of the theorem is that N2~2H#'T}, converges to

1/2 (2,2H'—1)
Cl,Hzl

in L?(Q). From (3.12) it follows that T5 is a second-chaos random variable, with
kernel

N—-1
N2 Z (fi,n ®q—1 fi,N)
=0
(see expression in ( 3.13)), so we only need to prove this kernel converges in
L?([0,1]?). The first observation is that ro(y, z) defined in (3.14) converges to
zero in L2([0,1]?) as N — oco. The crucial fact is that the intervals I; which are
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disjoints, appear in the expression of this term and this implies that the non-
diagonal terms vanish when we take the square norm of the sum; in fact it can
easily be seen that the norm in L? of ry corresponds to the diagonal part in
the evaluation in ET which is clearly dominated by the non-diagonal part, so
this result comes as no surprise. The proof follows the lines of [20]. This shows
NC=2H)T, is the sum of I, (f4¥) and a term which goes to 0 in L? (). Our next
step is thus simply to calculate the limit in L? (), if any, of I(f}') where f&¥
has been defined in (3.15). By the isometry property (2.1), limits of second-chaos
r.v.’s in L? () are equivalent to limits of their symmetric kernels in L? ([0, 1]?).
Note that 2 is symmetric. Therefore, it is sufficient to prove that fJ' converges
to the kernel of the Rosenblatt process at time 1. We have by definition

f(y2) = (H'(2H' = 1) Vd(H, ¢ N> N2>
N-1
X Z / / |u_v|(2H,72)(q71)81KH,(u7y)alKH,(vaZ)'
i=0 71i i

Thus for every v, z,

¥ (y,2) = d(H, q)*(H'(2H' — 1))le- YV N2H-1 224

N-1
X Z / |u — v|(2H/_2)(q_1)81KH/(u,y)alKH/(v,z)dudv
i=0 Y1 /1

N-1
_ d(H, q)2(H’(2H' _ 1))(q—l)N2H—1N2—2H' Z / / |u _ ,U|(2H/—2)(Q—l)
i=0 Y1 /L
x (alKH’ (u, ) KH (v, 2) — O KH (i/N, 2)0, K7 (i/N, z)) dudy
—|—d(H, q)2(H’(2H’ _ 1))(q71)N2H71N272H’ Z/ / |u _ ,U|(2H’72)(q71)
i=0 VL /i
xO K™ (i /N, y) o K® (i/N, z)dudv

= AV (y,2) + A (y, 2).

As in [20], one can show that E [HA{VH;([OJ]Q)

second term A% (y, z), the summand is zero if i/N < y V z, therefore we get that
[ is equivalent to

] — 0 as N — oo. Regarding the

N-1
NN A(H, q) (B (2 — 1)) ) / fu — o] GH =2~
i=0 V1 1

xO K™ (i /N, y)o1 K™ (i /N, z)dudv
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_ (H’(2H’ _ 1))(‘1’1)d(H, q)2N2H71N272H’
N-1

< S KT ()N, ) K (1N, 2) e i / / fu — o] 20D dudy

1=0
= (H'(2H' - ))(q_l)[(@H'—?)(q—1)+1)((H ~D(g-1)+1)]
N2H lN(2 2H' )q

Z KM (i/N, ) K™ (i/N, 2)1yy.ciin

N? =0
__d(H,q)? (H'(2H' — 1))tV
 d(2H'—2,2) (2H' —=2)(¢— 1)+ )((H' = 1)(g— 1) + 1)
N-—-1
xd(2H' —2,2) N1 3" 01K (i/N,y)oL K™ (i /N, 2) 1o
=0

The sequence d(2H' —2,2)N~* Zfi_ol KM (i/N,y)o.KH' (i/N, 2)lyyzci/n is a
Riemann sum that converges pointwise on [0, 1] to the kernel of the Rosenblatt
process Z2H' =12 gt time 1. To obtain the convergence in L2 ([0,1]%) we will apply
the dominated convergence theorem. Indeed,

2

Z HEM (i /N, y)o1 K™ (i /N, 2)1yy.cin| dydz
2
= m / OE™ (i/N, ) K™ (/N y)y<ingy vy
2,7=0
1 N-—-1 )
< w3 2 [E[AZynazN][
i,5=0

where AZ; is the difference Z (%) —Z (%) for a Rosenblatt process Z. We now
show that the above sum is always < N2, which proves that the last expression,
with the N2 factor, is bounded. In fact for H; = 2H' — 1

N-1 , N PP i1 i 2
O [BaZAZ = D ||| || Y w
,7=0 i,j=0

N74H1 N-1 2
= NS i P i 2 g

i,j=0

N 4H1 2

< 2N Z \|z+1|2H1+|e—1|2H1—2|z|2H1

—N+1

The function g(£) = |¢+ 1|21 ¢ —1]2H1 —2|¢|*H1 behaves like Hy (2H, —1)]¢|?H2 2
for large £. We need to separate the cases of convergence and divergence of the
series > |g(¢)|%. Tt is divergent as soon as Hy > 3/4, or equivalently H' > 7/8,
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in which case we get for some constant ¢ not dependent on N,

-1
2 — — —
i/NRZj S ' =€ '
NZ |E [AZi/NnAZjn]|” < eNTHFHUL=S — oN72 < N?
i,7=0

The series Y |g(¢)|* is convergent if H' < 7/8, in which case we get

N-—1
|E[AZinAZj/N] |2 < N7
/ J/

4,7=0

For this to be < N2, we simply need —4H; +1 < 2,i.e. H' > 5/8. However, since
g >2and H > 1/2 we always have H' > 3/4. Therefore in all cases, the sequence
AY (y, z) is bounded in L? ([0,1]?) and in this way we obtain the L? convergence
to the kernel of a Rosenblatt process of order 1. The first statement of the theorem

is proved. In order to show that 01}1/2N(2*2H/)02_1VN converges in L?(Q) to the
same Rosenblatt random variable as the normalized version of the quantity in
(3.12), it is sufficient to show that, after normalization by N2_2H/7 each of the
remaining terms of in the chaos expansion (3.2) of Vi, converge to zero in L?(€2),

i.e. that N(272Hl)qu_2;C converge to zero in L?(Q), for all 1 < k < ¢ — 1. From
(3.11) we have

E N2(272H’)T22q72k} -0 (N72(272H’)2(q7k71))

which is all that is needed, concluding the proof of the theorem. |

4. Reproduction property for the Hermite process

We now study the limits of the other terms in the chaos expansion (3.2) of
V. We will consider first the convergence of the term of greatest order T, in
this expansion. The behavior of Ty, is interesting because it differs from the
behavior of the all other terms: its suitable normalization possesses a Gaussian
limit if H € (1/2,3/4]. Therefore it inherits, in some sense, the properties of the
quadratic variations for the fractional Brownian motion (results in [20]). We have

N-1
Toy = N?H71],, <Z fin ®fi,N>

i=0

and E [qu] = N4H_2(2q)! ij;l()<fi)N®fi7N, fj,N@fj,N>L2[0,1]2Q- We Wﬂl use the

following combinatorial formula: if f, g are two symmetric functions in L2([0, 1]%),

29)(fRf, 999) L2(0,1)24)
q—1

2
q
= (¢)(f® [.9® g)r2(oj2a) + E <k> (@) (f @k 9.9 @k f)r2(j0,1]20-28)
k=1
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to obtain

N-—
E[qu] = N Z leafJN>L2 ([0,1]9)

N—-1g¢—1
+NH2(gh)? ( ) (fi.n ®k fj.Ny [i.N @k fi,N)L2([0,1]20-2%)-
4,7=0 k=1
First note that B | (22 - 2(0™) (204 = 20") | = BIL(fum) L (fim)] =
N N
q"(fi,n, [i,N)L2(0,1)e) and so the covariance structure of Z(@H) implies

N—-1

(@) > (finvs £5.3) 220,170

i,j=0

=[5 () ()]

Secondly, the square norm of the contraction f; y®x fj, v has been computed before
(actually its expression is obtained in the lines from formula (3.7) to formula (3.8)).
By a simple polarization, we obtain

HMZ

1
4

N—-1
N2 Z (fin ®k fi.Ny [5.N @k fi,N)L2([0,1]20-2)
4,j=0
=d(H,q)*a(H )N~ 2N<2hﬂ72)2qZ/ / / / dydzdy'dz’
1,7=0
(Ily == +i=jlly' =2 +i = gD DMy =y i —jllz = 2 4 = gD

and as in the proof of Proposition 3.1 we can find that this term has to be renor-
malized by, if H > 3

by kN(272H’)2q — by kN474H
where by i = (¢!)*(C{)*2d(H, q)*a(H')* fol(l —x)z*#4dx. If H € (4,2), then,
the same quantity will be renormalized by by g N where

boir i = (a)2(CH2d(H, q) a(H')* > (2627 — (k + 1)*H — (k- 1)2H)
k=1

while for H = % the renormalization is of order bs g N (log N)~1 with bs.p k=
()2 (CH?2d(H,q)*a(H')?1(1/2). As a consequence, we find a sum whose behavior
is well-known (it is the same as the mean square of the quadratic variations of the

fractional Brownian motion, see e.g. [20]) and we get, for large N
1 13

2
E (T3] ~ N L if H € (2 1
log N
N

3
S)E([T5) ~ N ey gy, ifH e (1,1)

E[T;,]

T3,H, if H = Z
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where @1, = (S0 ba,an + 1+ (1/2) S0y (2827 — (k+ 127 — (k= 1)2H)°),
wo.m = (N0 by g+ H2(2H — 1)/(4H — 3)) and 23,5 = (327 bs.s1 + 9/16).

Remark 4.1. The fact that the normalizing factor for Th, when H < 3/4 is N—1/2
(in particular does not depend on H) is a tell-tale sign that normal convergence
may occur. It is possible to show that the term in the chaos of order 2q converges,
after its renormalization, to a Gaussian law. More precisely: a) suppose that

H € (3,2) and let Fy := x;}f\/ﬁqu; then, as N — oo, the sequence Fuy

convergence to the standard normal distribution N (0, 1); b) suppose H = % and

—1/2
set Gy = 1/101gVNx37H/ T54; then, as N — oo, the sequence G convergence to

the standard normal distribution N (0, 1). We refer to the extended version of our
paper on arxiv for the basic ideas of the proof.

It is possible to give the limits of the terms 75,2 to T appearing in the decom-
position of the statistics Viy. All these renormalized terms will converge to Hermite
random variables of the same order as their indices (we have already proved this
property in detail for T% in the previous section). This is a kind of “reproduction”
of the Hermite processes through their variations.

Theorem 4.2.

e For every H € (%, 1) and for every k =1,...,q — 2 we have

lim N(272H/)(q7k)T2q72k = 2L 1_12(2(17216,(2(172]6)([‘1/71)“1’1)7 in LQ(Q) (42)
N —oco
where Z(24=2k.24=20)(H'=1)+1) denotes a Hermite random variable with
self-similarity parameter (2q — 2k)(H' — 1) + 1 and
2 = d(H, q)*a(H')* (H' = Dk + 1) (2(H' = 1)+ 1)7".
e Moreover, if H € (2,1) then

lim N22H 0, 2Ty, = 2Ga2H-D iy L2(Q). (4.3)

N — oo

Proof: Recall that we have Ty, = N2H -1, o (Efvz_ol fi,N ®k fin), for

k=1 to 2q— 2, with f; v ®k fin given by (3.1). The first step of the proof is to
observe that the limit of N(2H/_2)(q_k)T2q_2k is given by
N(2H/_2)(q_k)N2H_II2q—2k(fg,2k>

with fzj\;—mq (ylu cey Yq—kyR1y - Zq—k) = d(Hv Q)2G(H/)k Zfigl 1[0,%](3/1)1[0,%](21)
Ji S K (u,yn) - O K (u, yg—k) 01 K (v, 21) - .. 01K (v, 2g—1) [u — 0| CH =2k gy,
The argument leading to the above fact is the same as in Theorem 3.2: a the
remainder term 72425, which is defined by T54—of minus Ig(fé\;izk) converges to
zero similarly to the term 79 in the proof of Theorem 3.2 because of the appear-
ance of the indicator functions 17, (y;) or 1y,(2;) in each of the terms that form this
remainder. The second step of the proof is to replace 01K (u,y;) by 01K (%, i)
and 01K (v, z;) by 01K (5,2:) on the interval I; inside the integrals du and dv.
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This can be argued, as in the proof of Theorem 3.2, by a dominated convergence
theorem. Therefore the term N(2_2H/)(q_k)T2 _o will have the same limit as

N2 2H")(q— k) N 2H— 1qu Zl . yl

0,%]
] "N

(2i)

q—k .
H |: 7yj 81 (N ):| / |u—v|(2*2H’)kdvdu
j=1 ]i2

_ d(H,q)*a(H') N(@-2H')(g—k) Nr2H—1 pr(2—2H' k42
(T - Dk+ D) RE —D+1)
N-1 q—k i
Lo, 512 (i z) [ ] [51K( ,yj)alK(N,Zj):|
i=0 j=1
5 N—-1 — .
k,H
= N 0,412 (Yi» 2i) H [31 ,yg )o1K (N ZJ):| .
1=0 Jj=1

Now, the last sum is a Riemann sum that converges pointwise and in L2([0, 1]24~2F)
to zi, g L1 where

Li(Y1, - s Ygeks Z1s - - 2g—k) H [01 K (u, y;)01 K (u, z;)] du

Y1Vzg— k j=1

which is the kernel of the Hermite random variable of order 2q — 2k with self-
similarity parameter (2¢ — 2k)(H' — 1) + 1. The case H € (2,1) and k = 0 follows
analogously. |

5. Consistent estimation of H and its asymptotics

Theorem 3.2 can be immediately applied to the statistical estimation of H. We
note that with Vv in (1.1) and Sy defined by

N-1

_ 1 (a) <q>)2
Sv =~ ; (29 -2)", (5.1)
we have
14V = N* 5y (5.2)
and E[Sy] = N2 5o that H = —lozglfg[b;y]. To form an estimator of H, since

Theorem 3.2 implies that Sy evidently concentrates around its mean, we will use
Sy in the role of an empirical mean, instead of its true mean; in other words we
let

. - log Sy
H=Hy=- .
N 2log N
We immediately get from (5.2) that
log (1+ V) :2HlogN+logSN=2(H—fI) log N. (5.3)

The first observation is that Hy is strongly consistent for the Hurst parameter.



SHORT TITLE FOR RUNNING HEADING 21

Proposition 5.1. We have that Hy converges to H almost surely as N — oco.

Proof: Let us prove that Vi converges to zero almost surely as N — oco. We
know that Vy converges to 0 in L?(Q) as N — oo and an estimation for its variance
is given by the formula (3.6). On the other hand this sequence is stationary because
the increments of the Hermite process are stationary. We can therefore apply a
standard argument to obtain the almost sure convergence for discrete stationary
sequence under condition (3.6). This argument follows from Theorem 6.2, page
492 in [6] and it can be used exactly as in the proof of Proposition 1 in [4]. A
direct elementary proof using the Borel-Cantelli lemma is almost as easy. The
almost sure convergence of H to H is then obtained immediately via (5.3). |

Owing to the fact that Vj is of small magnitude (it converges to zero almost
surely by the last proposition’s proof), log (1 + V) can be confused with V. It

then stands to reason that (H - H ) N2-2H’ log N is asymptotically Rosenblatt-

distributed since the same holds for Vy by Theorem 3.2. Just as in that theorem,
more is true: as we now show, the convergence to a Rosenblatt random variable
occurs in L? ().

Proposition 5.2. There is a standard Rosenblatt random variable R with self-
similarity parameter 2H' — 1 such that

. 2_9H' 2 1/2 2 _
lim B “2N (# - i)108N - caei/7 | } —0

Proof: To simplify the notation, we denote ch}{ 12{ q by ¢ in this proof. Theorem
3.2 signifies that a standard Rosenblatt r.v. R with parameter 2H’ — 1 exists such
that

, 2
lim E DNQ—?H Vi — cR’ } —0.

N —o00

From (5.3) we immediately get

/ N 2 , 2
E U2N2_2H (# - ) 10g N — CR‘ } —E UNHH log (1+ Vi) — CR‘ }
’ 2 ’
< 9E UN“H Vi — cR’ ] 4 oNATH'E [|VN —log (1 + VN)|2] .

Therefore, we only need to show that E {|VN —log (1 + VN)|2] =o0 (N4Hl’4).
Using the inequality z — log(1 4+ z) = |z — log(1 — )| < #? for > § one gets

E |[Vy —log(1 4+ Va)|?

< 2E [V —log(1 + Viv)|* lyy» 1 + 2B [Viy —log(1 + Viv)[* 1y 3
1

< QEV]% + 4P (VN < —§> + 4E [log(1 + VN)|2 1VN<*%'

The first term is bounded above and this is immediately dealt with using the
following lemma.
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Lemma 5.3. For every n > 2, there is a constant ¢, such that E [|VN|2H} <
¢, NUH =4n

Proof: In the proof of Proposition 3.1 we calculated the L? norm of the terms
appearing in the decomposition of Vi, where Vv is a sum of multiple integrals.

Therefore, from Proposition 5.1 of [10] we immediately get an estimate for any
event moment of each term. Indeed, for k =¢—1

E [Tgn} <1:3-5---(4n—1) (C%H N4H’—4)" — an(4H'—4)n
and for 1 <k<g-—1

E [TQ%;L%] < 1:3-5---(2(2¢ —2k)n) (C% H

2q—2k)(2H' —2)\"
. N (2a—2k)( ))

_ cq)nN(2q72k)(2H’72)n

The dominant term is again the 7% term and the result follows immediately. W

Then applying the above lemma for n = 2 and using a similar proof to prove

that E|log(1+VN)|2 1VN<—% = 0(N4H’*4) and P(Vy < _%) _ O(NsH’fs) _
0(N4H/_4). This leads to Proposition 5.2 |

A difficulty arises when applying the above proposition for model validation
when checking the asymptotic distribution of the estimator H: the normalization
constant N2—2H’ log N depends on H. While it is not always obvious that one
may replace this instance of H’ by its estimator, in our situation, because of the
L? () convergences, this is legitimate, as the following theorem shows.

Theorem 5.4. Let H =1+ (H —1)/q. There is a standard Rosenblatt random
variable R with self-similarity parameter 2H' — 1 such that

: 2-2H' 3 1/2 —
Jim E[2N22 (H — 1) log N = eai/}; || = 0.
Proof: By the previous proposition, it is sufficient to prove that

lim E H (N2—2ﬁ’ - N2‘2H/) (H _ H) logNH —0.

N—o00

We decompose the probability space depending on whether H is far or not from
its mean. For a fixed value € > 0 which will be chosen later, it is most convenient
to define the event

D= {ﬁ>qs/2+2H—1}.
We have
E H (N2—2ﬁ’ - N2—2H’) (H - H) logNH
- E [1D ‘ (NQ*”T - NQ*QH’) (H - H) 1ogNH

+E [1Dc ‘ (NZ’*”I’ . N2*2H’) (H _ H) logNH — A+ B.
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We study A first. Introducing the shorthand notation x = max (2 —2H' )2 — QH’)
and y = min (2 —2H',2 — Qﬁ’), we may write
‘N2—2H/ _ N2—2H” — ologN _ ,ylogN
— eylogN (e@*y) log N _ 1) < NV (log N) (z — y) N*~¥

H' — H'| =2¢7 ! (log N) N®

2 (log N) N*

H—fl‘.

Thus

b
A

2 ' E [1DN””

A |12 9
H—H} log N}

, ’ ~ |2
2 ' E [N””_(4_4H )1, NA4H ‘H _ H‘ log? N] .

Now choose ¢ € (0,2 — 2H’). In this case, if w € D, and x = 2 — 2H’, we get
x—(4—4H') = —x < —e. On the other hand, for w € D and z = 2 —2H’, we get

x—(4—4H')=2—-2H' — (4 — 4H') < —¢ as well. In conclusion, on D,
z— (4—4H") < —e,

which implies immediately
, 12
A< N2 'E {N‘*“‘H ‘H - H’ log? N} :

this prove that A tends to 0 as N — 00, since the last expectation above is bounded
(converges to a constant) by Proposition 5.2. Now we may study B. We are now
operating with w € D¢. In other words,

H—H>1-H—q/2.

Still using € < 2—2H’, this implies that H > H. Consequently, it is not inefficient
to bound ‘N2_2H/ — N2_2H/‘ above by N2-2H" 1 the same fashion, we bound

‘H - H ‘ above by H. Hence we have, using Holder’s inequality with the powers
2g and p~ ! 4+ (2q)71 =1.

B

IN

HlogN E [1DCN2*213”} (5.4)

AN

Hlog N PY/? D¢ EY/(29 {N(2—2H/)2q} '

From Proposition 5.2, by Chebyshev’s inequality, we have

El/r UH—HH

PY? D] < HN—(4—4H/)/P (5.5)

< ¢q,
(1—H—qe/2)"" ~

for some constant ¢4, i depending only on ¢ and H. Dealing with the other term
in the upper bound for B is a little less obvious. We must return to the definition
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of H. By (5.3) we have

1+Vy = N2(H7H) :qu(HLﬁ’)
N2q(272I:I’)N72q(272H’)'
Therefore,
El/a) [N(272I:I')2q} < N2-2H'R1/(20) 1+ Vy]
< 2oN?2H (5.6)

Plugging (5.5) and (5.6) back into (5.4), we get
B < 2Hecg y (log N) N~ (4=4H")2/p=1)

Given that 2¢ > 4 and p is conjugate to 2¢, we have p < 4/3 so that 2/p — 1 >
1/2 > 0, which proves that B goes to 0 as N — oo. This finishes the proof of the
theorem. |

Finally we state the extension of our results to LP (§2)-convergence.

Theorem 5.5. The convergence in Theorem 5.4 holds in any LP (Q). In fact, the
L? (Q)-convergences in all other results in this paper can be replaced by LP (Q)-
convergences.

Sketch of proof. We only give the outline of the proof. Lemma 5.3 works
because, in analogy to the Gaussian case, for random variables in a fixed Wiener
chaos of order p, existence of second moments implies existence of all moments,
and the relations between the various moments are given using a set of constants
which depend only on p. This Lemma can be used immediately to prove the
extension of Proposition 3.1 that

E V37| = o NP0,

Proving a new version of Theorem 3.2 with L? (2)-convergence can base itself on
the above result, and requires a careful reevaluation of the various terms involved.
Proposition 5.2 can then be extended to LP (2)-convergence thanks to the new
L? () versions of Theorem 3.2 and Proposition 3.1, and Theorem 5.4 follows
easily from this new version of Proposition 3.1. |
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