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Abstract

This article provides a detailed analysis of the behavior of suprema and moduli of continuity for a large
class of random fields which generalize Gaussian processes, sub-Gaussian processes, and random fields
that are in the nth chaos of a Wiener process. An upper bound of Dudley type on the tail of the random
field’s supremum is derived using a generic chaining argument; it implies similar results for the expected
supremum, and for the field’s modulus of continuity. We also utilize a sharp and convenient condition using
iterated Malliavin derivatives, to arrive at similar conclusions for suprema, via a different proof, which does
not require full knowledge of the covariance structure.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The regularity properties of random processes have long been studied, going as far back as
Kolmogorov’s celebrated chaining argument and criterion (see [12, Theorem 1.2.1]), and in the
70s and 80s the sharp work of Fernique, Talagrand, and others (see [6,13]) for the Gaussian case.
These latter works drew upon ideas of R. Dudley, who in 1967 (see [4]) gave a sufficient condition
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for the boundedness of Gaussian processes based on the so called e-entropy integral. All these
results, of upper bound type, are largely also valid in the case of sub-Gaussian processes (see [8]).
The question remains of how many such results are true for other classes of processes. While the
majorizing measure conditions of Talagrand show that supremum estimates can be achieved for
processes with tails decaying no slower than exponentially (in the nomenclature of [8], these
are processes with increments in the Orlicz space relative to convex Young functions of the type
exp(z?) — 1, with g > 1), the authors of this note provided in [17] an extension of Dudley’s
entropy upper bound to all ¢ =2/n with n an integer.

They presented their work by defining a new class of processes with the so-called sub-nth
chaos property. These sub-nth chaos processes are an extension of sub-Gaussian processes. Such
a process (random field) X on an arbitrary index set I is essentially required to have incre-
ments X (t) — X (s) with tails that decay no slower than exp(—c|z|2/ "/8(s,t)) where § is some
pseudo-metric on /. This definition was motivated by results including: (i) the fundamental ob-
servation [17, Lemma 3.3], that if the Malliavin derivative of a random variable X is almost
surely bounded, then X must be sub-Gaussian; and (ii) the discovery in that same article of
conditions on the nth Malliavin derivatives extending this observation to the sub-nth chaos case.

Also in [17], using a new concise Malliavin-derivative-based proof, a Borell-Sudakov>-type
concentration inequality for such processes was proved, which shows that the supremum of a
sub-nth chaos process is again a sub-nth chaos random variable with a well-controlled scale.
While the proof in [17] completely generalized the standard Borell-Sudakov inequality to the
sub-Gaussian and sub-2nd-chaos cases, it ran into inefficiencies in the case of higher order chaos.

In this article we correct these inefficiencies by combining a new use of iterated Malliavin
derivatives, via a fractional exponential Poincaré lemma, with the innovative relation between
Malliavin derivatives and suprema of processes discovered in [17]. This technique provides a
new usage of the versatile Malliavin calculus, whose many applications are discussed in [9];
we summarize the Malliavin derivative’s properties that we use herein, making our treatment
essentially self-contained.

This article also contains an alternate way of establishing concentration inequalities for
suprema of sub-nth chaos processes. Inspired by Ledoux and Talagrand’s generic chaining argu-
ments (see [14]), we use chaining to prove a Dudley entropy upper bound which holds in its usual
expectation form, as well as in a tail form, for suprema of sub-nth chaos processes. These bounds
allow us to prove, without the use of Malliavin derivatives, that concentration for these suprema
is of sub-nth-chaos type, with respect to a scale which we estimate precisely, generalizing, up to
a universal constant, the classical concentration of Borell-Sudakov-type for Gaussian processes.

The Malliavin-derivative-based and chaining-argument-based proofs of sub-nth-chaos supre-
mum concentration use hypotheses that are evidently morally close, but it is not yet possible to
say how close. Our fractional exponential Poincaré inequality appears to indicate that Malliavin-
derivative conditions are slightly stronger. They do allow a simpler, much more accessible proof.
We also believe that in many Brownian-based applications, checking that an nth Malliavin deriv-
ative is almost surely bounded may be significantly easier than checking the moment conditions
for the sub-nth chaos property, particularly for solutions of stochastic equations; this is due to the
need to use iterations of Itd’s formula for the latter, which is algebraically usually more difficult

2 Borell-Sudakov concentration inequalities are also known as Borell-Sudakov-Tsirel’son inequalities. Because of
the appearance in the work of R. Dudley of these results’ basic elements for scalar random variables, the inequalities
should perhaps be called Dudley—Borell-Sudakov—Tsirel’son. For conciseness, we will continue to use the appellation
Borell-Sudakov.
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than calculating iterated Malliavin derivatives. In specific problems, it should be easy to identify
which condition is most convenient.

As an application of our estimates, we choose a very basic and general one, which does not, in
principle, rely on Malliavin derivative calculations: we derive almost-sure moduli of continuity
for sub-nth chaos processes, with results that generalize those stated for general one-parameter
Gaussian processes such as in [15]. The fractional exponential Poincaré inequality then allows
one to use Malliavin derivative estimates to check that the sub-nth chaos conditions are satisfied;
in this sense, Malliavin derivatives can be crucial in establishing path regularity.

Throughout this paper, d§ denotes the Lebesgue measure on (R )* for any integer k. Sum-
marizing, our main results can be stated (partially) as follows.

e Assume there exists a positive integer n and a non-random pseudo-metric § on an index set
I such that, for a separable random field X on /, either of the following two conditions hold

for all pairs (x, y) € 1%
X 2/n
ol (i)
8(x,y)

DO (X0 = X)) |20, = / D (X () = X ()P d5 < 8°r. ),
RL)"

or, almost surely,

where D is the nth iterated Malliavin derivative with respect to a Brownian motion defined
on the same probability space as X. Then,

tel

o
nwi= E[supXt / logNg(s)
0

and

rllanx =] <2en(-3(c5) )

where C, is a constant depending only on n, Ns(¢) is the smallest number of §-balls of
radius ¢ needed to cover I, and D is the diameter of / under §.

e Moreover, if I is an interval (or a smooth one-dimensional manifold) and §(x,y) <
d(|x — y|) for some increasing function d, then the function

fa(h) :=d(h)(log(1/ )"

is, up to a constant depending on n only, almost surely a uniform modulus of continuity
for X onI.

The structure of this article is the following. Section 2 gives the definitions of the sub-nth
chaos property, and introduces the context of supremum concentration inequalities. Section 3
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gives these inequalities using the generic chaining method. Section 4 uses the iterated Malliavin
derivatives method. Section 5 finishes the article with the example of almost-sure moduli of
continuity.

2. Sub-nth chaos processes

2.1. Definitions

We first recall the definition of sub-nth chaos random variables and processes as an extension
of sub-Gaussian processes to heavier-tailed objects.

Definition 2.1. Let n be a positive integer. A centered random variable X is said to have the
sub-nth-Gaussian chaos property (or is a sub-nth chaos r.v., or is a sub-Gaussian chaos r.v. of
order n, etc.) relative to the scale M if

E[exp((%)yrl)} <2. M

When n =1, such an X is sub-Gaussian relative to the scale 35M , see [17].

Remark 2.2. Note that the following statement implies the sub-nth-Gaussian chaos property (1)
and is also implied by it, with different universal multiplicative constant ¢ in each implication:
forallu >0

u2/n

Specifically, (1) implies (2) with ¢ = 1, and (2) implies (1) with ¢ = 1/3.

Definition 2.3. Let § be a pseudo-metric on a set /. A centered random field X on [ is said
to be a sub-nth-Gaussian chaos field with respect to § if for any s, ¢ € I, the random variable
X (t) — X (s) has the sub-nth-Gaussian chaos property relative to the scale (s, 7).

Definition 2.4. Let § and X be as in the previous definition. We use the notation Nj(¢), and say
that Ns(e) is a metric entropy for X, if Ns(¢) is the smallest number of balls of radius ¢ in the
pseudo-metric § needed to cover .

2.2. Overview of supremum concentration inequalities

In the next two sections, we prove a tail estimate version of the Dudley upper bound for
sub-nth chaos processes, use it to derive estimates on the location and concentration of a sub-
nth chaos process’s supremum, and obtain similar concentration results via Malliavin derivative
conditions.

For reference and comparison, we recall the statements of standard Gaussian estimates of
supremum location and concentration. Let Z be a separable centered Gaussian field on an index
set I that is almost-surely bounded, with canonical metric é defined by 82(x,y) =E[(Z(x) —
Z(y))z]. Let Y = sup; Z. The so-called Dudley upper bound is E[Y] < Kfooo J91og Ns(e)de
where K is a universal constant (see [4]) and Nj(¢) is defined as in the previous section. A cor-
responding lower bound, due to Fernique (see [5]) with a smaller universal constant, is known
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to hold for homogeneous (shift invariant in law) Gaussian processes on groups. The often-called
Borell-Sudakov (or simply Borell) inequality, which may be improperly named as it first ap-
pears at the scalar process level in Dudley’s work, is P[|[Y — EY| > u] < 2exp(—u?/20%) where
02 :=max,e; Var[Z(x)]. This result says precisely that the supremum of a Gaussian field is
sub-Gaussian with respect to the scale o.

These Gaussian results (except for Fernique’s lower bound) were generalized in [17] to
sub-Gaussian fields, and, under some additional assumption on Malliavin derivatives, to sub-
2nd-chaos fields. In the next section, by using a general chaining argument, we show that such
generalizations do not need stronger assumptions, and work in all chaoses. We also prove a
Malliavin-derivative-based concentration result, using a non-chaining argument, in Section 4.
Both concentration results show, analogously to the Gaussian case, that the random field X’s
supremum is a sub-nth chaos random variable, relative to scales which consistently generalize
the o in the Gaussian case above. This means that concentration results for suprema of sub-nth
chaos fields can be obtained using two separate sets of hypotheses: one using standard sub-nth
chaos estimates on X as defined in the previous section, and one using Malliavin-derivative
boundedness conditions.

It may be said that the concentration results via Malliavin derivatives are more powerful,
because they do not require that the process have the sub-nth chaos property: they only require
that a process’s supremum have a finite expectation, and that each one-dimensional distribution
of the process be a sub-nth chaos random variable. This very weak assumption on the process’s
covariance structure was not known to be sufficient for Borell-Sudakov concentration until it
was noticed in [17]. This article proves that it is sufficient for sub-nth-chaoses as well.

At the same time, at the random variable level, because of Proposition 4.2 (consequence of
a fractional exponential Poincaré inequality proved in Appendix A), the Malliavin derivative
conditions seem stronger than mere sub-nth-chaos conditions, although this is not yet clear that
the gap between the two is of any significance. It is clear, though, that depending on the situation,
one or the other set of hypotheses may be most advantageous.

3. Generic chaining argument method

Our first result is a tail estimate similar to the Dudley inequality, which generalizes the latter
to sub-nth-chaos processes.

Theorem 3.1. For each fixed positive integer n, there exist universal constants C, and C),, de-
pending only on n, such that if X defined on I is a separable sub-nth-Gaussian chaos field with
respect to the pseudo-metric §, then for each ty € I and s > 0,

P[sup X — Xg| > CoM + sC,;D] <202,

tel

where M = f0°° (log Ns (€))"?de and D = Diams(1) is the diameter of I under §.
In addition, if D and M are finite, then X is almost-surely bounded.

The above constants can be taken to be equal to

Co=2""g+1)/(1—q7") fulq),

1

C) = S+ D/(1—¢7"),
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where g is any fixed value > 1 and f,(q) =Y /o, g~ t*1¢%/2. One may optimize ¢ to obtain a
value of Cj, that does not depend on n: with ¢ =1 + V2, Ch = V2 4 3/2. Depending on the
respective values of M and D, it may be preferable to minimize C, instead, in which case C,,
will depend on 7, or to perform some other optimization which takes s into consideration.

One may remove the assumption that X is separable, by changing the definition of the proba-
bility in Theorem 3.1: generically define

P[suplX,l > C] :sup{P[sup|Xt| > C]: FclI; F ﬁnite].
tel teF

The same remark holds for other theorems below which require separability, replacing expecta-
tions of suprema by suprema of expectations of suprema over finite sets. We will not comment
further on this point.

Proof of Theorem 3.1. Since X is separable, by the monotone convergence theorem, we may
and do assume that [ is finite. Without loss of generality, we can assume that X, = 0; if this is
not true, consider the random field Y; = X; — X,,.

Let ¢ > 1 be fixed and let £( be the largest integer £ in Z such that Ns(g—*) = 1. For every
£ > £y, we consider a family of cardinality N, := N (q_e) of balls of radius q_e covering /. One
may therefore construct a partition A, of I of cardinality Ny on the basis of this covering with
sets of diameter less than 2¢ ~¢. Denote by I the collection of points which are centers of each
ball A of Ay. For each t in I, denote by Ay (¢) the element of 4, that contains ¢. For every ¢ and
every £, let then s, (¢) be the element of I, such that r € Ay(s¢(¢)). Note that (¢, s¢(¢)) < q_z for
every t and £ > £y. Also note that

8(se(®),s—1(0)) gt + g7 =@+ g7t 3)

Hence, by the second inequality in [17, Lemma 4.6], the series szo (Xsp(t) — Xs_1 (1)) con-
verges in L!(£2), and also s¢(¢) converges to ¢ in L'(£2) as £ — oo. By the telescoping property
of the above sum, we thus get that almost surely for every ¢,

Xi=Xi+ ) Koo — X)) = Y Ksytty — X)) )
>0y £>£g

where s¢,(¢) := 9. This decomposition is the basis of the so-called chaining argument.
Let {c¢}¢>¢, be a sequence of positive numbers which will be chosen later. Note that if V¢ € 1
and V€ > £o, | Xs,¢) — X5, )] < ¢ then from (4), Vi € 1, |X,| < bezo c¢. Then

P(sup|X,| > ZCg) :P(Eltel: | X | > Zce)

tel >4 >0
<P@Erel, 30> 1 Xg0) — Xspy o) > ct)
< P(Ew >0, tely, I el | X — Xp| > C[)

5 c 2/n
< ZZN@ exp| — 5G.1) ®)

>£
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c 2/n
221\’”""( <q+1>q-f) ) ©

>£y

=2 Z exp(2log N¢ — bg/n), )
>£y

where in line (5) we used (2), and in line (6) we used (3), and in line (7) ¢, := (¢ + l)q_zbg.
Set

be =8"2[(log No)"? + (£ — £0)"*] + . (8)

Since for any u, v, >0, (u 4+ v)¥ exceeds (u* + v*)/2, we have that

bz/n >4[(10gNe)n/2+ (t—1 )n/2]2/n +52m )2
> 2[log N¢ + (€ — £o)] + 5%/ 2. )
Thus,
23 " exp(2log Ne — ;") <2) " exp(2log N — 2log N — 2(€ — £) — 5" /2)
>£ >£g
<2723 exp(—2(¢ - to)

>0y
—s2/m/2
<2e572,

To finish the proof, we note that Ny > 2 for £ > £¢ and that the series f,,(¢) =) ,. g tHlen/2
converges, hence

Y o=@ +08") g [UogN)"?+ (€ —t0)"*]+s(g+ 1Y q"

>£y >£ >£y

=(q+ 1)8"/2( Y g “(og Ny +q60‘fn<q>) +s(g+D Y g

>0y >£y

—ty— _ +1 _,
— (q + I)Sn/zq Lo 1( 2 q [+ZO+1(10gN€)I’l/2 + fn(Q)) 45 lq_q_lq Lo 1'
{>L

Now with A:=3",_, g ot log Ny)"/? > (%)”/2 and B := f,(g) > 1, we use the relation
A+ B<2-2"2AB, obtaining

1
Y <23+ D822 (@) Y g Gog N s gt
>t £>¢ —4
—L
+1
L4 g )Z (log Ns(e))"*de + 51— q~"0~!
1—g~
£>£g g—t-1

< CoM +2C)sq= 071,
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where C, = 22"*1(g + 1)/(1 — ¢~ fu(g), and C}, = L(q + 1)/(1 — g~ 1), and we used the
definition of M and the fact that Ns(e) is decreasing in €.
We now notice that by definition of £, there exists a point t* = sy, (¢) € I such that

g hlg max{8(¢,1*): te 1} < g .

Therefore, we can bound q_l"_1

and conclude that

above by % where D = Diamg(I), the diameter of I under §,

P(sup|X, — X, > CoM +sC,QD) < P(sup|X, ~Xyl> Y cz) v

tel tel £>€

which ends the proof of the theorem, except for the statement of its last sentence.
To prove that last statement, now assume that X is not almost surely bounded, so that in
particular / is infinite. Thus we have

PI[VNeN,Jtel: |X;|>N]=p>0.
This implies

P[Vs >0, sup|X;| > ch+sc,gD] >p
t

which contradicts the result of the previous paragraph unless D is infinite or M is infinite. O

The tail estimate of the previous theorem shows that the supremum of a sub-nth chaos process
is a sub-nth chaos random variable, although the scale parameter in this property is not quite
clear, since there is no explicit mention of the mean of sup X. As a first step to make this scale
clearer, we notice the following, which also allows a sharpening of the last statement of Theo-
rem 3.1.

Corollary 3.2. With n, X, I, §, and M as in Theorem 3.1, there exist a universal constant Cy,
depending only on n, such that for each to € I and s > 1,

P(sup|Xt — Xyl > sC,,M) < 20=5"12,

tel

In particular, if M is finite, then X is almost-surely bounded.

The constant C,, is the same as in Theorem 3.1: it can be taken as ming- 22”+1(61 + 1)/

(1—¢™Hfa@.

Proof. We reclaim the calculations in the proof of Theorem 3.1. The definition of ¢, remains the
same in form, but instead of (8), we use

be=8"2s[(log Ne)"? + (£ — £o)"?].
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Making use of the inequality 2AB > A + B for A, B > 1, we still obtain (9), and thus still also

rel >4

The calculation method for  ,_, , Ce is again identical, with the factor s appearing multiplica-
tively instead of additively:

Zce <2s1q_+

>£y

1
1 4" fu(@M =sCy M,

where C, =22t (g + 1)/(1 — ¢~ ) fu(g). O

An upper bound on the expected supremum, whose form is most reminiscent of what is usually
called “Dudley’s” inequality, was already proved in [17], using a distinct chaining argument from
what we do above, but follows now trivially from the previous corollary.

Corollary 3.3. Let n, X, I, Cy, be as in Theorem 3.1 and assume X is centered. Then

[ee]

EsupX,<C / logN,g(s)
tel 0

where C) = C, (1 + 2f°° ="/ ds) depends only on n.
Proof. Using the same notation as in Theorem 3.1, and the fact that X is centered,
Esup X; = Esup(X; — X;,)

tel tel
S Esup | X, — Xl

tel

o0

=/P(sup|X; — Xl > u) du
tel
0
o
<CyM + / P(suplXt — Xl > u) du
tel

CnM

—C,M + C,,M/P(sup X, — Xy| > anM) ds

tel

gCnM—i-ZCnM/e*Sz/n/zds

=C/M. O
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We are now in a position to state and prove a full concentration inequality of Dudley—Borell—
Sudakov type, for sup X. Throughout this article, we assume that the expected maximum in the
statements of the Borell-Sudakov-type inequality (Theorems 3.4, 4.1, Corollary 3.5) is finite.

Theorem 3.4. Letn, X, I, C,, C,,, M, and D be as in Theorem 3.1, and C]! be as in Corollary 3.3.
Let . =Esup,¢; X;. Then for all u >2(C, + C))M,

1 u "
P[ sup X; — i >u]<26xp<——( ) )
el ! 2\2¢/ D

Note that the statement of the theorem can also be made to hold for all u € (g, 2(C, + C})) M]
for any fixed & > 0, as long as one is willing to change the constant C), above, allowing it to
depend also on ¢. It is preferable to use the form given above, however, in order to be able to
use the sharper constant D in the tail estimate. Thus, up to a constant depending only on n, D
appears as a scale with respect to which sup,.; X; — u is a sub-nth chaos random variable.

Proof. By Theorem 3.1, for any u > , defining s via C, M + sC, D = u — pu, we have

|

sup X; —u‘ > u] <P[sup|X,| +u > u]

tel tel

= P[sup 1X,| > C, M +sc,gD]

tel

_g2/n
<2e72,

Now define r =u /(K D) where K will be chosen below. If we impose s > r, since rKD — u =
CyM +5C; D, it follows that rK D > C,M + rC, D + p. Thus choosing K =2C,, we get

- CiM+p  CyM+pu
“(K-C))D C.D

Hence, translating this into a condition on u#, we have that if

S CoM +

= C;D KD :2(CnM +/'L)

so that indeed s > r. We immediately get
n N 1 2/n
P[ supX,—u‘>u]<2e”2/ /2<2e*’2/ /2=Zexp<——< - ) )

tel 2\2C;,D
Since by Corollary 3.3, p < C,’,/ M, the lower bound on u above holds as soon as u > 2(C,, +
C/)M, which ends the proof of the theorem. O

If instead we use the result from Corollary 3.2, following a similar argument above with
sCoM=u—pn,r=u/(KM), K =2C,, we also get the following.
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Corollary 3.5. Let n, X, I, C,, and M be as in Corollary 3.2, and C]] be as in Corollary 3.3. Let
w=Esup,.; X;. Then for allu >2C,M,

1 u 2/n
P[ sup X; — i >u]<26xp(——< > )
el 2\2C,M

In this result, M seems to be a sub-nth chaos scale. The reader might wonder which of The-
orem 3.4 and Corollary 3.5 is sharpest. The answer is trivial if it is possible to find a relation
between D and M. Although this is not clear in a general sub-nth chaos case, we may expect that
typically D should be smaller than M up to a constant, the reason being that D has to do with ex-
pectations of increments, with a supremum outside the expectation, whereas M is an upper bound
on an expectation with a supremum inside. This is very clear in the centered Gaussian case, as
the following calculation shows. In calculating D, by writing X; — X, = (X; — X)) — (X — X4,)
we can assume there exists #o such that X;, = 0. Thence

D* = sup E[(X; — X;)*] < sup E[2X? +2X?] = 4supE[ X?]

s,tel s,tel tel

— 27 (supE[|Xt|])2 <27 (E[sup |X; |])2

tel tel

2
<o (E|X,0| + 2E[sup x,]) = 87TE2[sup X,] <sr(C/M)’,
tel tel

by Corollary 3.3, so that D < /87 C{ M.
4. Iterated Malliavin derivatives method

The use of boundedness of (iterated) Malliavin derivatives as conditions for the nth chaos
property was first introduced in [17].

For purposes of comparison, we cite the basic result in the sub-Gaussian scale. Let X be an
almost-surely bounded and centered random field on an index set /, and assume that for every
x € I, X(x) is a member of the Malliavin—Sobolev space D!2 (see definition below). Assume
for each x € I there exists a non-random value o (x) such that

|D.X(x)|iz(dr) ::f\D,X(x)|2dr<02(x).

0
Then, as in the classical Dudley-Borell-Sudakov concentration inequality, with o? =
sup,<; 02(x), we have
w2
P[ sup X (x) — Esup X (x) >u] <2exp<——2). (10)
xel xel 20

The idea here is that a random variable with a Malliavin derivative that is almost-surely
bounded in L?(dr) by a non-random constant has the sub-Gaussian property with respect to
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the scale of that non-random constant, and at the process level, we get sub-Gaussian concen-
tration of a process’s supremum relative to the smallest possible scale, namely the max of the
process’s one-dimensional distributions’ scales. In this section, we generalize the above result to
the sub-nth chaos level, using n-thly iterated Malliavin derivatives. This idea was already used
on [17], although the results therein were not optimally stated or proved, an issue we correct
here. The following review of Malliavin derivatives’ properties will be useful to the reader.

Let W be a Brownian motion in the filtered probability space (£2, F, (F;):>0,P), where
F 1is the sigma-field generated by the process W. For any centered Gaussian random variable
X € L*(2, F,P), we have that X = [;° f(s) dW(s) for some non-random f € L?(Ry). The
Malliavin derivative of X at time s € R is defined a.e. as Dy X := f(s). For any function @ on
R that is continuously differentiable a.e. and such that ¥ := @ (X) € L2(.Q, F,P), the Malliavin
derivative of Y is defined via the chain rule as D;Y = @'(X)D; X = ®'(X) f(s), P x dr-a.e. This
chain rule also applies to functions of a Gaussian vector in F in the obvious way. The Malliavin
derivative operator is extended as a closed operator to the set D!-? of random variables whose
Malliavin derivatives are in L2(£2 x R,.). See details of the extension in [11]. The nth Malliavin
derivative operator D™ is defined by iterating D n-fold, and thus depends on n time parameters,
while still acting on a single r.v. Thus D™ is the set of all random variables X in F such that
DWX e L2(.Q x (Ry)™). Lastly, a word on chaos expansions (see [11] or [17] for details). Every
random variable in LZ(.Q, F,P) can be expanded as X = E[X] + Z,fil I (fr) where I is the
iterated Wiener-Ito integral with respect to W, and f; is a symmetric function in L?((R)¥). El-
ementary work with Hermite polynomials shows that Dg I (fx) = kIx—1(fr (-, x)). In particular,
the Malliavin derivative of a non-random quantity is 0, the Malliavin derivative of a Gaussian r.v.
is non-random, the Malliavin derivative of a 2nd-chaos random variable is Gaussian, etc., and the
nth Malliavin derivative of I,,(f;;) is n! f;;, which implies that any condition on the nth Malliavin
derivative of X ignores its terms in the chaoses of orders 0, 1,...,n — 1.

We have the following supremum concentration inequality.

Theorem 4.1. Assume a separable almost-surely bounded random field X on an index set I is

such that for all x € I, X (x) € L*(82, F,P) and for some integer n, for all x € I, D™ X (x) is
almost-surely bounded in L*(dr) by a non-random constant. More specifically, define

o2 (x) :=ess sup{ / |D£ﬁ)’._’,nX(x)|2dr1 .. .drn} (11D
(Ry)"

and assume o :=sup,; o (x) < oo. Also assume that pairs of values of X are a.s. distinct. Then
there is a constant C,, depending only on n such that for any € > 0, for u large enough,

il

In fact, P-almost surely,

1 u "
il;};X(x)—Eiléfl)X(x) >u]<2(1+8)exp<—m<cno> ) (12)

2 2
/‘Dr(") supX(x)| dry...dr, <o (13)

Lyeeest
xel
Rp)"
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In order to prove this theorem, we need the following consequence of a fractional exponential
Poincaré inequality, whose proof is relegated to Appendix A.

Proposition 4.2. Let Y be a centered random variable in L*($2) of the form Y = Y e I (fo),
satisfying almost surely

/ ds|D"y | < M?
R"

for some non-random value M. Then there exists a constant C,, depending only on n such that Y
is a sub-nth chaos r.v. relative to the scale C, M, i.e.

2/n
oo )
n

The constant C,, can be taken as C,, = (log K (n)/log 2)"/2 where K (n) is defined and estimated
in (A4), (A.5).

Proof of Theorem 4.1.

Step 1 (Setup). We can assume without loss of generality that our index set is finite: [ =
Iy ={1,2,..., N}. Indeed, by separability, sup,.; X (x) can be evaluated by replacing I by
a countable subset. Recall that p := Esup,.; X(x) is finite, and thus the random variable
sup,<; X (x) — p is well defined, and is the almost sure limit of the same r.v. with I replaced
by a sequence Iy of increasing sets of size N converging to /; the dominated convergence theo-
rem yields the conclusion of the theorem since its estimates do not depend on N.

Step 2 (Proof of (13)). Denote X,, = X (m) and define S,, = max{Xy, X»,..., X;z}, so that

Sm+1 = max{X,,, S}. In order to prove that max; X € D2, an approximation technique can

be used (see the proof of [17, Theorem 3.6]): one shows that 1x,, > s, can be approximated in

D2 by a smooth function of X1 1 — S,, whose Malliavin derivative tends to O for almost every

(@, 5) in L*(£2) x H because X+ — Sy # 0 a.s. In particular, D.1x,,,,>sm = 0in L*(2) x H,

and for any k < n, the kth-order Malliavin derivative of 1x,,, > s, is 0in L?(£2 x (R)*) as well.
This justifies the following computation, where equalities hold in L2(2 x (RP™M):

Ds(,:l?...,sz,x1 Sm1 = Ds(:_l) (DS1Xm+11Xm+1>Sm + DSlsmlxnz+1<5m)

252

= DS(;172§3 ([Ds2D51Xm+l]1Xm+|>Sm + [DszDsl Sm]lX,,,H<Sm)

.....

= [DS(Z,)...,SQ,sl Xm+l]1X,,,+1>Sm + [D§:?...,s2,sl Sm]le+1<Sm- (14)

Now let 0,:2 = max{o2(1); ...; o>(m)}. Proceeding by induction, assume that || DS, 13 < o,
almost surely, which is satisfied for m = 1 by our hypothesis on p"x (1) since it is assumed to
be bounded in L*((Ry)") by (1) = 0. Our hypothesis and equality (14) implies that almost

surely
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|D§:) Sm+1 |2dsn -~ dsrdsy

sees$2,51
R4)?

2
~tosn [ D0 X[ dsy - dsadsi
Rp)"

2
+ 1Xm+] <Sm / |DAS(‘,7,)...,S2,S| Sm\ dSn e dSz dSl
R)"

2 *2
<o(m+ ])lX,,l+1>Sm + 0, le+1<Sm

*2
< Gm+1 ’

induction implies (13) when m = N.

Step 3 (Translation into a concentration inequality). We can write the chaos decomposition of
sup,<; X(x) as Z,fozo I (fi). Since the nth Malliavin derivative kills off the first n terms, we
direct our attention to the random variable

Y= Li(fi).

k=n

Statement (13) along with Proposition 4.2, with M = o, and Chebyshev’s inequality, im-
plies the conclusion (12) of the theorem, with ¢ = 0 but with sup,.; X(x) — Esup,; X (x) =
Y iey Ik (fx) replaced by Y. The technique used in [17] to recuperate all the terms in the chaos
expansion of sup,.; X (x), at the cost of adding an ¢ > 0 in the statement (12), can now be in-
voked, to conclude the proof of the theorem (see the proof of Corollary 4.14, and especially the
result of Lemma 4.15 on the tails of purely kth chaos random variables, in [17], which is a con-
sequence of results sometimes attributed to Ch. Borell, found for instance in [7]; see also [2]; all
details are omitted). O

One may wish to compare the Borell-Sudakov inequalities from Theorem 3.4, and from The-
orem 4.1, since they provide sub-nth chaos concentrations with respect to two distinct scales D
and o.

Before discussing the differences between these scales, let us note that the hypotheses of the
two theorems are close, but not actually comparable. Theorem 4.1 requires less than Theorem 3.4
in terms of joint distribution, since Theorem 3.4 needs X to be a sub-nth chaos process, while
Theorem 4.1 only needs each random variable X (x) to have the sub-nth chaos property. On
the other hand, Theorem 3.4 needs only the basic sub-nth chaos property as in our original
definitions, while Theorem 4.1 requires a bit more, since condition (11) implies this property via
Proposition 4.2, whose converse is not known.

Having said this, let us now show that D and ¢ are not necessarily comparable, and explain in
what cases they are. In order to make any meaningful comparisons, it is necessary to believe that
while the boundedness of the nth Malliavin derivative in Proposition 4.2 is perhaps not necessary
for the sub-nth chaos property, it is still presumably extremely close. We will not argue in favor
or against this belief here, but assuming one has it, one immediately concludes that if X is a
sub-nth chaos field on 7, the “nearly” best choice for its scale metric § is
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1/2

8(s, 1) = esssu DD (X(t) = X(s))|*dry ... dr

, 1) = p FlaeeesTn 1.-- n
Rp)"

=esssup |D(”) (X(t) — X(s)) |L2(R1)‘
We can first prove D < 20 as follows:

D = sup 8(s, 1)

s,tel

< sup ess sup(|D(") (X®) |L2(R'jr) + |D(n) (X(s))|L2(R1))

s,tel

2supesssup | D™ (X (1))

tel

=20.

|L2(R"+)

An opposite inequality, cannot hold in general, but we can easily prove ¢ < D assuming for
instance that for some ¢y, X (fy) = 0. Indeed, we can then write

o =supess sup’D(") (X (1) — X (10)) ‘LZ(R'D
tel
< sup ess sup‘D(”)(X(t) - X(S))‘LZ(Rn)
s,tel *
= sup §(s,t) = D.
s,tel

To finish this discussion, let us give an example where o can be much larger than D. Consider
the last example for X, and define Y (¢) = X (¢) + Z where Z is an nth-chaos random variable
independent of X, with an nth chaos norm |D™ Z| [2RY) = 2> @ given non-random constant.
Since X and Z are assumed to be independent, their Malliavin derivatives are supported on
disjoint subsets of R’, . Thus we have for ¥ that

oy = supesssup| D™ (X (1)) + D(”)Z|i2

Rn
tel (R3)

=supess sup|D(”)(X(f)) |22(R’i) + ‘D(n)z|i2(R’;)

tel

=0y + 2%

On the other hand, we obviously have that X and Y share the same diameter D since they share
the same scale metric § due to having the same increments. Thus by choosing z arbitrarily large,
D can be made arbitrarily small compared to oy. Hence Theorem 4.1 can sometimes be much
less sharp than Theorem 3.4. To avoid such a situation, one may redefine o in Theorem 4.1 by
considering only the oscillation function of X. We will not delve deeper into this issue except to
say that no statement of the Borel-Sudakov inequality we have seen in the literature has noted
that o may not be sharp; even in the Gaussian case (n = 1), where o= max;c; Var[ X ()], this
lack of sharpness may occur as described above.
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5. Modulus of continuity

Definition 5.1. Let f be a continuous increasing function in Ry such that limgy f = 0. Let
{Y(¢): t € I} be a random field on an index set / endowed with a metric p. We say that f is
an almost sure uniform modulus of continuity for ¥ on (I, p) if there exists an almost-surely
positive random variable ¢ such that

a<ay = sup Y () —Y(9)| < f(a).
s,tel: p(s,t)<a

Corollary 3.3 has an immediate consequence for continuity (see [1]). Consider the random
field ¥, , = X, — X,,. Let § be the canonical metric for X on 7T defined as §(u, v) = (E(X (v) —
X (1))?)1/2 and let 8y be the canonical metric for ¥ on T x T. Then

[ ((Xv = Xu) — Xy — Xu’))2]1/2
< 2max(8(u, v), 8(u’,v")).

Sy ((u, v), (', V"))

This implies that Ns, (¢) < Ns(e/2). So, Corollary 3.3 implies

E[ sup |XU_XL1|]:E[ sup |Yu,v|]
(u,v)eTxT, §(u,v)<n (u,v)eT xT, §(u,v)<n
2y
< C;//(logNg(s/Z))n/2
0

n
=2c/ / log N5(2))"* d
0

Thus, we have proved the following result.

Proposition 5.2. Let X be as in Corollary 3.3. Then

n
E[ sup |X,,—X anlogN(g(e))n/z
S(u,v)<n o

where K, =2C,/ with C)! the constant depending only on n defined in Corollary 3.3.

A well-known phenomenon in the theory of Gaussian regularity is that a modulus of continuity
of X relative to § is also given almost surely as the right-hand side of the previous inequality. The
same effect is shown here for sub-nth chaos processes, based on a chaining argument similar to
that used to prove Theorem 3.1. In our attempt to derive the next result as a mere consequence of
Theorem 3.1, we found that the number of modifications needing to be made to the proof of the
latter in order to get the next theorem to work, warranted a whole new proof. It is given below.
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Theorem 5.3. Let X be as in Theorem 3.1. There exists a random number ng > 0 almost surely,
such that

n

2
sup Xy — Xul <k / (log N5(®))"/ de + 4kng ().
S(u,v)<n 0

for all n < no, where k, can be taken as 2"+ (q + 1) with g > 1, where

g(n) := nlog"(log(1/m)).
Before proving this theorem, we discuss its scope and a corollary in Euclidean space.

Remark 5.4. There seems to be a slight inefficiency in the above result, due to the presence
of the term g(n) = n log”/ 2 log(1/n): the theorem cannot differentiate between sub-nth chaos
random fields which are a.s Lipschitz continuous relative to §, and those who have g(n) as an
a.s. §-modulus of continuity.

Therefore this theorem, as stated, does not provide a sharp result for trivial examples such as
X(t)= Zf‘il fi(@®)G; where (Gi)?il is a finite-dimensional sub-nth chaos random vector, and
the f;’s are smooth vector fields. We leave it to the reader to check that the proof below can be
modified to allow for a sharp result in this case, but of course the result is trivial in that situation.

There may be other less trivial examples of nearly Lipschitz random fields for which the the-
orem is not sharp, but we suspect these are always pathological, i.e. are highly inhomogeneous.
For the vast majority of random fields, including all those encountered in the literature, the en-
tropy integral in the above theorem will dominate g(#). The next result shows that in typical
examples in Euclidean space, the extra term is not needed.

The corollary below on moduli of continuity can also be established using the so-called
Garsia—Rodemich—Rumsey real variable lemma, however, we prefer the current presentation
based fully on probabilistic chaining arguments, to avoid seeking techniques outside of prob-
ability theory.

Corollary 5.5. Let X be a separable sub-nth chaos field relative to the pseudo-metric § on E X E,
where E is a subset of the d-dimensional Euclidean space, with Euclidean norm denoted by | - |.
Assume there is an increasing univariate function on Ry, also denoted by §, such that the right-
hand derivative of § at 0 exists (possibly equal to 4+00), satisfying §(s,t) < 6(|s — t|) and the
condition

lim 5(r)<log —> =0. (15)
r—0t r

~NY/2 is an almost-sure uniform mod-

Then, up to a non-random constant c, fs(r) :=38(r)(logr
ulus of continuity for X on any compact subset of E.
The constant ¢ can be taken as any constant exceeding 4k, d"'?> where ky, is as in Theorem 5.3,

and therefore does not depend on the distribution of X.
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Proof of Theorem 5.3. Following the same construction as in the proof of Theorem 3.1, we get
that almost surely for every u, v € T and £’ > £,

Xy = Xu =Xy — Xspy + Y (Xse) = Xsimsw) = D (Xsewy = Xpy@)- - (16)
>0 >0

From the first inequality in [17, Lemma 4.6], we have that for ¢ > 0,
P(|XU — Xu| > cd(u, v)) < 2exp(—cz/").

Applying the above inequality, we have

P(Fu, v e T: [Xgw) — Xoywl > 8(se(w), 5¢()) (log(€2NF))"?)

< 2N(2 exp(— log(ﬁzsz)) <2072,

where Ny = Ns(g~*). Since this is a summable series, by the Borel-Cantelli lemma, there exists
a random almost-surely finite integer Lo 1 > £ such that with probability one,

>Lot = Xow — Xewl <8(se), se(v)) (log(€2N2))"?

for all u, v € T. Similarly, we also get that

€=Loy = | Xsw — Xyl < 8(se(u), se—1 (u))(10g(521\’1zN1571))n/2

for all u € T, for a possibly larger random integer Lg 2, so that we denote Lo = max(Lo,1, Lo 2).
Putting these into (16) in which we replace ¢’ by some L > L, we get that

1Xu — Xul < 8(s2.(0), 5. (0) (10g(L2N2))"? + 3 8(se (). se—1w0)) (log (€2 NeNe—1))"?

{>L
2
+ Z 8(se(v), s[,l(v))(log(zzN(N(,l))"/ .
{>L
Now define 79 := ¢~ and for any 5 < 79, let L be the unique integer such that g2~ ! <

n < q_L. Hence for any pair (u, v) such that §(u, v) <7,

S(sp(u),sL(v)) <8(sp(u), u) + 8, v) + (v, s(v))

<qg t+n+qt

N

gt

Using this, (3), and the fact that N,_; < N, for any £ > £, we get that for the above pair (u, v),
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Xy — Xul <3¢~ L (log(L2N2))"? 423 (g + g~ (log (2 NeNe—1))"?

¢>L
<2g+ 1Y g (log(ND))"?
(>L

k[ F(L)+1(L)]. (17)

where
kn:=2"(q +1),
and
F(L)y:=) q ‘log"*¢,
=L

and also

I(L):=) g ‘“(logNp)"/>.
(2L

Note that for & € (¢~ ¢~!, g1, No < Ns(¢) and £ < log(1/¢)/logq. Therefore, approximat-
ing the series /(L) and F (L) by Riemann integrals, we get

n
I(L) < / log"/?(N5(e)) de, (18)
0
and
n 1 1 n
F(L) g/log”ﬂ(%) ds gz/mg"/z(log(l/s)) de, (19)
0 0

where in the last inequality, we used the fact that o = ¢ %0 so that log(log(1/¢)) > log(logq).
Putting (17), (19), and (18) together, we finally get that for any n < 19, for any pair (u, v) such
that 6 (u, v) <,

|XU _Xu| <kn

H\s

n
log”/Z(Na<e>)d€ + 2k / log""? (log(1/¢)) de
0

n
<k f log"/?(Ns(e)) de + 4kanlog"?(log(1/n)),
0

which finishes the proof of Theorem 5.3. O
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Proof of Corollary 5.5. Since we only need to evaluate a modulus of continuity on compact
subsets of E up to undetermined non-random constants, it is sufficient to assume that X is defined
on a subset of the box xg + [—M, M]¢ where M can be as small as needed and the center xg
of this box is arbitrary; one can then obviously tile any compact subset of £ with such boxes
defined by M fixed and a collection of centers xo. Thus, without loss of generality, we assume
E =[—M, M]¢ where we may choose M > 0 as small as desired. In view of the homogeneous
upper bound § (s, ) < 6(|s —t]) in the corollary’s assumptions, we may indeed use xo = 0 without
loss of generality.

From Theorem 5.3, there exists an almost-surely positive random number 79 and a universal
constant k,, depending only on n such that

n

sup | Xy — Xu| <k f(log 1\75(8))”/2 de + 4k, g (8(h)),
8(u.v) <7 ,

for all n < ng, where Ns(e) is the smallest number of §-balls of radius & needed to cover E.
Denote by 8! the inverse function of the univariate 8. Since the set {|u — v| < 87 '(5)} is smaller
than the set {§(u, v) < n}, denoting h = 51 (1), the inequality above implies

5(h)
2
sup | Xy — X, <k, / (log Na(s))n/ de +4k,,g(8(h)), (20)
lu—v|<h
0

for all h < 8~ (o).

The set E = [—M, M]¢ may be covered with balls of §-radius ¢ by using instead Euclidean
balls of radius r := 8§~ !(g) centered at the points of (rZ)? N E. This is done with (2M/r)¢
Euclidean balls if 2M /r is an integer, which proves

N, < M ld
8(8)\<8T(8)+ ) .

Now choose M = 1/4. By choosing 1 small enough, we can make & = 86~ (5) as small as
we wish, since limg §~1 = 0; thus, also using the fact that s lis increasing, choose n so that
57 1(e) <8 1(n) < 1/2. This guarantees that

From (20), this proves that for some almost surely positive &, for & < hyg,

8(h)

sup | Xy — Xu| < knd™? f <1og
lu—v|<h J

1 n/2
5_1(8)> de + 4k, g(8(h)). (21)

We may now use a change of measure in the last integral above in the Riemann—Stieltjes
sense, to transform the almost-sure uniform modulus of continuity for X we have just obtained
in (21):
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8(h)

h
Is(h) :=/<log 1(8)) /(log ) ds(r).
0 0

By an integration by parts, we may now write

1\"/2 p 1 1\"/2-1
Ig(h):&(h)(log Z) +n/;<log ;) 8(rydr.
0

The last term above is positive; moreover, by using the estimate 6(r) < §(h) therein, we get that
this term is bounded above by §(h)(logh™ 1y1/2 Hence

1 n/2
Is(h) < 28(h)(10gh) =2 f5(h). (22)

Combining (21) and (22), with ¢’ = 4k, d"/?, we obtain

| Su|p<l1 Xy = Xul < (fs(h) +g(8(m))). (23)

To complete the proof of the corollary, it is sufficient to show that g(5(h)) = o(fs(h)). If we
assume that §(h)/ h is bounded below by a positive constant, this follows from a straightforward
calculation. This assumption is satisfied for all usual examples of regularity scales because there
8 is concave, and therefore 8(h)/h increases to 8’(0) as & — 0. Moreover it is not a restriction
in any case. One can show that any random field for which §(¢,7 + h)/h tends to 0 as h — 0
uniformly for all ¢ in an open set of the Euclidean space is actually constant on that set. If
a random field satisfying the hypotheses of the corollary also had limy_,o8(h)/h = &' (0) =0,
then we would have, uniformly in ¢, limj,_,¢ 6 (¢,  +h)/ h = 0, and the conclusion of the corollary
would hold trivially for this constant random field [even though it would not be sharp]. Let now
¢ > ¢’. By letting & be so small that g(8(h)) < ((c — ¢’)/c) fs(h), (23) finishes the proof of the
corollary. O

The end of the above proof points to an inefficiency in the result, which also appears in all
works in the literature which deal with almost-sure uniform moduli of continuity. Consider the
example X (t) = tW(¢) where W is a standard Brownian motion. In this case, for all s, ¢ € [0, 1],
we may write that this Gaussian process has a canonical metric bounded as §(s, 1) < K|t — s| 1/2
where K is a universal constant. Thus f5(h) = K2 logl/ 2(1 /h) is an almost sure uniform
modulus of continuity for X up to a universal constant, which is of course a sharp result,
since lower bounds of the same order can also be obtained in this very simple case when look-
ing at the entire interval [0, 1]. However, this hides the fact that at + = 0, X is almost-surely
differentiable (indeed, its derivative is 0 almost surely!). Because of the extreme inhomogeneity
of X near the origin, no statement on uniform moduli of continuity can accurately describe X’s
behavior there.

The result of Corollary 5.5 is nevertheless quite sharp, in the following sense. First note that
the integral Is(h) in (21) is also bounded below by fs(h). Thus there is no hope to better the
result of the corollary analytically. More specifically, one can show that if § (u, v) = §(|u — v|),
a homogeneous case, then fs(h) is in fact, an upper and lower bound for the entropy integral
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in (20), with constants 2 and 1, respectively; therefore in this case, fs(h) appears indeed as a
sharp estimate of the modulus of continuity of X. Referring to the homogeneous Gaussian case
for comparison, it was proved in [15] that fs is a uniform modulus of continuity if and only if
the canonical metric of X is commensurate with §. Our corollary above is a first step in proving
the same result for sub-nth processes. To prove such a strong result for these processes, however,
one would need a strong lower bound assumption on the tails of the processes’ increments. Even
in the sub-Gaussian case, such a problem is open.

We close this article with a note on the scope of condition (15). In the Gaussian case, it
is well understood that this condition is sufficient for almost-sure boundedness and continuity,
while in the corresponding homogeneous case with scalar parameter, when the condition is not
satisfied, one can prove that the process is almost surely unbounded on any open interval; this is a
consequence of the so-called Fernique lower bound (e.g. opposite inequality from Corollary 3.3
with n = 1). When n > 1, it is simple enough to conjecture that such sharpness should also hold;
this would be easier to prove than the program outlined in the previous paragraph, but it is still
not a straightforward endeavor, since even in the sub-Gaussian case, formulating a lower bound
hypothesis sufficient to obtain an analogue Fernique’s lower bound appears to be non-trivial. We
may simply state at this stage that the following regularity scales all yield continuous sub-nth
chaos processes; condition (15) is satisfied by the following scales (c is a generic constant which
depends on n and the other regularity parameters H, 8, y given below):

1. 8(r)=r", H € (0, 1) (fractional Brownian scale): fs(r) < crtt log”/z(l/r);
2. 8(r) = (log %)’/3, B > n/2 (logarithmic Brownian scale): fs(r) < clog’ﬂ“‘/z(l/r);
3. 8(r) =rlog” %, y >0 (nearly Lipschitz case): fs(r) < crlog?t/2(1/r).

For more information on the stochastic analysis of Gaussian random fields with regularity
scales 1 and 2, see [3,10], respectively.

Appendix A. The fractional exponential Poincaré inequality; proof of Proposition 4.2

Here we prove Proposition 4.2. In the proof below, we denote by | - || the norm of
L>((Rp)X, d5) for any integer k. We will also make use of the notation |||| - ||| for iterated L?
norms.

Step 1 (Setup). We only need to show that

E[exp(|Y/M*")] < K (n),

where the constant K (n) depends only on n. Indeed, if K(n) < 2, we may take C,, = 1, and
otherwise we must take C,, > 1. We can thus use Jensen’s inequality to write

Y
E|exp M
n

Mﬂ = E[ (exp(1y/MP/m) "]

< K(n)(cn>—2/"

so that it is sufficient to take C,, = (log K (n)/ log 2)/2,
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Step 2 (Poincaré inequality for fractional exponential moments). We will use a coupling inequal-
ity of Ustiinel for convex functions, namely Theorem 9.2.2 in [16]. Since the function exp(|x |2/m)
is convex only for |x|?/" > (n — 2)/2, we write brutally

E[exp(1Y/M*'")] <E[exp(1Y/M[*" v a,)],

where a,, := (n/2 — 1). Now we claim that Theorem 9.2.2 in [16], allows us to prove the follow-
ing.

Lemma A.1 (Fractional exponential Poincaré inequality). For any centered random variable
Xe L2(.Q), and any value o € [0, 1],
o
Vap /a>:|

vaz/a>ﬂ, (A1)

where under the measure Px @ Pz, Z and X are independent, and Z is standard normal.
Similarly, for a centered random field X on an index set I with X (t) € L>(2, F,P) for all
t € 1, and with || - || 7 a norm on a function space F such that X (-) € F almost-surely,

Vaz/a>:|
f

\% az/a>:|:|. (A.2)
F

Proof. To prove (A.1), simply note that Ustiinel’s notation I (Vg (w))(z) = fol %V(p(w, t)dz;
is none other than fol(D,go) (w) dz; where ¢ = p(w) is a random variable w.r.t. w, and z is a
Brownian motion on a space not related to w. Therefore, with respect to the randomness of the
Brownian motion z (and hence, with w fixed), the random variable I; (Ve (w))(z) has the same
distribution as a Gaussian r.v. with variance fol |D;¢|?(w) dt. Now we repeat precisely the proof
of Theorem 9.2.3 in [16] with U (x) = exp(|x|* V az/¢). Let X := X (&) be an independent copy
of X = X(w) and we write X as X = X(w) — EXX(c?)). Using Jensen’s inequality w.r.t. E for
the convex function x = exp(| X () — x|* V az/q)

Ex[exp(IX|* v ar/a)] < Ex ® E7 [exp(’zgnmn

:EZ|:EX|:exp<‘Z%||DX||

Ex[exp(I X%V a2/)] <Ex ® Ez [exp(HZ%nDXn

_E, [EX |:exp<HZ%IIDX||

Ex[exp(IX|* V az/a)] =Ex[exp(|X (0) — Ex X (@)|" V az/a)]
<Ex[Eg[exp(|X (@) — X(@)|" v aya)]]-

Next we invoke Theorem 9.2.2 in [16] with the U(x) and the remark above on the law of
I (Vo(w))(z) for w fixed, yielding that the last expression above is

Ex[Eg[exp(|X () — X(@)|* V az/a)]] = Ex[Ex[U (X (@) — X (@))]]

<Ex [Ez [U(%h (VX(w))(@)H
’ Vv az/aﬂ,

T
=Ex®Ez [CXP(‘ZEHDXH
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where Z is standard normal and which proves (A.1). To prove (A.2), we claim that Lemma 9.2.1
in [16] also holds for processes and fields.

Lemma (Intermediate lemma). Let X = {X;: s € 1} be a Gaussian field on an index set I with
values in R and let U(X) = exp(]| X||¢ Vad/a), where | - || is a norm on a function space F such
that X € F a.s. For any C'-function V:R% — R, with V' its gradient, we have the following
inequality:

E[U(V(X) - V()] < E[U(%(V’(X.), Y,)Rdﬂ,

where Y is an independent copy of X and E is the expectation with respect to the product mea-
sure.

The proof of this intermediate lemma follows the same proof in [16]. Indeed let X(0) =
X, sinf + Y; cos 6. Then
/2

d
V(Xs)—V(YS)z/%V(XS(Q))dO
0

/2

_ / (V/(X50), X;(6)) o 46
0
/2

- % /(V/(Xs(e)),x;(e))m db

0

where df = d/92 We have

/2

/ 2 (V/(X.0)). X/0))
0
/2

exp(( / ” (X.0)), X'0)) g

7T/

U(V(X)— V() =exp<

o
dé \ az/a)

o
dé) \ azm)

\/az/a) dé

o

eXp(H "(X.(0)), X)) ga

/2

- / U(%(V’(X.(Q)),X,’(G))Rd>dé, (A3)
0

where in line (A.3), we used that the function || X|| > exp(|| X [|* V a2/¢) is convex. Moreover
X;(0) and X (6) are two independent Gaussian processes with the same law as X;. Hence
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B

/2

E[U(%(V/(X.), Y.)Rd>] dé

E U ! X Y
( V ( 4)5 ‘)Rd .
ThlS proves the Intermediate 1emma.

It immediately implies that Theorem 9.2.2 in [16] also holds for processes and fields. A similar
argument as in the proof for (A.1) now proves (A.2) from this extension of Theorem 9.2.2 in [16].
This finishes the proof of the fractional exponential Poincaré inequality, Lemma A.1. O

E[U(V(X)—-V(Y))] <

o—

Step 3 (Iteration). Now we simply apply inequality (A.2) to inequality (A.1) with « =2/n and

iterate. Assuming X = Z}:o:n I (fx), the iterated Malliavin derivatives of X up to order n — 1

will have mean 0, justifying the repeated use of (A.2) below. In the first pair of iterations we have
Eyx [exp(|X|2/” Y, an)]

r 2/n
<Ez Ex[epr IDX|*" v ay )ﬂ

<o o (| (3) | ooxil) var) ]
e [ex o (j(2) | 102 x 1) v )]

where Z1 and Z; are independent standard normals, and we used the fact that, in the notation of
Lemma A.1, since F is L>([0, 1]), we may write L>([0, 1]; ) = L*([0, 1]?). Hence, iterating
this procedure we get, using a measure Pz under which Z1, Z», ..., Z, are IID standard normals,

N|:l

Ex[exp(|X|2/”Va,,)]gEz[Ex[exp(Oz ZaZy M HD(")XHZ/n) an>ﬂ

Now, replacing X by Y/M and noting that our hypothesis on Y says | D™ X|| < 1,

2

Ex[exp(lY/M|*" v a,)] < Ez [exp((%zn e zzznz/") Vv (n/2— 1))}
=: K(n). (A4)

The latter being a universal constant depending only on 7, the theorem is proved. In order to make
the definition of the constant K (n) more explicit, we may use the relation between algebraic and

geometric means to get
K(n) < (EZ1 [exp( Z3V (n)2 — 1))}) (A.5)

The proof of Proposition 4.2 is complete.
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1. Introduction

Let M be a closed connected smooth manifold with Riemannian metric g. Suppose E is a
flat complex vector bundle over M. Let & be a Hermitian metric on E. Recall the de Rham
differential dp : 2%(M; E) — Q*T1(M; E) on the space of E-valued differential forms. Let
dz!g,h:.Q*“(M; E) — £2*(M; E) denote its formal adjoint with respect to the Hermitian
scalar product on £2*(M; E) induced by g and /. Consider the Laplacian Ag ¢, = dEdZ-’ ah +
d; e, Rde 2% (M; E) — 2%(M; E). Recall the (inverse square of the) Ray—Singer torsion [29]

[T(etAg )" e RY.
q

Here det'(Afg g5,4) denotes the zeta regularized product of all non-zero eigen-values of the
Laplacian acting in degree ¢g. This is a positive real number which coincides, up to a computable
correction term, with the absolute value of the Reidemeister torsion, see [2].

The aim of this paper is to introduce a complex-valued Ray-Singer torsion which, conjec-
turally, computes the Reidemeister torsion, including its phase. This is accomplished by replacing
the Hermitian fiber metric . with a fiber wise non-degenerate symmetric bilinear form b on E.

The bilinear form b permits to define a formal transposed dg &b of dg, and an in general not self-

adjoint Laplacian Ag ¢ p :=d Ed‘ﬁE eb T dg ¢ »dE. The (inverse square of the) complex-valued
Ray-Singer torsion is then defined by

[T(det' (Apg0.0) """ eC*:=C\ f0}. (1)
q

The main result proved here, see Theorem 4.2, is an anomaly formula for the complex-valued
Ray-Singer torsion, i.e. we compute the variation of the quantity (1) through a variation of g
and b. This ultimately permits to define a smooth invariant, the analytic torsion.!

The paper is roughly organized as follows. In Section 2 we recall Euler and coEuler structures.
These are used to turn the Reidemeister torsion and the complex-valued Ray—Singer torsion into
topological invariants referred to as combinatorial and analytic torsion, respectively. In Section 3
we discuss some finite-dimensional linear algebra and recall the combinatorial torsion which
was also called Milnor—Turaev torsion in [9]. Section 4 contains the definition of the proposed
complex-valued analytic torsion. In Section 5 we formulate a conjecture, see Conjecture 5.1,
relating the complex-valued analytic torsion with the combinatorial torsion. We establish this
conjecture in some non-trivial cases via analytic continuation from a result of Cheeger [16,17],
Miiller [28] and Bismut—Zhang [2]. Section 6 contains the derivation of the anomaly formula.

1 The use of a fiberwise non-degenerate bilinear form instead of Hermitian fiber metric was suggested by W. Miiller.
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This proof is based on the computation of leading and subleading terms in the asymptotic ex-
pansion of the heat kernel associated with a certain class of Dirac operators. This asymptotic
expansion is formulated and proved in Section 7, see Theorem 7.1. In Section 8 we apply this
result to the Laplacians Ag ¢ 5 and therewith complete the proof of the anomaly formula.

We restrict the presentation to the case of vanishing Euler—Poincaré characteristics to avoid
geometric regularization, see [9,10]. With minor modifications everything can easily be extended
to the general situation. This is sketched in Section 9. The analytic core of the results, The-
orem 7.1 and its corollaries Propositions 6.1 and 6.2, are formulated and proved without any
restriction on the Euler—Poincaré characteristics.

Let us also mention the series of recent preprints [3-7]. In these papers Braverman and
Kappeler construct a “refined analytic torsion” based on the odd signature operator on odd-
dimensional manifolds. Their torsion is closely related to the analytic torsion proposed in this
paper. For a comparison result see [7, Theorem 1.4]. Some of the results below which partially es-
tablish Conjecture 5.1, have first appeared in [7], and were not contained in the first version of this
paper. The proofs we will provide have been inspired by [7] but do not rely on the results therein.

Recently, in October 2006, two preprints [13,33] have been posted on the internet providing
the proof of Conjecture 5.1. In [13] Witten—Helffer—Sjostrand theory has been extended to the
non-selfadjoint Laplacians discussed here, and used along the lines of [15], to establish Con-
jecture 5.1 for odd-dimensional manifolds, up to sign. Comments were made how to derive the
conjecture in full generality on these lines. A few days earlier, by adapting the methods in [2] to
the non-selfadjoint situation, Su and Zhang in [33] provided a proof of the conjecture.

The definition of the complex-valued analytic torsion was sketched in [12], the particular case
rank £ =1 is implicit in [11].

2. Preliminaries

Throughout this section M denotes a closed connected smooth manifold of dimension n.
For simplicity we will also assume vanishing Euler—Poincaré characteristics, x (M) = 0. At the
expense of a base point everything can easily be extended to the general situation, see [8—10] and
Section 9.

2.1. Euler structures

Let M be a closed connected smooth manifold of dimension n with x (M) = 0. The set of
Euler structures with integral coefficients Eul(M; 7)) is an affine version of Hj(M; Z). That is,
the homology group Hi(M; Z) acts free and transitively on Eul(M; Z) but in general there is no
distinguished origin. Euler structures have been introduced by Turaev [34] in order to remove the
ambiguities in the definition of the Reidemeister torsion. Below we will briefly recall a possible
definition. For more details we refer to [9,10].

Recall that a vector field X is called non-degenerate if X : M — T M is transverse to the zero
section. Denote its set of zeros by X'. Recall that every x € A’ has a Hopf index INDx (x) € {£1}.
Consider pairs (X, ¢) where X is a non-degenerate vector field and c € C fmg(M ; Z) is a singular
1-chain satisfying

dc=e(X):= Y INDx(x)x.
xeX

Every non-degenerate vector field admits such ¢ since we assumed x (M) = 0.
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We call two such pairs (X1, c1) and (X2, ¢2) equivalent if
2 — 1 =cs(X1, Xa) € CY"8(M; 2)/dC"8 (M, 7).

Here cs(X1, X») € Cfmg(M AY: 8C§mg(M ; Z) denotes the Chern—Simons class which is rep-
resented by the zero set of a generic homotopy connecting X; with X5. It follows from
cs(X1, X2) + cs(Xa, X3) =cs(X1, X3) that this indeed is an equivalence relation.

Define Cul(M;Z) as the set of equivalence classes [X, c] of pairs considered above. The
action of [o] € H{(M; Z) on [X, c] € Eul(M; Z) is simply given by [X, c] + [o]:=[X,c+ o].
Since cs(X, X) = 0 this action is well defined and free. Because of dcs(X1, X2) =e(X2) —e(X1)
it is transitive.

Replacing singular chains with integral coefficients by singular chains with real or complex
coefficients we obtain in exactly the same way Euler structures with real coefficients Eul(M; R)
and Euler structures with complex coefficients Cul(M; C). These are affine version of H;(M; R)
and H{(M; C), respectively. There are obvious maps Eul(M; Z) — Cul(M; R) — ¢ul(M; C)
which are affine over the homomorphisms H|(M;Z) — H{(M;R) — H{(M; C). We refer to
the image of Gul(M; Z) in Eul(M; R) or Eul(M; C) as the lattice of integral Euler structures.

Since we have e(—X) = (—1)"e(X) and cs(— X1, —X2) = (—1)"cs(X1, X»), the assignment
v([X, c]) :=[—X, (—=1)"c] defines affine involutions on Eul(M; Z), Cul(M; R) and Eul(M; C).
If n is even, then the involutions on Eul(M; R) and Eul(M; C) are affine over the identity and
so we must have v = id. If n is odd the involutions on Gul(M;R) and Eul(M; C) are affine
over —id and thus must have a unique fixed point ecay € Eul(M; R) C Eul(M; C). This canonic
Euler structure permits to naturally identify Eul(M; R) respectively €ul(M; C) with H;(M; R)
respectively Hi(M; C), provided n is odd. Note that in general none of these statements is true
for the involution on Gul(M; Z). This is due to the fact that in general H;(M; Z) contains non-
trivial elements of order 2, and elements which are not divisible by 2.

Finally, observe that the assignment [X,c] — [X,c] defines a conjugation ¢ +— & on
Cul(M; C) which is affine over the complex conjugation H;(M; C) — H{(M;C), [oc] — [o].
Clearly, the set of fixed points of this conjugation coincides with Eul(M; R) C Eul(M; C).

Lemma 2.1. Let M be a closed connected smooth manifold with x (M) =0, let ¢ € Cul(M; Z) be
an Euler structure, and let xo € M be a base point. Suppose X is a non-degenerate vector field
on M with zero set X # (. Then there exists a collection of paths oy, 0x(0) = x9, ox(1) = x,
x€X, sothate=[X,) . INDyx(x)oy].

Proof. For every zero x € X choose a path 6, with 6,(0) = x¢ and &,(1) = x. Set ¢ :=
> ex INDx (x)6,. Since x (M) = 0 we clearly have 3¢ = e(X). So the pair (X, ) represents an
Euler structure ¢ := [X, ¢] € Cul(M; Z). Because H|(M; Z) acts transitively on Eul(M; Z) we
find a € Hi(M; Z) with ¢ + a = ¢. Since the Huréwicz homomorphism is onto we can represent
a by a closed path 7 with 7 (0) = (1) = xo. Choose y € X'. Define oy, as the concatenation of
oy with a™NPx() "and set o, := &, for x # y. Then the pair (x, Y rex INDx (x)oy) represents
et+a=c¢. O

2.2. CoEuler structures

Let M be a closed connected smooth manifold of dimension n with x (M) = 0. The set of
coEuler structures Eul*(M:; C) is an affine version of H" (M Of,,). That is the cohomology
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group H"~1(M; (’)}(\:,1) with values in the complexified orientation bundle O}% acts free and tran-
sitively on Eul*(M; C). CoEuler structures are well suited to remove the metric dependence from
the Ray—Singer torsion. Below we will briefly recall their definition, and discuss an affine ver-
sion of Poincaré duality relating Euler with coEuler structures. For more details and the general
situation we refer to [9] or [10].

Consider pairs (g, @), g a Riemannian metric on M, o € "M, Oj‘c,,), which satisfy

da =¢e(g).

Heree(g) € 2™(M; (’);‘C,I) denotes the Euler form associated with g. In view of the Gauss—Bonnet
theorem every g admits such o for we assumed x (M) =0.
Two pairs (g1, o1) and (g2, a2) as above are called equivalent if

ar —ap =cs(gy, g2) € .Q"_I(M; O(,\C,,)/d[?"_2(M; O(,E,)

Here cs(g1, g2) € 2" (M; O%)/dﬂ”_z(M; O%) denotes the Chern—Simons class [18] asso-
ciated with g1 and g». Since cs(g1, g2) + cs(g2, g3) = cs(g1, g3) this is indeed an equivalence
relation.

Define the set of coEuler structures with complex coefficients Eul*(M; C) as the set of
equivalence classes [g, «] of pairs considered above. The action of [8] € H"~1(M; (9}%) on
[g,a] € Eul*(M; C) is defined by [g, ] + [B] := [g,a — B]. Since cs(g, g) = 0 this action is
well defined and free. Because of dcs(g1, g2) = e(g2) — e(g1) it is transitive too.

Replacing forms with values in O}?,I by forms with values in the real orientation bundle O}‘R}
we obtain in exactly the same way coEuler structures with real coefficients ul* (M; R), an affine
version of H" (M (’)5). There is an obvious map Eul*(M; R) — Eul*(M; C) which is affine
over the homomorphism H"~1(M; (9],15,) — H" \(Mm; (9%[).

In view of (—1)"e(g) =e(g) and (—1)"cs(g1, g2) = cs(g1, g2) the assignment v([g, «]) :=
[g, (—=1)"«] defines affine involutions on Eul*(M; R) and Eul*(M; C). For even n these involu-
tions are affine over the identity and so we must have v = id. For odd » they are affine over —id
and thus must have a unique fixed point ¢*, . € Gul*(M; R) C Eul*(M; C). Since e(g) = 0 in this

can
case, we have e’ = [g, 0] where g is any Riemannian metric. This canonic coEuler structure
provides a natural identification of Eul*(M;R) respectively €ul*(M; C) with H" ™' (M; (’)AR})
respectively H"~!(M; O%), provided the dimension is odd.

Finally, observe that the assignment [g, o] — [g, @] defines a complex conjugation ¢* > ¢*
on Eul*(M; C) which is affine over the complex conjugation H"~!(M; O%) — H" (M, O%),
[B] — [B]. Clearly, the set of fixed points of this conjugation coincides with the image of
Cul*(M; R) C ¢ul*(M; C).

2.3. Poincaré duality for Euler structures

Let M be a closed connected smooth manifold of dimension n with x (M) = 0. There is a
canonic isomorphism

P:Cul(M; C) — &ul*(M; C) )
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which is affine over the Poincaré duality Hy(M; C) — H"~(M; (9%1). If [X,c] € Gul(M; C)
and [g, @] € €ul*(M; C) then P([X, c]) = [g, «] iff we have

/ a)/\(X*lIf(g)—ot)z'/a) 3)

M\X c

for all closed one forms w which vanish in a neighborhood of X, the zero set of X. Here
WU(g) e 2" W(TM\ M; JT*O%I) denotes the Mathai—Quillen form [26] associated with g, and
w:TM — M denotes the projection. With a little work one can show that (3) does indeed de-
fine an assignment as in (2). Once this is established (2) is obviously affine over the Poincaré
duality and hence an isomorphism. It follows immediately from (—X)*W (g) = (—1)"X*¥(g)
that P intertwines the involution on Eul(M; C) with the involution on Eul*(M; C). Moreover,
P obviously intertwines the complex conjugations on Eul(M; C) and €ul*(M; C). Particularly,
(2) restricts to an isomorphism

P:¢ul(M;R) — ¢ul*(M; R)
affine over the Poincaré duality H;(M; R) — H"~'(M; O%).
2.4. Kamber—Tondeur form

Suppose E is a flat complex vector bundle over a smooth manifold M. Let VZ denote the flat
connection on E. Suppose b is a fiber wise non-degenerate symmetric bilinear form on E. The
Kamber—Tondeur form is the one form

wgp=—u(b'VEb) e 2'(M; C). 4)

More precisely, for a vector field Y on M we have wg ,(Y) := tr(b’lvl‘f b). Here the derivative
of b with respect to the induced flat connection on (E ® E)’ is considered as Vfb E— E'.
Then b~! Vfb :E — E and wg »(Y) is obtained by taking the fiber wise trace.

The bilinear form b induces a non-degenerate bilinear form detb on det E := A™X®) E. From
deth1V9E deth) = tr(b~ ' VED) we obtain

Wdet E,deth = WE b- ©)
Particularly, wg 5 depends on the flat line bundle det £ and the induced bilinear form detb only.
Since V£ is flat, wg p is a closed 1-form, cf. (5).

Suppose by and b are two fiber wise non-degenerate symmetric bilinear forms on E. Set A :=
bflbz € Aut(E), i.e. bp(v, w) = b1(Av, w) for all v, w in the same fiber of E. Then detb,; =
detb det A, hence

VIEE (detby) = VIE (deth)) det A + (detbh))d det A

and therefore

WE by = OF b, +det A" d det A. (6)
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If detb; and detb, are homotopic as fiber wise non-degenerate bilinear forms on det E,
then the function detA : M — C* := C \ {0} is homotopic to the constant function 1. So
we find a function logdetA : M — C with dlogdet A = det A~'d det A, and in view of (6)
the cohomology classes of wg ;,, and wg 5, coincide. We conclude that the cohomology class
[wegpl e H 1(M; C) depends on the flat line bundle det E and the homotopy class [detb] of the
induced non-degenerate bilinear form detb on det E only.

If Eq and E; are two flat vector bundles with fiber wise non-degenerate symmetric bilinear
forms by and b, then

WE | ®E),by®by = WE| b + WE, b, - (7)

If E’ denotes the dual of a flat vector bundle E, and if »’ denotes the bilinear form on E’ induced
from a fiber wise non-degenerate symmetric bilinear form b on E then clearly

WE' ) = —OE ). (®)

If E denotes the complex conjugate of a flat complex vector bundle E, and if 5 denotes the
complex conjugate bilinear form of a fiber wise non-degenerate symmetric bilinear form b on E,
then obviously

W p=OFb- )

Finally, if F is a real flat vector bundle and % is a fiber wise non-degenerate symmetric bi-
linear form on F one defines in exactly the same way a real Kamber—Tondeur form wr j :=
—% tr(h~'V¥ h) which is closed too. If FC:= F ® C denotes the complexification of F and hC
denotes the complexification of 4 then clearly

e 4e = OF b (10)

in 2! (M;R) C 21 (M; C). Note that all such & give rise to the same cohomology class [wF ;] €
H'(M;R), see (5) and (6). To see this also note that the induced fiber wise non-degenerate
bilinear form det/ on det F' has to be positive definite or negative definite, but wqet F,— detr =
@det F,deth -

2.5. Holonomy

Suppose E is a flat complex vector bundle over a connected smooth manifold M. Let
X0 € M be a base point. Parallel transport along closed loops provides an anti homomorphism
w1 (M, xg) — GL(Ey,), where E,, denotes the fiber of E over xp. Composing with the inversion
in GL(Ey,) we obtain the holonomy representation of E at xq

hol%, <71 (M, x0) = GL(Ex,).

Applying this to the flat line bundle det E := A™®)E we obtain a homomorphism hol{¢' £
m1 (M, x9) = GL(det Ey)) = C* which factors to a homomorphism

O :H|(M;Z)— C*. (11
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Lemma 2.2. Suppose b is a non-degenerate symmetric bilinear form on E. Then
0p (o) = tell?Eb10) 5 e H(M; 7).

Here ([wE pl, o) € C denotes the natural pairing of the cohomology class [wEg p] € Hl(M; (©))
and o € H{(M; Z).

Proof. Let 7:[0, 1] = M be a smooth path with t(0) = 7(1) = x¢. Consider the flat vector bun-
dle (det E)~2 := (det EQdet E). Let B : [0, 1] — (det E) 2 be a section over T which is parallel.
Since detb deﬁnes a global nowhere vanishing section of (det £)~ 2 we find A: [0, 1] — C so that
B = Xrdetb. Clearly,

2(1) hol @B ([7]) = 1(0). (12)

leferentlatmg B = Adeth we obtain 0 = A/ deth + AV(detE )7

— 2AwE p(t'). Integrating we get

(detb). Using (5) this yields 0 =

1
A(1) = A(0) exp (/ 2w (7' (1)) dt) = A(0)e2@EpLIT]),
0

(det E)2

Takmg (12) into account we obtain hol,, ([r]) = e 2{@EpLITD and this gives holdetE ([z) =

+ellwppllz) o
3. Reidemeister torsion

The combinatorial torsion is an invariant associated to a closed connected smooth mani-
fold M, an Euler structure with integral coefficients ¢, and a flat complex vector bundle E over
M. In the way we consider it here this invariant is a non-degenerate bilinear form rg‘f?b on the
complex line det H*(M; E)—the graded determinant line of the cohomology with values in (the
local system of coefficients provided by) E. If H*(M; E) vanishes, then rzf’renb becomes a non-
vanishing complex number. The aim of this section is to recall these definitions, and to provide
some linear algebra which will be used in the analytic approach to this invariant in Section 4.

Throughout this section M denotes a closed connected smooth manifold of dimension n.
For simplicity we will also assume vanishing Euler—Poincaré characteristics, y (M) = 0. At the
expense of a base point everything can easily be extended to the general situation, see [8—10] and
Section 9.

3.1. Finite-dimensional Hodge theory
Suppose C* is a finite-dimensional graded complex over C with differential d : C* — C**!.
Its cohomology is a finite-dimensional graded vector space and will be denoted by H (C*). Recall

that there is a canonic isomorphism of complex lines

det C* = det H(C™). (13)
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Let us explain the terms appearing in (13) in more details. If V is a finite-dimensional vec-
tor space its determinant line is defined to be the top exterior product detV := A4m(V)y
If V* is a finite-dimensional graded vector space its graded determinant line is defined by
det V* := det V" ® (det V°49)'. Here V" := D, V24 and Vodd .= @D, V24+1 are consid-
ered as ungraded vector spaces and V' := L(V; C) denotes the dual space. For more details on
determinant lines consult for instance [24]. Let us only mention that every short exact sequence
of graded vector spaces 0 — U* — V* — W* — 0 provides a canonic isomorphism of determi-
nant lines det U* ® det W* = det V*. The complex C* gives rise to two short exact sequences

0—>B*—>Z*—> H(C*»—0 and 0— Z*—C*<L p*tl 50 (14)

where B* and Z* denote the boundaries and cycles in C*, respectively. The isomorphism (13)
is then obtained from the isomorphisms of determinant lines induced by (14) together with the
canonic isomorphism det B* ® det B*! = det B* ® (det B*)' = C.

Suppose our complex C* is equipped with a graded non-degenerate symmetric bilinear
form b. That is, we have a non-degenerate symmetric bilinear form on every homogeneous com-
ponent CY, and different homogeneous components are b-orthogonal. The bilinear form b will
induce a non-degenerate bilinear form on det C*. Using (13) we obtain a non-degenerate bilinear
form on det H (C*) which is called the torsion associated with C* and b. 1t will be denoted by
TC*,b-

Remark 3.1. Note that a non-degenerate bilinear form on a complex line essentially is a non-
vanishing complex number. If C* happens to be acyclic, i.e. H(C*) = 0, then canonically
det H(C*) = C and t¢+p € C* is a genuine non-vanishing complex number—the entry in the
1 x 1-matrix representing this bilinear form.

Example 3.2. Suppose g € Z, n € N and A € GL,(C). Let C* denote the acyclic complex
Cn 4=4, Cn concentrated in degrees g and g + 1. Let b denote the standard non-degenerate sym-

metric bilinear form on C*. In this situation we have tcx p = (detA)(_l)q+12 = (detAA")(_l)qul .

The bilinear form b permits to define the transposed d, g of d
4l C* = C*, b(dv, w) =b(v, djw), v,w e C*.

Define the Laplacian Ay = ddg + dgd : C* — C*. Let us write C; (1) for the generalized A-
eigen space of Ay. Clearly,

cr=cm. (15)
A

Since Aj is symmetric with respect to b, different generalized eigen spaces of A are b-
orthogonal. It follows that the restriction of b to C,:‘ (X) is non-degenerate.

Since Aj commutes with d and dg the latter two will preserve the decomposition (15). Hence
every eigen space Cj; (1) is a subcomplex of C*. The inclusion Cj;(0) — C* induces an isomor-
phism in cohomology. Indeed, the Laplacian factors to an invertible map on C*/C};(0) and thus

induces an isomorphism on H(C*/Cj(0)). On the other hand, the equation A, = dd,iI + dgd
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tells that the Laplacian will induce the zero map on cohomology. Therefore H(C*/C};(0)) must
vanish and C;(0) — C* is indeed a quasi isomorphism. Particularly, we obtain a canonic iso-
morphism of complex lines

det H(C;(0)) = det H(C™). (16)

Lemma 3.3. Suppose C* is a finite-dimensional graded complex over C which is equipped with
a graded non-degenerate symmetric bilinear form b. Then via (16) we have

/ (=g
b =TCObler o) ° H(det (Abg))
q

where det' (A o) denotes the product over all non-vanishing eigen-values of the Laplacian acting
in degree q, Ap 4 := Ap|ca : CT — C1.

Proof. Suppose (C7¥, by) and (C%, by) are finite-dimensional complexes equipped with graded
non-degenerate symmetric bilinear forms. Clearly, H(C} @ C3) = H(C}) ® H(C3) and we ob-
tain a canonic isomorphism of determinant lines

det H(C{ & C3) =det H(C}) ® det H(C3).
It is not hard to see that via this identification we have

TCroCs,bi@by = TC by @ TC.by- (17)

In view of the b-orthogonal decomposition (15) we may therefore without loss of generality
assume ker Ap = 0. Particularly, C* is acyclic.

Then imgd N kerd}iI C kerd Nker d}E C ker Ap =0. Since imgd and kerd,f are of complemen-
tary dimension we conclude imgd & kerdg = C*. The acyclicity of C* implies ker d,f =img dg
and hence imgd @ imgd g = C*. This decomposition is b-orthogonal and invariant under Aj. We
obtain

det'(Ap,q) = det(Ap 4) = det(Aplcanimga) - det(Ab] o pimg 4 )-

Since d : C? Nimg dg — C4t!' Nimgd is an isomorphism commuting with A
det(A|animgd£) = det(A|Cq+lmimgd).
A telescoping argument then shows

Y _
[T(det'(ap.) " =] det(Aslcorimea) ™. (18)
q q
On the other hand, the b-orthogonal decomposition of complexes

c*=P(c? nimgd;, 4 4! Nimgd)
q
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together with (17) and the computation in Example 3.2 imply

—1)q+!
TC*,b = Hdet(ddls|cq+lﬂimgd)( )
q

which clearly coincides with (18) since Aplimgd = ddf,I limga- O

Example 3.4. Suppose 0 # v € C? satisfies v'v = 0. Moreover, suppose 0 # z € C and set
w = zv'. Let C* denote the acyclic complex C ¥ C? % C concentrated in degrees 0, 1
and 2. Equip this complex with the standard symmetric bilinear form b. Then Ap o = v'v =0,
Apr=ww' =0, Ap1 = (1 +22)vv!, (Ap1)?> =0. Thus all of this complex is contained in the
generalized 0-eigen space of Ap. The torsion of the complex computes to Tcx , = —z2. Observe
that the kernel of A, does not compute the cohomology; that the bilinear form becomes de-
generate when restricted to the kernel of Ap; and that the torsion cannot be computed from the
spectrum of Ajp.

3.2. Morse complex

Let E be a flat complex vector bundle over a closed connected smooth manifold M of dimen-
sion n. Suppose X = —grad, (f) is a Morse-Smale vector field on M, see [30]. Let X" denote
the zero set of X. Elements in X" are called critical points of f. Every x € X has a Morse index
ind(x) € N which coincides with the dimension of the unstable manifold of x with respect to X.
We will write & := {x € X' | ind(x) = ¢} for the set of critical points of index g.

Recall that the Morse—Smale vector field provides a Morse complex C*(X; E) with underly-
ing finite-dimensional graded vector space

CUX;E)= @ Ey ®i+1y Ox.

xeXy,

Here E, denotes the fiber of E over x, and O, denotes the set of orientations of the unstable
manifold of x. The Smale condition tells that stable and unstable manifolds intersect transver-
sally. It follows that for two critical points of index difference one there is only a finite number
of unparametrized trajectories connecting them. The differential in C*(X; E) is defined with the
help of these isolated trajectories and parallel transport in E along them.

Integration over unstable manifolds provides a homomorphism of complexes

Int: 2*(M; E) - C*(X; E) 19)

where 2*(M; E) denotes the de Rham complex with values in E. It is a folklore fact that (19)
induces an isomorphism on cohomology, see [30]. Particularly, we obtain a canonic isomorphism
of complex lines

det H*(M; E) = det H(C*(X; E)). (20)

Suppose x(M) = 0 and let ¢ € Eul(M;Z) be an Euler structure. Choose a base point
xo € M. For every critical'point x € X choose a path o, with ¢(0) = x¢ and o,(1) = x so
that e = [—X, Y, . x(—1)"™o,]. This is possible in view of Lemma 2.1. Also note that
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IND_x(x) =(— l)i“d(x ). Choose a non-degenerate symmetric bilinear form by, on the fiber E,,
over xg. For x € X' define a bilinear form b, on E, by parallel transport of b,, along oy.
The collection of bilinear forms {b,},cx defines a non-degenerate symmetric bilinear form
on the Morse complex C*(X; E). It is elementary to check that the induced bilinear form on
det C*(X; E) does not depend on the choice of {0y },cx, and because x (M) = 0 it does not de-
pend on xo or by, either. Hence the corresponding torsion is a non-degenerate bilinear form on
det H(C*(X; E)) depending on E, ¢ and X only. Using (20) we obtain a non-degenerate bilinear
form on det H*(M; E) which we will denote by r“’mb For the following non-trivial statement
we refer to [27,34] or [25].

Theorem 3.5 (Milnor, Turaev). The bilinear form tgorenl;( does not depend on X.

comb

In view of Theorem 3.5 we will denote 7’} by tg"f‘b from now on.

Definition 3.6 (Combinatorial torsion). The non-degenerate bilinear form rl‘;f’mb ondet H*(M; E)
is called the combinatorial torsion associated with the flat complex vector bundle E and the Euler
structure ¢ € Cul(M; Z).

Remark 3.7. The combinatorial torsion’s dependence on the Euler structure is very simple. For
e € Cul(M; Z) and o € H{(M; Z) we obviously have, see (11)

comb comb 2
TR, =T 0 (o).

The dependence on E, i.e. the dependence on the flat connection, is subtle and interesting. Let
us only mention the following example.

Example 3.8 (Torsion of mapping tori). Consider a mapping torus

M =N x [0, 1]/, D~px),0

where ¢: N — N is a diffeomorphism. Let 7: M — S' = [0, 1]/9~1 denote the canonic pro-
jection. The set of vector fields which project to the vector field —5—0 on S! is contractible
and thus defines an Euler structure ¢ € Gul(M; Z) represented by [X, 0] where X is any of
these vector fields. Let E* denote the flat line bundle over S! with holonomy z € C*, i.e.
0. H (s, 72) =7 — C*, Op: (k) = zF. Consider the flat line bundle E? := 7*E% over M.
It follows from the Wang sequence of the fibration 77 : M — S! that for generic z we will have
H*(M; E*) =0. In this case

T2 = (g (Z))

where

k
§¢(Z):exp<Zstr(H (N; Q) —— H*(N; Q)) >

k>1

= sdet(H*(N; C) = g+ (N (C))
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denotes the Lefschetz zeta function of ¢. Here we wrote str and sdet for the super trace and the
super determinant, respectively. For more details and proofs we refer to [9,20].

Remark 3.9. Often the combinatorial torsion is considered as an element in (rather than a bilinear
form on) det H*(M; E). This element is one of the two unit vectors of rl‘;f’mb It is a non-trivial
task (and requires the choice of a homology orientation) to fix the sign, i.e. to describe which
of the two unite vectors actually is the torsion [19]. Considering bilinear forms this sign issue
disappears.

3.3. Basic properties of the combinatorial torsion

If £y and E, are two flat vector bundles over M then we have a canonic isomorphism
H*(M; E\ ® E;) = H*(M; E1) & H*(M; E») which induces a canonic isomorphism of com-
plex lines det H*(M; E1 @ E;) =det H*(M; E1) ® det H*(M; E3). Via this identification we
have

o =T @ T e
This follows from C*(X; E1 ® E») = C*(X; E1) ® C*(X; E3) and (17).

If E’ denotes the dual of a flat vector bundle E then Poincaré duality induces an isomorphism
H*(M; E' ® Op) = H'"*(M; E)' which induces a canonic isomorphism det H*(M; E’ ®
Op) = (det H*(M; E))(’l)nﬂ. Via this identification we have

comb comby (— D"
TEQOy.v(e) — (TE ) (22)
where v denotes the involution on Eul(M; Z) discussed in Section 2. To see that use a Morse—

Smale vector field X to compute rcomb and use the Morse-Smale vector field —X to com-

pute rg‘?g% u(e)- Then there is an obvious isomorphism of complexes C*(—X; E' ® Opy) =

C"™*(X; E)’ which induces Poincaré duality on cohomology.

If V is a complex vector space let V denote the complex conjugate vector space. If b is a
bilinear form on V let b denote the complex conjugate bilinear form on V, that is b(v, w) =
b(v, w). Let E denote the complex conjugate of a flat vector bundle E. Then we have a canonic
isomorphism H*(M; E) = H*(M; E) which induces a canonic isomorphism of complex lines
det H*(M; E) = det H*(M; E). Via this identification we have

rg“enb = rg‘)‘fb. (23)
This follows from C*(X; E) = C*(X; E).

If V is a real vector space we let VC := V ® C denote its complexification. If & is a real
bilinear form on V we let A€ denote its complexification, more explicitly h(C(vl ®21, 12 R272) =
h(vi, v2)z122. If F is real flat vector bundle its torsion, defined analogously to the complex case,
is a real non-degenerate bilinear form on det H*(M; F). Let F€ = F ® C denote the complexi-
fication of the flat vector bundle F. We have a canonic isomorphism H*(M; F Cy=H*M; F)®
which induces a canonic isomorphism of complex lines det H*(M; F Cy = (det H*(M; F))C.
Via this identification we have

reomb — (rgomb)©, (24)
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This follows from C*(X; F©) = C*(X; F)C. Note that rfpo‘e“b is positive definite.
4. Ray-Singer torsion

The analytic torsion defined below is an invariant associated to a closed connected smooth
manifold M, a complex flat vector bundle E over M, a coEuler structure ¢* and a homotopy
class [b] of fiber wise non-degenerate symmetric bilinear forms on E. In the way considered
below, this invariant is a non-degenerate symmetric bilinear form rgn e+.[p O the complex line
det H*(M; E). If H*(M; E) vanishes, then ‘(E * [b] becomes a non- Vanlshlng complex number.

Throughout this section M denotes a closed connected smooth manifold of dimension 7.
For simplicity we will also assume vanishing Euler—Poincaré characteristics, x (M) = 0. At the
expense of a base point everything can easily be extended to the general situation, see [8—10] and
Section 9.

4.1. Laplacians and spectral theory

Suppose M is a closed connected smooth manifold of dimension n. Let E be a flat vector
bundle over M. We will denote the flat connection of E by V. Suppose there exists a fiber wise
non-degenerate symmetric bilinear form b on E. Moreover, let g be a Riemannian metric on M.
This permits to define a symmetric bilinear form B, ; on the space of E-valued differential forms
2%(M; E),

Be.p(v, w) :=/v/\(*g®b)w, v,we NR*(M; E).
M

Here *, @ b:2*(M; E) — 2"*(M; E' ® Op) denotes the isomorphism induced by the
Hodge star operator? *g 1 2% (M; R) — 2" *(M; Op) and the isomorphism of vector bundles
b:E — E’. The wedge product is computed with respect to the canonic pairing of E ® E' — C.

Letdg: 2*(M; E) — 2*Y(M; E) denote the de Rham differential. Let
d; e RTNM: E) > 2%(M; E)

denote its formal transposed with respect to B¢ 5. A straightforward computation shows that
d5, ob UM E) > Q9-Y(M; E) is given by

d gy = (=D (g ®b) ' 0dpgo, 0 (kg ® ). (25)
Define the Laplacian by

Apgpi=dpody ,,+d; ,, odg. (26)

2 The normalization of the Hodge star operator we are using is ] A *gap = {1, 02)g$2g, where a1, ap € 2(M; R),
24 € 2"(M; Oyy) denotes the volume density associated with g, and (1, ap)g denotes the inner product on A*T*M
induced by g, see [23, Section 2.1]. Although we will frequently refer to [1] in the subsequent sections, the convention
for the Hodge star operator we are using differs from the one in [1].
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These are generalized Laplacians in the sense that their principal symbol coincides with the
symbol of the Laplace—Beltrami operator.

In the next proposition we collect some well-known facts concerning the spectral theory of
AE, ¢, p. For details we refer to [32], particularly Theorems 8.4 and 9.3 therein.

Proposition 4.1. For the Laplacian A g4 constructed above the following hold:

(i) The spectrum of A g is discrete. For every 60 > 0 all but finitely many points of the spec-
trum are contained in the angle {7 € C | —60 < arg(z) < 6}.

(ii) If A is in the spectrum of Ag g, then the image of the associated spectral projection is finite-
dimensional and contains smooth forms only. We will refer to this image as the (generalized)
A-eigen space of Ag 4 and denote it by Q;’b(M; E)()). There exists N, € N such that

(Ag g — MM |.Q;b(M;E)(A) =0.
We have a Ag 4 p-invariant Bg p-orthogonal decomposition
L
QF ,(M: E) = Q% ,(M: E)(0) @ 27, (M: E)Y(1) s 27)

The restriction of Ag g p — A t0 Q;b(M; E)()L)lﬁ&b is invertible.

(iii) The decomposition (27) is invariant under dg and d; a.b*
(iv) For ) # u the eigen spaces .Q;b(M; E)(A) and .Q;f,b(M; E)(u) are orthogonal with re-
spect to Bg p.

In view of Proposition 4.1 the generalized 0-eigen space .Q; »,(M; E)(0) is a finite-
dimensional subcomplex of £2*(M; E). The inclusion

2, ,(M; E)(0) — 2" (M; E) (28)

induces an isomorphism in cohomology. Indeed, in view of Proposition 4.1(ii) the Lapla-
cian Ag ¢ induces an isomorphism on .Q;" »(M; E)/ .Q; »(M; E)(0) and thus an isomorphism
on H(.Q;b(M; E)/Q;"b(M; E)(0)). On the other hand, (26) tells that Ag , , induces O on
cohomology, hence H (.Q; »(M; E)/ .Q; »(M; E)(0)) must vanish and (28) is indeed a quasi-
isomorphism. We obtain a canonic isomorphism of complex lines

det H(£2; ,,(M; E)(0)) =det H*(M; E). (29)

In view of Proposition 4.1(ii) the bilinear form S, ; restricts to a non-degenerate bilinear form
on .Q;’ »(M; E)(0). Using the linear algebra discussed in Section 3 we obtain a non-degenerate
bilinear form on det H (.Q;," »(M; E)(0)). Via (29) this gives rise to a non-degenerate bilinear
form on det H*(M; E) which will be denoted by ‘Cgl?g’ »(0).

Let Ag ¢ 5,4 denote the Laplacian acting in degree g. Define the zeta regularized product of
its non-vanishing eigen-values, as

3 La e
det/(AE,g,b,q):=exp(—a Szotr((AE’g’b,qLQg’b(M; E)(0) Pe) S)).
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Here the complex powers are defined with respect to any non-zero Agmon angle which avoids
the spectrum of Ag ¢ 5 4 |.Q;’,b(M; E)(O)Lﬁ&b, see Proposition 4.1(i). Recall that for R (s) > n/2

the operator (Ag ¢.5.4 |S2§, ,(M; E )(O)Lf“g.b )~% is trace class. As a function in s this trace extends
to a meromorphic function on the complex plane which is holomorphic at 0, see [31] or [32,
Theorem 13.1]. It is clear from Proposition 4.1(i) that det' (A E,g.b,q) does not depend on the
Agmon angle used to define the complex powers.

Assume x (M) = 0 and suppose o € 2"~ (M; (’)%1) such that do = e(g). Consider the non-
degenerate bilinear form on det H*(M; E) defined by, cf. (4),

—1)
5 g b = Th ¢b(0) - n(det’(AE,g,b,q))( ya ‘exp(—Z/a)E,b A oz).
4 M
In Section 6 we will provide a proof of the following result which can be interpreted as an
anomaly formula for the complex-valued Ray—Singer torsion (1).

Theorem 4.2 (Anomaly formula). Let M be a closed connected smooth manifold with vanishing
Euler—Poincaré characteristics. Let E be a flat complex vector bundle over M. Suppose g, is a
smooth one-parameter family of Riemannian metrics on M, and o, € 2"~ (M; O(E,,) is a smooth
one-parameter family so that [gy, o] represent the same coEuler structure in Eul*(M; C).
Moreover, suppose b, is a smooth one-parameter family of fiber wise non-degenerate symmetric
bilinear forms on E. Then, as bilinear forms on det H*(M; E), we have %rg‘gmbm% =

In view of Theorem 4.2 the bilinear form tg“ b does only depend on the flat vector bun-
dle E, the coEuler structure ¢* € Eul*(M; C) represented by (g, «), and the homotopy class [b]
of b. We will denote it by 7p’ ¢+ [p] from now on.

Definition 4.3 (Analytic torsion). The non-degenerate bilinear form rgn ex.[p] ON det H*(M; E) is
called the analytic torsion associated to the flat complex vector bundle E, the coEuler structure
¢* € Eul*(M; C) and the homotopy class [b] of fiber wise non-degenerate symmetric bilinear
forms on E.

Remark 4.4. The analytic torsion’s dependence on the coEuler structure is very simple. For
¢* e Cul*(M;C) and B € H" ' (M; Oﬁ) we obviously have:

é _ [wE,p1UB,[M1))2
Tgr,le*Jrﬂ,[b]_tgn,e*,[b]'(e<wEb P ))~

Here ([wg 5] U B, [M]) € C denotes the evaluation of [wg ,]U B € H"(M; O%) on the funda-
mental class [M] € H,(M; Oy).

Remark 4.5. Recall from Section 2 that for odd n there is a canonic coEuler structure e},
Eul*(M; C) given by ¢* = [g, 0]. The corresponding analytic torsion is:

can

S

_1)
rIi"l,leg*an-,[b] = Ig{]g,b(o) ' H(det/(AE’g’bﬂ))( ",
q
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Note however that in general this does depend on the homotopy class [b], see for instance the
computation for the circle in Section 5 below. This is related to the fact that ¢}, in general is not
integral, cf. Remark 5.3 below.

4.2. Basic properties of the analytic torsion

Suppose E; and E, are two flat vector bundles with fiber wise non-degenerate symmetric
bilinear forms b and b;. Via the canonic isomorphism of complex lines det H*(M; E| & E») =
det H*(M; E1) ® det H*(M; E») we have:

an __ _an an
TE\@Ey ¢ [b1@by] = TEy.e*.[by] ® TEy. % [by]- (30)

For this note that via the identification 2*(M; E1 @ E») = Q2*(M; E1) ® 2*(M; E;) we
have Ag g, g.b10by = AE,g.b) © AEy,g,b,, hence det/(Ab"l@Ez,g,bl@bz,q) = det/(AEl,g,blyq) X
det' (A Es.g,b2,q)- Moreover, recall (7) for the correction terms.

Suppose E’ is the dual of a flat vector bundle E. Let &’ denote the bilinear form on E’ dual
to the non-degenerate symmetric bilinear form b on E. The bilinear form 4’ induces a fiber
wise non-degenerate symmetric bilinear form on the flat vector bundle E’ ® Oy which will
be denoted by b’ too. Via the canonic isomorphism of complex lines det H*(M; E' ® Oy) =

(det H*(M; E ))(_1)”+l induced by Poincaré duality we have

an _ (.an (=1t
TE'@Oy,v(e%),[b'] = (TE,e*,[b]) €2

where v denotes the involution introduced in Section 2. This follows from the fact that x, ®
b:29(M; E) — 2" 9(M; E' ® Op) intertwines the Laplacians Ag ¢ 5 4 and AE®Oy.g.b n—q>
see (25). Therefore A g p g and Apigo,, b/ ,n—q are isospectral and thus det' (Ag g pq) =
det’(AE_/®@M,g,b/’n_q). Here one also has to use [], (det/(AE,g,b,q))(_’l)q =1, and (8).

Let E denote the complex conjugate of a flat vector bundle E. Let b denote the complex conju-
gate of a fiber wise non-degenerate symmetric bilinear form on E. Via the canonic isomorphism
of complex lines det H*(M; E) = det H*(M; E) we obviously have

an __ —-an
TE e 5] = E.et.1b] (32)
where ¢* > ¢* denotes the complex conjugation of coEuler structures introduced in Section 2.
For this note that Az , ; = Ag g5, but the spectrum of A , ; is complex conjugate to the spec-

trum of Ag 4 5 and thus det/(AE’g’,;’q) =det'(AE,g,b,4)- Also recall (9).

Suppose F is a flat real vector bundle over M. Let ¢* € Eul(M; R) be a coEuler structure
with real coefficients. Let # be a fiber wise non-degenerate symmetric bilinear form on F. Pro-
ceeding exactly as in the complex case we obtain a non-degenerate bilinear form t%n e.[n] O the
real line det H*(M; F). Note that although the Laplacians Af 4 ; need not be selfadjoint their
spectra are invariant under complex conjugation and hence det'(Ar g 4,4) will be real. Let F c
denote the complexification of the flat bundle F, and let 2C denote the complexification of %, a
non-degenerate symmetric bilinear form on FC. Via the canonic isomorphism of complex lines
det H*(M; F©) = (det H*(M:; F))€ we have:

C
an _ an
TRt oo 40 = (T8 o) - (33)
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For this note that via 2*(M; FC) = 2*(M; F)© we have Apc g pc = (A;r,g,h)(C and thus
det/(AFC’g’hC’q) = det'(AF,g,n,9), and also recall (10). If n is odd, H*(M; F) = 0, and if h
is positive definite, then leg,leé‘an,[h] is the square of the analytic torsion considered in [29], see
Remark 4.5.

Remark 4.6. Not every flat complex vector bundle E admits a fiber wise non-degenerate sym-
metric bilinear form b. However, since E is flat all rational Chern classes of E must vanish. Since
M is compact, the Chern character induces an isomorphism on rational K -theory, and hence E is
trivial in rational K -theory. Thus there exists N € Nso that EN = E@--- @ E is a trivial vector
bundle. Particularly, there exists a fiber wise non-degenerate bilinear form » on EV . In view of
(30) the non-degenerate bilinear form (rgr}v’e*,[ b])l/ N on det H*(M; E) is a reasonable candidate
for the analytic torsion of E. Note however, that this is only defined up to a root of unity.

4.3. Rewriting the analytic torsion

Instead of just treating the 0-eigen space by means of finite-dimensional linear algebra one can
equally well do this with finitely many eigen spaces of Ag ¢ ;. Proposition 4.7 below makes this
precise. We will make use of this formula when computing the variation of the analytic torsion
through a variation of g and b. This is necessary since the dimension of the 0-eigen space need
not be locally constant through such a variation. Note that this kind of problem does not occur in
the selfadjoint situation, i.e. when instead of a non-degenerate symmetric bilinear form we have
a Hermitian structure.

Suppose y is a simple closed curve around O, avoiding the spectrum of Ag . Let
.Q; »(M; E)(y) denote the sum of eigen spaces corresponding to eigen-values in the interior
of y. Using Proposition 4.1 we see that the inclusion .Q;f »(M; E)(y) — £2%(M; E) is a quasi
isomorphism. We obtain a canonic isomorphism of determinant lines

det H(£2; ,,(M; E)(y)) =detH*(M; E). (34)

Moreover, the restriction of B, to .Q; »(M; E)(y) is non-degenerate. Hence the torsion pro-
vides us with a non-degenerate bilinear form on det H (.Q; »(M; E)(y)) and via (34) we get a
non-degenerate bilinear form rgn e, »(v) ondet H*(M; E). Moreover, introduce

det” (A ) :=ex 9
E,g,b,q) ‘= E€Xp 9s

w((Ar.sinal 205 DY) 00)7) ).
s=0

the zeta regularized product of eigen-values in the exterior of y .

Proposition 4.7. In this situation, as bilinear forms on det H*(M; E), we have:

i 50 [T(det (Apgng) " =72 ) - [J(det” (Mg g0.) "
q q

Proof. Let C* C .Q; »(M; E)(y) denote the sum of the eigen spaces of Ag ¢ corresponding
to non-zero eigen-values in the interior of y. Clearly, for every g we have

det/(AE,g,b,q) = det(AEyg,byq lca) - detV(AE,g,b,q).
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Particularly,

[Tt A g0.0)) """ = [](det(AE.gpglca) ™ - T](det” (Apgn.) ™. 395
q q q

Applying Lemma 3.3 to the finite-dimensional complex .Q; »(M; E)(y) we obtain

—1)4
o, =T 0 - [](det(Ag gp.glc) . (36)
q

Multiplying (35) with 3’ ¢,5(0) and using (36) we obtain the statement. O
5. A Bismut-Zhang, Cheeger, Miiller type formula

The conjecture below asserts that the complex-valued analytical torsion defined in Section 4
coincides with the combinatorial torsion from Section 3. It should be considered as a complex-
valued version of a theorem of Cheeger [16,17], Miiller [28] and Bismut—Zhang [2].

Conjecture 5.1. Let M be a closed connected smooth manifold with vanishing Euler—Poincaré
characteristics. Let E be a flat complex vector bundle over M, and suppose b is a fiber wise
non-degenerate symmetric bilinear form on E. Let ¢ € €ul(M; Z) be an Euler structure. Then,
as bilinear forms on the complex line det H* (M ; E), we have:

comb __ _an
TE,e = TE,P(e).[b]"

Here we slightly abuse notation and let P also denote the composition Cul(M;Z) —
Cul(M; C) L5 @ur*(M; C), see Section 2.

We will establish this conjecture in several special cases, see Remark 5.8, Theorem 5.10,
Corollaries 5.13, 5.14 and the discussion for the circle below. Some of these results have been
established by Braverman, Kappeler [7] and were not contained in the first version of this manu-
script. The proofs we provide below have been inspired by a trick used in [7] but do not rely on
the results therein.

Remark 5.2. If Conjecture 5.1 holds for one Euler structure ¢ € ul(M; Z) then it will hold for
all Euler structures. This follows immediately from Remarks 4.4, 3.7 and Lemma 2.2.

Remark 5.3. If Conjecture 5.1 holds, and if ¢* € Eul*(M; C) is integral, then rg‘}e*,[b] is inde-
pendent of [b]. This is not obvious from the definition of the analytic torsion.

Remark 5.4. If Conjecture 5.1 holds, ¢ € Gul(M; Z) and ¢* € Eul*(M; C) then:

comb __

zgomb _pan L (lom sl UP@©=e.M1)2,

This follows from Remark 4.4.
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Remark 5.5. If Conjecture 5.1 holds, and ¢* € €ul*(M; C), then rg“ e [b] does only depend
on E, ¢* and the induced homotopy class [det b] of non-degenerate bilinear forms on det E. This
follows from Remark 5.4 and the fact that the cohomology class [wEg 5] does depend on det E
and the homotopy class [detb] on det E only, see Section 2.

5.1. Relative torsion

In the situation above, consider the non-vanishing complex number

zan
E,P(e),[b
(e),[b] cC*.
.rcomb
E,e

SE e,[p] i=

It follows from Remarks 4.4, 3.7 and Lemma 2.2 that this does not depend on ¢ € Eul(M; Z).
We will thus denote it by Sg ). The number Sg [} will be referred to as the relative torsion
associated with the flat complex vector bundle E and the homotopy class [b]. Conjecture 5.1
asserts that Sg ) = 1.

Similarly, if F is a real flat vector bundle over M equipped with a fiber wise non-degenerate
symmetric bilinear form %, we set

an
TF,P(e).1h]
comb
F.,e

SF.in = e R*: =R\ {0}

where ¢ € ul(M; Z) is any Euler structure. The combinatorial torsion rf,‘_’inb and the analytic

torsion tjé“ P(e).[h] 1 det H*(M; F) have been introduced in Sections 3 and 4, respectively. It
follows via complexification from the corresponding statements for complex vector bundles that
this does indeed only depend on F and the homotopy class of %, see (24) and (33).

Remark 5.6. If F is a flat real vector bundle equipped with a positive definite symmetric bilinear
form A, then the Bismut—Zhang theorem [2, Theorem 0.2] asserts that Sg ) = 1. This follows
from the formula in Proposition 5.11 below (applied to a simple closed curve whose interior
contains the eigen-value 0 only) which, via complexification, provides an analogous formula for
flat real vector bundles. For the relation of the first factor in this formula with the statement in [2,
Theorem 0.2] see (45).

Proposition 5.7. The following properties hold:

() SEj@Es,[bi@b] = SEy 1] * SEy bl
(i) Speoy.p1=Sep) """
(iii) SE,[IB] =SEms
(iV) SFC,[h‘C] = SF,[h]~

Proof. This follows immediately from the basic properties of analytic and combinatorial torsion
discussed in Sections 3 and 4. For (ii) and (iii) one also has to use P(v(¢)) = v(P(e)) and P(e) =
P(e), see Section2. O
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Remark 5.8. Proposition 5.7(ii) permits to verify Conjecture 5.1, up to sign, for even-
dimensional orientable manifolds and parallel bilinear forms. More precisely, let M be an
even-dimensional closed connected orientable smooth manifold with vanishing Euler—Poincaré
characteristics. Let E be a flat complex vector bundle over M and suppose b is a parallel fiber
wise non-degenerate symmetric bilinear form on E. Let e € Eul(M; Z) be an Euler structure.
Then

comb

TEe — iflzg,lP(e),[b] (37

i.e. in this situation Conjecture 5.1 holds up to sign. To see this, note that the parallel bilinear
form b and the choice of an orientation provides an isomorphism of flat vector bundles b : E —
E'® Oy which maps b to b'. Thus Sgrg0,,.15'] = SE, (). Combining this with Proposition 5.7(ii)
we obtain (SE,[b])2 =1, and hence (37). Note, however, that in this situation the arguments used
to establish (31) immediately yield

[T(aetagp) ™" =1,
q

Corollary 5.9 below has been established by Braverman and Kappeler see [7, Theorem 5.3]
by comparing 73" P(o).[b] with their refined analytic torsion, see [7, Theorem 1.4]. We will give

an elementary proof relying on Proposition 5.7 and a trick similar to the one used in the proof of
Theorem 1.4 in [7].

Corollary 5.9. Let M be a closed connected smooth orientable manifold of odd dimension.
Suppose E is a flat complex vector bundle over M equipped with a non-degenerate symmetric
bilinear form b. Let ¢* € Eul*(M; C) be an integral coEuler structure. Then, up to sign, tgr}e*’[b]

is independent of [b], cf. Remark 5.3.

Proof. It suffices to show (S E,[;,])2 is independent of [b]. The choice of an orientation provides
an isomorphism of flat vector bundles E' = E’ ® Oy from which we obtain

Se 10 = SE@O .1 = SE,[b]

where the latter equality follows from Proposition 5.7(ii). Together with Proposition 5.7(i) we
thus obtain

(SE.)” = Se.) - Se. ) = SEE [beb]- (38)

Observe that on E @ E’ there exists a canonic (independent of b) symmetric non-degenerate
bilinear form b,y defined by

bean((x1, 1), (x2, 02)) := 1 (x2) + o2(x1), x1,x2€E, aj,ap € E'.
This bilinear form by, is homotopic to b @ b’, and thus

SEaE [bab'] = SEGE' [bew]-
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Hence Sk e/ i does not depend on [b]. In view of (38) the same holds for (S E,[b])z, and the
proof is complete.
To see that b @ b’ is indeed homotopic to by, let us consider b as an isomorphism b: E — E’.
For ¢ € R consider the endomorphisms
, . (idgcost —blsint
P eend(ESED, & '_( bsint  idgrcost )

From &;;; = ;& we conclude that every @; is invertible. Consider the curve of non-
degenerate symmetric bilinear forms

bi =@ bean, by (X1, X2) =bean(P, X1, D X2), X1, X2€EDE'.

Then clearly by = bean. An easy calculation shows by /4 = b @ (—b'). Clearly, b @ (—b') is ho-
motopic to b @ b’. So we see that by, is homotopicto b @ b'. O

Using a result of Cheeger [16,17], Miiller [28] and Bismut—Zhang [2] we will next show
that the absolute value of the relative torsion is always one. In odd dimensions this has been

established by Braverman and Kappeler, see [7, Theorem 1.10]. We will again use a trick similar
to the one in [7].

Theorem 5.10. Suppose M is a closed connected smooth manifold with vanishing Euler—
Poincaré characteristics. Let E be a flat complex vector bundle over M equipped with a non-
degenerate symmetric bilinear form b. Then |Sg 1p)| = 1.

Proof. Note first that in view of Proposition 5.7(iii) and (i) we have
|SE.1I* = SE.b1 - SE 101 = Ske i pei- (39)

Set k :=rank E, and observe that b provides a reduction of the structure group of E to O (C).
Since the inclusion O (R) € O (C) is a homotopy equivalence, the structure group can thus be
further reduced to Oy (R). In other words, there exists a complex anti-linear involution v: E — E
such that

V2 =idg, b(vx,y)=b(x,vy), b(x,vx)>0, x,ycE.
Then
wEQE—C, pux,y):=b(x,vy)

is a fiber wise positive definite Hermitian structure on £, anti-linear in the second variable. Define
a non-degenerate symmetric bilinear form b* on E @ E by

b ((x1. y1), (x2. ¥2)) := (X1, y2) + p(x2, y1).
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We claim that the symmetric bilinear form b* is homotopic to b @ b. To see this, consider
v:E — E as a complex linear isomorphism. For ¢ € R, define

- 1 _ 71 .
&, cend(E®DE), &, := <1dE cost —v smt)

ysint idz cost

From &,y = &;,&; we conclude that every @, is invertible. Consider the curve of non-
degenerate symmetric bilinear forms

by i=®b",  b(X1, X2) =b" (P X1, P X2), X1, X2€EDE.

Clearly, by = b'*. An easy computation shows b4 =b ® (=b). Since b @ (—b) is homotopic to
b @ b we see that b* is indeed homotopic to b @ b. Together with (39) we conclude

SE.1I* = Spe pu- (40)
Next, recall that there is a canonic isomorphism of flat vector bundles
/5 EC~E®E, Y(x +iy) = (x +iy,x —iy), x,yeE.

Consider the fiber wise positive definite symmetric real bilinear form 4 := Ry on ER, the un-
derlying real vector bundle. Its complexification A€ is a non-degenerate symmetric bilinear form
on EC. A simple computations shows *b* = 2hC. Together with (40) we obtain

2
[SE 111" = Sgc opc = Sgr oy

where the last equation follows from Proposition 5.7(iv). The Bismut—Zhang theorem [2, Theo-
rem (.2] asserts that Sgr 5, = 1, see Remark 5.6, and the proof is complete. O

5.2. Analyticity of the relative torsion

In this section we will show that the relative torsion Sg 51 depends holomorphically on the
flat connection, see Proposition 5.12 below. Combined with Theorem 5.10 this implies that Sg 5
is locally constant on the space of flat connections on a fixed vector bundle, see Corollary 5.13
below. We start by establishing an explicit formula for the relative torsion, see Proposition 5.11.

Suppose f:C; — C; is a homomorphism of finite-dimensional complexes. Consider the
mapping cone C;_l @ Cy with differential (g _f d). If CT and C3 are equipped with graded
non-degenerate symmetric bilinear forms b and b, we equip the mapping cone with the bilinear
form by @ b;. The resulting torsion t(f, by, by) := TCE‘"EBCT,szBb] is called the relative torsion
of f.Itis a non-degenerate bilinear form on the determinant line det H (C; leoc 1). Recall that
if f is a quasi isomorphism then C; lgc | is acyclic and

(det H(f))(zct p,)

TCs by

t(f,b1,br) = (41)

where det H(f):det H(C}) — det H(C3) denotes the isomorphism of complex lines induces
from the isomorphism in cohomology H (f): H(C}) — H(C3).
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Let us apply this to the integration homomorphism
Int: .Q;b(M; E)(y)—> C*(X; E) (42)

where the notation is as in Proposition 4.7. Equip .Q; »(M; E)(y) with the restriction of B,
and equip C*(X; E) with the bilinear form b|y obtained by restricting b to the fibers over X.
Since (42) is a quasi isomorphism the mapping cone is acyclic and the corresponding relative
torsion is a non-vanishing complex number we will denote by

T(25,(M; E)(y) I C3(X; E)) e C*.

Proposition 5.11. Let M be a closed connected smooth manifold with vanishing Euler—Poincaré
characteristics. Let E be a flat complex vector bundle over M. Let g be a Riemannian metric, and
let X be a Morse—Smale vector field on M. Suppose b is a fiber wise non-degenerate symmetric
bilinear form on E which is parallel in a neighborhood of the critical points X. Moreover, let y
be a simple closed curve around 0 which avoids the spectrum of Ag g p. Then:

S =1(25 ,(M: E)(y) ™ Cj(X; E))

Xl_[(dety(AE,g,b,q))(””-exp(—z / wE,bA(—X>*W(g>>.
q

M\X
The integral is absolutely convergent since wg p vanishes in a neighborhood of X.

Proof. Let xo € M be a base point. For every critical point x € X" choose a path o, with 0, (0) =
xp and o, (1) = x. Set ¢ := erx(_l)md(x)ax and consider the Euler structure ¢ :=[—X, c] €
Cul(M; Z). For the dual coEuler structure P(¢) = [g, o] we have, see (3),

f wrp A ((—X) W (g) —a) = / OEp. 43)

M\X c

Let by, denote the bilinear form on the fiber E,, obtained by restricting b. For x € X let b N
denote the bilinear form obtained from by, by parallel transport along oy. Let l;detC*( x;E) denote
the induced bilinear form on det C*(X; E). This is the bilinear form used in the definition of the
combinatorial torsion. We want to compare it with the bilinear form bge; c*(x; gy on det C*(X; E)
induced by the restriction b|y of b to the fibers over X'. A simple computation similar to the
proof of Lemma 2.2 yields

baerc* (x:E) = eXp(2/wE,b> “betc* (X E)- (44)

c

Let tc+(x: k)b, denote the non-degenerate bilinear form on det H*(M; E) obtained from
the torsion of the complex C*(X; E) equipped with the bilinear form b|y via the isomorphism
det H*(M; E) =det H(C*(X; E)), see (19) and (20). Then, using (41),

ffg‘}g,b(y)

=1(2;,(M: E)(y) I Ci(X: E)). (45)
TC*(X:E).blx
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Moreover, (44) implies

‘L'g?lenb = TC*(X;E),b|X . exp(Z/ a)E,b). (46)

c

From Proposition 4.7 we obtain

_1)
T o = T 5 () - [ (det” (Mg gp.g) ™ .exp<—2/wE,b/\a>. (47)
4q M

Combining (43), (45)—(47) we obtain the statement of the proposition. O

Consider an open subset U € C and a family of flat complex vector bundles { E?},cy. Such a
family is called holomorphic if the underlying vector bundles are the same for all z € U and the
mapping z — VE° is holomorphic into the affine Fréchet space of linear connections equipped
with the C*°-topology.

Proposition 5.12. Let M be a closed connected smooth manifold with vanishing Euler—Poincaré
characteristics. Let {E*},cy be a holomorphic family of flat complex vector bundles over M,
and let b* be a holomorphic family of fiber wise non-degenerate symmetric bilinear forms on E*.
Then Sg: [p7] depends holomorphically on z.

Proof. Let X be a Morse—Smale vector field on M. Let g be a Riemannian metric on M. In view
of Theorem 4.2 we may without loss of generality assume V£ b% = 0 in a neighborhood of X.
Without loss of generality we may assume that there exists a simple closed curve y around 0 so
that the spectrum of Ag: ¢z avoids y for all z € U. From Proposition 5.11 we know:

Sk= 1 = T(825 2 (M3 E¥) () It ¢ (X5 E9)
_1)4
x [](det” (Apege.g) ™" ~exp<—2 / wE e A (—X)*q/(g)>.
a M\X

Since Agz ¢ p: depends holomorphically on z, each of the three factors in this expression for
SkEz,[p2) Will depend holomorphically on z too. O

In odd dimensions the following result has been established by Braverman and Kappeler, see
[7, Theorem 1.10].

Corollary 5.13. Let M be a closed connected smooth manifold with vanishing Euler—Poincaré
characteristics. Let E be a complex vector bundle over M, and let b be a fiber wise non-
degenerate symmetric bilinear form on E. Then the assignment V — S(g v () is locally con-
stant, and of absolute value one, on the space of flat connections on E.

Proof. Note that in view of Theorem 5.10 and Proposition 5.12 the relative torsion S(g,vz).[5]
is constant along every holomorphic path of flat connections z + V? on E. Moreover, note that
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two flat connections, contained in the same connected component, can always be joined by a
piecewise holomorphic path of flat connections. O

Using the Bismut—Zhang, Cheeger, Miiller theorem again, we are able to verify Conjecture 5.1
for flat connections contained in particular connected components of the space of flat connections
on a fixed complex vector bundle. More precisely, we have’

Corollary 5.14. Let M be a closed connected smooth manifold with vanishing Euler—Poincaré
characteristics. Let (F, VT be a flat real vector bundle over M equipped with a fiber wise Her-
mitian structure h. Let (E, V) denote the flat complex vector bundle obtained by complexifying
(F, V), and let b denote the fiber wise non-degenerate symmetric bilinear form on E obtained
by complexifying h. Then, for every flat connection V on E which is contained in the connected
component of VE, we have S(g vy ) = 1.

Proof. In view of Corollary 5.13 it suffices to show S v () = 1. From Proposition 5.7(iv)
we have S vey (p) = S(p,vF) n)- In view of [2, Theorem 0.2], see Remark 5.6, we indeed have
Scr,vF), ;) = 1, and the statement follows. O

5.3. The circle, a simple explicit example

Consider M := S!. In this case it is possible to explicitly compute the combinatorial and
analytic torsion, see below. It turns out that Conjecture 5.1 holds true for every flat vector bundle
over the circle.

We think of S as {z € C | |z| = 1}. Equip S! with the standard Riemannian metric g of
circumference 27. Orient S! in the standard way. Let 6 denote the angular ‘coordinate.” Let %
denote the corresponding vector field which is of length 1 and induces the orientation. For the
dual 1-form we write d6.

Let k € N and suppose a € C®(S!, g[k (C)). Let E® denote the trivial vector bundle S x C*
equipped with the flat connection V = 3 7 +a. Here and in what follows we use the identifications
Q0(M; E*) = C®(S'; C*) = 21 (M; E%) where the latter stems from the global coframe d@.

Let b e C®(S!, Sym; (C)) where Sym,’ (C) denotes the space of complex non-degenerate
symmetric k x k-matrices. We consider b as a fiber wise non-degenerate symmetric bilinear
form on E“. For the induced bilinear form on £2*(S'; E%) we have:

ﬂg,b(u,w)zfv’bwde, v,we 20(s' EY) = c>(s', ),
s!

,Bg,;,(v,w):/v’bde, v,we.Ql(Sl;E“):Coo(Sl,(Ck).

s!

A straightforward computations yields:

3 In a recent preprint [22] R.-T. Huang verified a similar statement for flat connections whose connected component
contains a flat connection which admits a parallel Hermitian structure.
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ad
dpa = — +a,
a0

f 9 —1 1
diogp="75 b b +b b,

3\° 3
AEa g p0= _<8_9> + (b_la’b by - a) 5 + (b_la’ba — b Wa- c/),

3\?2 3
Agaopr1=—|—) + b latb—b 0 —a)—
80 90 P)

+((p7'a'p) — (b7'0) —ab™'B +ab'a'b),
bIVab=b"10'~b""a'b~a,

1 1
wEep=—7 w(b~'0 —b~'a'b—a)do = —z(tr(b_lb/) —2tr(a)) db.

Here b’ := %b and a’ := %a.
Let us write A € GLy(C) for the holonomy in E¢ along the standard generator of 7 (S b,
Recall that det A = exp( /. 1 tr(a) dB). Using the explicit formula in [14, Theorem 1] we get:

i -1
det(Apa,gp,1) =1 exp(% / w(i(b~'a'b— b~ — a)) de) det(l - <A0 M ) >
sl

1
= exp<5 / tr(b~'0) d9> det(A — 1)*det A™!
Sl
1
- exp(5 /(tr(b_lb/) —2tr(a)) d@) det(A — 1)2.
s1
Consider the Euler structure e := [—%, 0] € Eul(S 1;Z), and the coEuler structure ¢* :=

(g, %] € Cul*(S'; C). Then P(¢) = ¢*, see (3). Assuming acyclicity, i.e. 1 is not an eigen-value
of A, we conclude:

Tg‘rz}lye*’[b] == det(A - 1)72. (48)
Observe that this is independent of [b], cf. Remark 5.3.

Considering a Morse—Smale vector field X with two critical points and the Euler structure e
we obtain a Morse complex C*(X; E%) isomorphic to

ck AL ¢k
equipped with the standard bilinear form. From Example 3.2 we obtain

75 = det(A — 1)
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which coincides with (48). So we see that r%?ff‘eb = rgﬂ‘,’e*’[b], i.e. Sgap] = 1, whenever E¢ is

acyclic. From Proposition 5.12 we conclude Sga 5] = 1 for all, not necessarily acyclic, E“.
Thus Conjecture 5.1 holds for M = S'.

Remark 5.15. Recall the canonic coEuler structure e, = [g, 0] defined as the unique fixed point

of the involution on ul*(S!; C), see Section 2. Note that ¢, is not integral. The computations
above show that for the analytic torsion we have

T ex 1oy = Sipdet Adet(A —1)72

5[] =exp(—%/tr(b_lb/)> € {£1}

sl!

where

does depend on b. Note that this sign sj; appears, although we consider the torsion as a bilinear
form, i.e. we essentially consider the square of what is traditionally called the torsion.

On odd-dimensional manifolds one often considers the analytic torsion without a correction
term, i.e. one considers rg“ e [b]" Let us give two reasons why this is not such a natural choice
as it might seem. First, the celebrated fact that the Ray—Singer torsion on odd-dimensional man-
ifolds does only depend on the flat connection, is no longer true in the complex setting as the
appearance of the sign spp) shows. Of course a different definition of complex-valued analytic
torsion might circumvent this problem. More serious is the second point. One would expect that
the analytic torsion as considered above is the square of a rational function on the space of acyclic
representations of the fundamental group. As the computation for the circle shows, this cannot
be true for tg“ e [b] simply because v/det A cannot be rational in A € GL;(C). Any reasonable
definition of complex-valued analytic torsion will have to face this problem.

If one is willing to consider rg“ o+ [b] Where ¢* is an integral coEuler structure both problems
disappear, assuming E admits a non-degenerate symmetric bilinear form and Conjecture 5.1 is
true. Then tgn e*.[b] is indeed independent of [b], see Remark 5.3, and the dependence on ¢* is
very simple, see Remark 4.4. More importantly, tgn e*.[b] is the square of a rational function on
the space of acyclic representations of the fundamental group. This follows from the fact that

tg"g‘b with P(e) = ¢* is the square of such a rational function, see [9].

6. Proof of the anomaly formula

We continue to use the notation of Section 4. The proof of Theorem 4.2 is based on the
following two results whose proof we postpone till Section 8.

Proposition 6.1. Suppose ¢ € I'(end(E)). Then

LIMstr(pe 'AEsb) = / tr(¢)e(g).

t—0
M

Here LIM denotes the renormalized limit, see [1, Section 9.6], which in this case is actually an
ordinary limit.
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Proposition 6.2. Suppose & € I'(end(T M)) is symmetric with respect to g, and let A*E €
end(A*T*M) denote its extension to a derivation on A*T*M. Then

1
LII\(/)[ str<<A*§ —3 tr(E))e_lAE’gvb> = /tr(b_IVEb) A (02c8)(g, g&).
r—
M
Again LIM denotes the renormalized limit, which in this case is just the constant term of the as-
ymptotic expansion for t — 0. Moreover, we use the notation (d2¢s)(g, g§) 1= % locs(g, g +1g%).
Let us now give a proof of Theorem 4.2. Suppose g, and b, depend smoothly on a real
parameter u. Let y be a simple closed curve around 0 and assume without loss of generality
that u varies in an open set U so that the spectrum of A, := Ag 4, p, avoids the curve y for all
u € U.Let Q, denote the spectral projection onto the eigen spaces corresponding to eigen-values
in the exterior of y, and Q, 4 the part acting in degree g. Let us write A, := %Au, and A, 4

for the part acting in degree g. From the variation formula for the determinant of generalized
Laplacians, see for instance [1, Proposition 9.38], we obtain

9 ”
a—logl_[ detV(Atq) ( g Z( 1)q (—logdetV(Auq)>
=Z(—l)qq(I;thtr(m,qmu,quQu,qe—rm#))
q
=LIMstr(N Ay A, Que™) (49)

where N denotes the grading operator which acts by multiplication with ¢ on 29(M; E).
Choose u( € U and define G, € I'(Aut(T M)) by

8ula, b) = gu,(Gua, b) = guy(a, Gub)
and similarly B, € I" (Aut(E)) by

by(e, f) = buy(Bue, f) =buy(e, By f).
Let A"‘G;1 denote the natural extension of G, Uto I'(Aut(A*T*M)) and define

Ay =det(G)'/? - A*G,' ® B, € I'(Aut(A*T*M ® E)).
Then
Baubu (0, W) = B, b, (Auv, w) = B, b, (V. Ayw), v, we 2(M; E). (50

Abbreviating d,f = dé b WE immediately get

di = A, 'd} A
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Writing Au = %Au, 8u = %gu and BL, = %bu we have
1 1. 1 1 17
A'A, = <_A*(gu "éu) + 5 (s lgu)) ®1+1® (b, 'by) € I'(end(A*T*M ® E)) (51)

where A*(g,, 14,) denotes the extension of & 14, € I'(end(T M)) to a derivation on A*T*M.
Let us write d := dg and di = id,s. Using the obvious relations Au =1d, d,f], [N,d]=d,

o=
[d,A,1=0,[d, 0,]1=0, d,E = [d,f,algu_lA'u] and the fact that the super trace vanishes on super
commutators we get:
str(NA, A, Que ™ A) = str(Nddi A, Que™ ) + str(Ndid AL Qe 2)

str(ddi A, ' Que™ M)
=str(ddiA, Ay A Que )

—str(d A, ' Aydi A, Qe M)
=str(A, 'A(dd: + did) A, Qe M)
= str(A;lAu Que*’A”).

Together with (49) this gives
0 (—1)4 —1; N
- log |q| (det” (Ay ) 1 =LIM str(A; ' A, Que™" ™). (52)

Let us write 2 := .in b (M; E)(y). Note that this is a family of finite-dimensional com-
plexes smoothly parametrized by u € U. Let P, =1 — Q,, denote the spectral projection of A,
onto £2. Note that since str P, P, = const we have str P, Pu = 0. For sufficiently small w — u
the restriction of the spectral projection Py|qx : §2;; — 27 is an isomorphism of complexes. We
get a commutative diagram of determinant lines:

det 2 —— detH(£2;) —— det H*(M; E)
det(Py] ) l J/detH(Pwlg;) ldetH(P“,)zl

det Q¥ — = det H(2}) — det H*(M; E).

Writing B, := BE,g,.b, and 72(y) 1= rg“ urbu (y), we obtain, for sufficiently small w — u,

T2 (y)
T2 (y)

= sdet((Bul2:) ™ (Pul:) Bu)- (53)

Here the two non-degenerate bilinear forms 8,|ex and (Py |g;)* Bw on £2) are considered as

isomorphisms from £2; to its dual, hence (B, Q;)_I(Pw| 2;)*Bw is an automorphism of 2.
Using (50) we find

Bule)  (Pules) Buw = PuA, ' AwPula:.
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Using (53) we thus obtain

2 (y)
T (y)

= sdet(Py A, ' Ay Pulo:).

In view of str(P, Pu) =0 we get

0
ow |,

Ty (V)
<r;m(y)> str(Py Ay Ay Py + PuAL Ay Pu)_str(A AyPy).

Combining this with (52) and Proposition 4.7 we obtain

/ —1)4
9 fu () l_[q (det Aw’q)( - =LIM str(A_lA e_tA“) (54)
ow |, \ 72"(0) - nq(det/Au‘q)(_l)qq t—0 w T ’

Applying Proposition 6.1 to ¢ = bu_ll}u we obtain

Llhgstr(bglz;ue—mu) = / tr(by ' bu)e(gu).
t—
M

Using Proposition 6.2 with & = g, 14, we get

1
I;Ll\élstr«/l (8" 8u) — Etr(gu 8u ) ) /tr (b, 'VEBL) A (3208 (gu, &u)-

M
Using (51) we conclude
LIl\(/)[str(A Aye8n) f tr(by, ' bu)e(gu) — / tr(by, ' VEb,) A (9209)(8us &u)- (55)
t—

M M

Let us finally turn to the correction term. If [g,,, &, ] € €ul*(M; C) represent the same coEuler
structure then oy, — o, = cs(gy, gw) and thus

oy =

du " dw

cs(8u, w) = (02¢8)(8u, &u)-

u

Moreover, we have

aitr(b 'VEb,) = tr(=by, 'bub, 'VEDB,) + tr(b, ' VED,)
u

tr (VEb Nbu) +te(b, ' VED,)
VE (b b))
dte(b,'by).

(=0

tr(=b, ' (VEDu )b, by) + (b, ' VE D)
(
u(
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Using —2wg p, = tr(bM_IVEbu), do, =e(g,) and Stokes’ theorem we get

i) :
a_u/_sz’b” Aoy =/dtr(b;‘bu)Aau+/tr(b;‘v’5bu)A(azcs)(gu,gu)
M M M

:_ftr(bglbu)e(gu)+ftr(b;1v5bu) A (9208)(gu, &u).  (56)
M M

Combining (54)-(56) we obtain

an
0 rE;gwabw»aw _
ow lu & =90
E,gu,by,ay

This completes the proof of Theorem 4.2.
7. Asymptotic expansion of the heat kernel

In this section we will consider Dirac operators associated to a class of Clifford super con-
nections. The main result Theorem 7.1 below computes the leading and subleading terms of the
asymptotic expansion of the corresponding heat kernels. In Section 8 we will apply these results
to the Laplacians introduced in Section 4 which are squares of such Dirac operators. We refer to
[1] for background on the Clifford super connection formalism.

Let (M, g) be a closed Riemannian manifold of dimension n. Let Cl = CI(T*M, g) denote
the corresponding Clifford bundle. Recall that C1 = C1* @ C1~ is a bundle of Z,-graded filtered
algebras, and let us write Cl; for the subbundle of filtration degree k. Recall that we have the
symbol map

0:Cl— A*T*M, o(a):=c(a)-1

where ¢ denotes the usual Clifford action on A*T*M. Explicitly, for a € T;M € Cl, and « €
A*T}M we have c(a) - @ = a Ao — igao, where fa = g~ 'a € Ty M and iz, denotes contraction
with fa. Here the metric is considered as an isomorphism g : TM — T*M and g~! denotes
its inverse. Recall that o is an isomorphism of filtered Z,-graded vector bundles inducing an
isomorphism on the associated graded bundles of algebras.

Let £ =E1 @ E™ be a Zy-graded complex Clifford module over M. The forms with values in
£ inherit a Z,-grading which will be denoted by

QM E=2WM:;:E)T DM ).
We have 2(M; £)T = Q2" (M; £1) @ 2°(M; £7) and similarly for £2(M; £)~. Let us write
endcy(€) for the bundle of algebras of endomorphisms of £ which (super) commute with the
Clifford action, and let us indicate its Z;-grading by
endc(€) = end((€) @ endg (€).

Recall that we have a canonic isomorphism of bundles of Z,-graded algebras

end(&) = Cl®endc(€). (57)
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Suppose A : 2 (M, EF = Q2(M; )T is a Clifford super connection, see [1, Definition 3.39].
Recall that with respect to (57) its curvature A% e 2(M;end(€))* decomposes as

AN=RO91+10F/ (58)

where R¢! € Q%(M: Clz) with CI? := o1 (A2T*M) C CIt is a variant of the Riemannian cur-
vature

1 .
RAX,Y) = Zg(Rx,yei, ej)c'c! (59)
iJ
and FAf/ 5e £2(M; endci(€))T is called the twisting curvature, see [1, Proposition 3.43]. Here
¢; is a local orthonormal frame of TM , el = ge; denotes its dual local coframe and ¢t = c(eh)
denotes Clifford multiplication with e'.

Recall that the Dirac operator Dy associated to the Clifford super connection A is given by
the composition

—1 X
re) A WM;E) = F(A*T*M ® 5) o ®le, I'(ClRE) S I'(E)

where ¢: C1QE — £ denotes Clifford multiplication.

We will from now on restrict to very special Clifford super connections on £ which are of the
form

A=V+A
where V: Q2*(M:; EF) — 2*t1(M; EF) is a Clifford connection on &, and
Ae .QO(M; endg,(£)).
For the associated Dirac operator acting on I"(£) we have
Dy =Dy + A.

Consider the induced connection V : 2*(M; end™ (€)) — 2*1(M; end* (£)). Since V is a Clif-
ford connection this induced connection preserves the subbundle endci(£). Moreover, we have
[Dy, Al = c¢(VA) and thus

D3 = D% +c(VA) + A% (60)

Here VA € 2'(M; end(€)), A% € 2°(M; end(,(€)), and the Clifford action ¢(B) of B €
£2(M; end(€)) on I'(£) is given by the composition:

r@) L QM; &)= M(A*T"M 8 &) 2% r(ClgE) S I'(E).

Note that for B € 2°(M; end(€)) the Clifford action coincides with the usual action ¢(B) = B.
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Theorem 7.1. Let € be a Z,-graded complex Clifford bundle over a closed Riemannian manifold
(M, g) of dimension n. Suppose V is a Clifford connection on € and A € 2°(M; endq,(£)).
Consider the Clifford super connection A =V + A and the associated Dirac operator Dy acting
on I'(E). Let 2, € 2"(M; O%) denote the volume density associated with the Riemannian

metric g. Let k; € I' (end(€)) so that k, §2 is the restriction of the kernel of e™' D to the diagonal
in M x M. Consider its asymptotic expansion

ke ~ (4m)—"/22ﬂ'/€i ast—0 61)
i=0

with k;j € I' (end(E)), see [1, Theorem 2.30]. Then

ki € ' (Cly; ®endci(€)) € I (Cl®@endci(€)) = I (end(E)). (62)
Moreover, with the help of the symbol map

o :(end(€)) = I'(Cl@endci(€)) 225 2*(M; endci(€))
and writing ay j) for the j-form piece of a we have

> : £
Y o ki = Ag Aexp(—Fy"). (63)
i20

Here Ag € 2% (M; R) denotes the A—genus

) R)2
a2
Ag = det <sinh(R /2))

and R € 2*(M; end(T M)) the Riemannian curvature. Moreover, we have

~ R ”
> ok = —V(Ag A <75/SA> Aexp(—Fy )) (64)
i>0 ad(—Fy'")

where ad(Fg/S) (2% (M; endé1 &) — 2*T2(M; endét1 (£)), is given by

/S E/S E/S
ad(FEYp = FES N —p A FES.

Remark 7.2. Note that (62) and (63) tell that on this level the asymptotic expansions for e ~/P A

_ 2
DY are the same.

and e
Proof. The proof below parallels the one of Theorem 4.1 in [1] where the case A =0 is treated.
It too is based on Getzler’s scaling techniques, see [21]. In order to prove Theorem 7.1 we need
to compute one more term in the asymptotic expansion of the rescaled operator.

The calculation is local. Let xo € M. Use normal coordinates, i.e. the exponential mapping
of g, to identify a convex neighborhood U of 0 € Ty, M with a neighborhood of xo. Choose
an orthonormal basis {9;} of T,,M and linear coordinates X = (x!,...,x™) on Ty,M such that
{dx'} is dual to {9;}. Let R := > x'9; denote the radial vector field. Note that every affinely
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parametrized line through the origin in T, M is a geodesic. Let {¢; } denote the local orthonormal
frame of T M obtained from {9;} by parallel transport along R, i.e. V%ei =0 and ¢; (xg) = 0;.
Let {¢'} denote the dual local coframe.

Trivialize £ with the help of radial parallel transport by V. Use this trivialization to identify
I'(€ly) with C*®°(U, &), where & :=&y,. Letw € 21(U; end(&y)) denote the connection one
form of this trivialization, i.e. Vi, = 9; + w(9;). For the curvature F of V we then have F =
dw+ o A w e 2%(M; endt (&y)). By the choice of trivialization of £|y we have igw = 0 and
thus ir F = ig(dw+ o A w) = ig dw. Contracting this with 9; and using [9;, R] = 9; we obtain

—F(3;,R)=F(R, %)= (dw)(R,9) = (Lr + 1)(()) (65)
where Ly denotes Lie derivative with respect to the vector field R. Let w(3;) ~ ), %x“
denote the Taylor expansion of w(9;) at x¢g, written with the help of multi index notation. Us-
ing Lrx® = |a|x* we obtain the following Taylor expansion (L + 1)(w(9;)) ~ Za(|a| +
1) %x“. If F(0;,9;) ~ Za %x“ denotes the Taylor expansion of F(9d;, d;) at xg
then we obtain the Taylor expansion F(d;, R) ~ > ja %xi x%. Comparing the Taylor
expansions of both sides of (65) we obtain the Taylor expansion, cf. [1, Proposition 1.18],

0a F (3. 0))x)

Vo, — 8 =w(d;) ~ — /x*
0; i ( z) Z (|a|+2)a!
],
For the first few terms this gives:
1 | .
Vi, =0 — 3 ;F(ai, 0)xx’ = 3 ;;akF(ai, 3)xox’x* + 0 (1xP*). (66)

Let ¢ := c(e') € I'(E|y) = C®(U, end(&y)) denote Clifford multiplication with e’. Since
V%e’ =0 and since V is a Clifford connection we have Vi ¢! = c(V%el) = 0. So we see that

¢’ is actually a constant in end(p), cf. [1, Lemma 4.14]. Particularly, our trivialization of &|y
identifies I" (endci(€]y)) with C°(U, endc(£p)). Recall that

1 £
F@r.9)) =7 ) 8(Raaer em)e'e” + Fy'(01.9))

I,m

/S

with FE/S € Q2(U; end{,(£0)). From (66) we thus obtain, cf. [1, Lemma 4.15],

1 .
!
Vo =8 — ¢ > " g(Rya,e1 em)xox’ "
Jilm

1 .
— 5 2 g (R yer emdg el
Jik,l,m
+ Z witm (X)c' ™ + v; (x) 67

I,m

with 1, (x) = O(x]*) € C*®°(U) and v; (x) = O(|x|) € C®(U, endci ().
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Let A denote the connection Laplacian given by the composition
reé Y r(rmees) L2V, rr o T*M @ £) —5 I'(€).
Let r denote the scalar curvature of g and recall Lichnerowicz’ formula [1, Theorem 3.52]

D =A+c(F§/S)+£

Recall our Clifford super connection A = V + A with A € 2°(M; endg(£)). Since D = D +
c¢(VA) + A2 we obtain

.
Di:A+c(F§/S+VA)+A2+Z. (68)

Use the symbol map to identify end(&y) = A*T;;ZM ® endc1(&). For 0 <u <1 and « €
C®RT x U, A*TE M ® endci(€p)) define Getzler’s rescaling

(b)) (t,x) = Zu‘i/za(ut, ul/zx)[i].

i

Consider the kernel p € C*°(R* x U, A*T M ® endci(&))) of e~1Dh, p(t,x) = p;(x, xo). Note

that p(t, 0) = k;(xg). Define the rescaled kernel r,, := u"’%s, p and the rescaled operator L, :=
us, D338, . Since (3; + D3)p =0and 8,98, ' =u~'3, we have

(8 + Lu)ru =0. (69)

Note that setting t = 1 and x = 0 and using (61) we get an asymptotic expansion

ru(1,0)~ @)™ Y w2y o (ki(x0)) 1y asu— 0. (70)

jz-n i20
The claim (62) just states that the terms for —n < j < 0 vanish, i.e. there are no Laurent terms
in (70). Statements (63) and (64) are explicit expressions for the term j =0 and j = 1 in (70).
Let us compute the first terms in the asymptotic expansion of L, in powers of u!/?. Let us
write &/ for the exterior multiplication with e/, and ¢/ for the contraction with e;. Note that

Suels v =uV2ed s s =uPd, 8,08 =um 12y

and recall that ¢/ = &/ — (/. Let us look at the simplest part first. Clearly,
2, Yem1
ud,| A +Z 8, =0) asu—0. 71)

Next we have VA =", (V,,; A)e’, hence c(VA) = Y, (V,, A)c' and therefore

u,c(VAS, ' =u'*N + 0(u?) asu—0 (72)
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here A" := 3", (Vi A)yoe'. M FES = L3 FES(ei,ej)ef A el hence c(FE/S) =
where A" := ), (Vy A)x,e'. Moreover, Fg'™ =53, i Fg' (e, ej)e' Ael, hence c(Fy'") =
1 £/S P
5 Zi’j Fv/ (ei,ej)c'c’, and thus

usuc(FS/5)s; ' =F+ O) asu— 0 (73)

where F := 3 Y Fé/s(ai, j)xo€" ¢’ . From (67) we easily get

1 ,
ul/Z(SuVaI.Su_l =0; — 1 ZRijx/ +u1/2Rl{ +O0W) asu—0
j

where R;; = %Zlm g(Ra,»,aj e, em)xoela’" and R; is an operator which acts on
C®(U, A%/ OddTX’BM ® endci(£p)) in a way which preserves the parity of the form degree.
Using the formula A=—3"; ((Vel.)2 — va_ el_) and the fact that Vfi e; vanishes at xo we obtain

. 1 N\
M%A%lz_zxa—ZE:&ﬂq +u'PK™ 4 O(u) asu—0 (74)
i J
where K" acts on C*°(U, Aven/odd T M ®endci(&p)) in a parity preserving way. Let us write
1 A\
K::—Z(Bi _ ZZR,.,.XJ) +F.
i J

Then (71)—(74) together with (68) finally give

LM=K+u1/2(A/+Keven)+O(u) asu — 0. (75)

Recall, see [1, Lemma 4.19], that there exist A*T*M & endc;(&p)-valued polynomials 7; on
R x U so that we have an asymptotic expansion

ru(t.%) ~qi(®) Y w4 (t,x) asu—0 (76)
jZ=n

where ¢;(X) = (Amr)y="/ 2€_|X|2/ 4t Moreover, the initial condition for the heat kernel translates to

rj(0,0) =6j,0. (77)
Setting t = 1, x =0 in (76) we get
ru(1,0) ~ (4m) ™% " ui?7;(1,0) asu— 0. (78)
jz=n
Comparing this with (70) we obtain
Fi (1,00 =" o (kipi—j) (xo)- (79)

i>0
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Expanding the equation (d; + L,)r, = 0 in a power series in u'/? with the help of (76) and
(75) the leading term g7 satisfies (9; + K)(g7;) = 0. Because of the initial condition (77) and the
uniqueness of formal solutions [1, Theorem 4.13] we must have / > 0 and thus 7; =0 for j <O0.
In view of (79) this proves (62).

So gry satisfies (3; + K)(gro) = 0 with initial condition 7y(0, 0) = 1, see (77). Mehler’s for-
mula [1, Theorem 4.13] provides an explicit solution:

q:(X)Fo(1, X)

tR/2 1
= (4rt) " det!/? [ —L— / Aexpl ——(x
sinh(zR/2) 4t

Setting t = 1, x = 0 we obtain

tR tR
— coth| —
2 2

) A exp(—F). (80)

x>) A exp(—tF).

R/2

~ _ 1/2
ro(1,0) = det (sinh(R/Z)

In view of (79) we thus have established (63).
The term g7 satisfies (8; + K)(g71) = —(A" + K" (gro). Let us write

(1, %) = F20(r, x) 4 7099(1, x)

with 7Y (1, ) € AT M ® endci(£o) and 794z, x) € A°MTE M ® endci(&). Note that in
view of (79) we have

Fi(1,0) =Y o (kpi-11(xo) =741, 0). 81)
i>0

It thus suffices to determine Ffdd. Since

(K=*M(gF0))(1,x) € A™"TE M @ endci(£o),
(A (gF0)) (1, %) € A°NTE M ® endci(&p),

we must have (9; + K)(qffdd) = —A(gry). We make the following ansatz, and suppose that
7044 = Bfy with B € C®(R, A°MT} M ® endci(£)). Then

(@ +K)(q7M) = (8, B)gFo + B (gFo) + K(BgFo)
= (0:B)qro — BK(gro) + K(Bgro)
= (8 B)qro — BFgqro + FBqry
= (0, B + ad(F) B)qgro.
Hence we have to solve 9; B = ad(—F)B — A’ with initial condition B(0) = 0. This is easily
carried out and we find the solution:
Q)

B0 =——43m
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Thus g Bry satisfies (9; +K) (g Big) = —A’(qFo) with initial condition (B79)(0, 0) = 0. Again, the
uniqueness of formal solutions of the heat equation guarantees that we actually have Ffdd = Bry.
Setting t = 1, x = 0 and using (80) we get

. . R/2 = _
odd _ — _detl/? / _
7°44(1,0) = B(1)7o(1, 0) = —det (Sinh(R/2)> A ( = A) A exp(—F).

Using (81) we conclude

/S

- R ead(_Fv ) 1
ZU(ki)[zi—l] =—Ag A <7S/SVA> A exp(—Fvg/S),
i20 ad(—Fg’")

The Bianchi identity VFé/S = 0 implies Vexp(—Fg/S) =0,V ad(—Fg/S) =0, and similarly

dA ¢ =0, from which we finally obtain (64). O
7.1. Certain heat traces
Since & is Zp-graded we have a super trace strg:I (end(€)) — 20M;C). If n is

even we will also make use of the so called relative super trace, see [1, Definition 3.28],
streys: I (endci(€)) — 2°(M; O%)

strg /s (b) := 27" strg (c(I)b).

Here I € I'(Cl ®O%) denotes the chirality element, see [1, Lemma 3.17]. With respect to a
local orthonormal frame {e;} of T M and its dual local coframe {e'} the chirality element I" is
i"/2Zel ... ¢" times the orientation of (ey, ..., ,). This relative super trace gives rise to

given as i
stre s 0 2%(M; endy(£)) — 2% (M; O%)

which will be denoted by the same symbol. For every ¢ € I"(end(£)) we have
(stre(@)) - 2¢ = (/2)™"/* strg s (0 (@) (82)

where £2, € 2"(M; (’)}%) denotes the volume density associated with g. To see (82) note first
that

Cl,—1 =[Cl],Cl] (83)

where Cl; denotes the filtration on Cl, see [1, Proof of Proposition 3.21]. Hence both sides of (82)
vanish on I'(Cl,—; ® endc;(£)). It remains to check (82) on sections of Cl/Cl,—1 ® endc1(E),
but for these the desired equality follows immediately from the definition of the relative super
trace.
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Lemma 7.3. Let Dp be a Dirac operator and /Ei € I'(end(&)) as in Theorem 7.1. Moreover, let
@ e I'(end(&)). Then, for even n, we have

LIMstr(q§e_'D§\) = (27‘[i)_n/2/Stl‘g/s(d(¢]2n/2)[n])

t—0
M

whereas LIM;_,q str(t;be_TDIZ%) =0 if n is odd. Here LIM denotes the renormalized limit
[1, Section 9.6] which in this case is just the constant term in the asymptotic expansion for
t— 0.

Proof. For odd n this follows immediately from (61). So assume n is even. Recall from
[1, Proposition 2.32] that

str(@e Pk = / stre (Pk;) - 2. (84)
M

Combining this with (82) we obtain

str(cpe—'Di) = (i/2)~"/? / strg /s (0 (@K )
M

We thus get an asymptotic expansion, see (61),

str(fbe_thz%) ~ (27'riz‘)_"/2 Zti / strg/5(6(®1€i)[,,]) ast — 0,
iZ0 iy

from which the desired formula follows at once. O

Corollary 7.4. Let Dy be a Dirac operator as in Theorem 7.1. Moreover, let U € I" (endci(£)).
Then, for even n, we have

LIl\éI str(Ue—’szx) = 2i)"/? / Ag Astrgys(U exp(—Fvg/S)), (85)
r—
M

whereas LIM,_,¢ str(Ue_tDik) =0ifn is odd.

Proof. For odd n this follows immediately from Lemma 7.3. So assume n is even. Since
o (Uki)n) = Uo (ki)[n) Theorem 7.1 yields

Stl‘g/S(G(U];n/z)[n]) = (Ag A Strg/S(U exp(—Fg/S)))[nJ.

Equation (85) then follows from Lemma 7.3. O
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Corollary 7.5. Let Dy be a Dirac operator as in Theorem 7.1. Moreover, suppose V €
V(M endci(E)), let ¢(V) € I'(end(&)) denote Clifford multiplication with V, and consider
VV e Qz(M; endci(E)). Then, for even n, we have

LIM str(c(V)e™'PR)
—

X AA-FS) /s
e —(27Ti)7n/2 / Ag A\ strg/5<<WA> N exp(—Fv/ ) A VV), (86)
a —
M \Y%

whereas LIM,_, ¢ str(c(V)e_’Dézk) =0ifnisodd.

Proof. If n is odd the statement follows immediately from Lemma 7.3. So assume n is even.
Since o (c¢(V)k;)jn) =V Ao (ki)n—1] Theorem 7.1 yields

streys (U (C(V)];H/Z) [n])

e ES) £/
:_Strg/S<V/\V(Ag/\<—€/S,A>/\exp(_FV )))[n]

ad(—FE/S)
. ad(-F5"®) _
= —strg/S(V(Ag A (eig/s/g A exp(—Fg/S)) A V)
ad(—=Fy'") [n]

Applying Lemma 7.3 and using Stokes’ theorem we obtain (86). O
8. Application to Laplacians

Below we will see that the Laplacians Ag  , introduced in Section 4 are the squares of Dirac
operators of the kind considered in Section 7. Applying Corollaries 7.4 and 7.5 will lead to a
proofs of Propositions 6.1 and 6.2, respectively.

8.1. The exterior algebra as Clifford module

Let (M, g) be a Riemannian manifold of dimension n. In order to understand the Clif-
ford module structure of A := A*T*M we first note that A is a Clifford module for Cl ;=
CI(T*M, —g) too. Let us write ¢ for the Clifford multiplication of Cl on A. Explicitly, for
aeTMC Cland o € A*TF¥M we have ¢(a)a = a A a + iggo, where fla 1= g lae T M
and iy, denotes contraction with ffa. It follows from this formula that every ¢(a) commutes with
the Clifford action of Cl. We thus obtain an isomorphism of Z;-graded filtered algebras

¢:Cl— endci(A).

Let us write
6:Cl— A, 6(a):=2é@a)-1

for the symbol map of CL
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As in (59) define R € 22(M; C1) by

RO(X,Y) = _% Zg(R(X, Y)ei, e;)é'e!
ij

where X and Y are two vector fields, {¢;} is a local orthonormal frame, {¢'} denotes its dual local

coframe, and & := é(¢'). For the twisting curvature FVA,,,/ 5 € 22(M; endci(A)) we then have, see
[1, p. 145],

FOI® = 1 @) (RY) € 22(M; endci(A)) (87)
where (1 ®¢): 2(M; él) — (M ; endc(A)). Indeed, the curvature of A,
R” € 2%(M; end(4)),

can be written as

RAX,Y)= Zg(R(X, Y)e;, ej)%(sjti —&'/) e I'(end(A))
ij

where ¢/ € I'(end(A)) denotes exterior multiplication with e/, and ¢/ € I'(end(A)) denotes
contraction with ¢;. Using &' = %(cl +¢')and = —%(c’ — ¢') one easily deduces

1 1/1

1, .. o 1 o . o .
S(edd =) = Z<E(cw —CJC’)) - Z(E(W - afel)>
from which we read off (87), see (58). Also note that we have
4 1
(1®6)(RY) = —ER € 2%(M; A’T*M) (88)

where (1 ®6): 2(M;Cl) - 2(M; A).
If n is even then the relative super trace

str/s :endcy(A) — (9}(‘:,1
is given by
strays(é(@)) = i/2) 2T (6(a)), aeCl (89)
\Yhere T:A— (’)}(E,[ denotes the Berezin integratioAn associated with g. IndeAed,Asince [él, él] =
Cl,—1, see (83), both sides of (89) vanish for a € Cl,,_;. Checking (89) on CI/Cl,,_1 is straight-

forward. We will also make use of the formula

strays (exp((1 ® &)a)) = (i/2)™/*T (exp4 (1 ® 6)a)), a € 22(M; Ch) (90)
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where 1®¢: 2(M; Cl) — 2(M; endci(A)), 1®6 : 2(M; Cl) —» 2(M; A)and T : 2(M; A) —
22(M; O%) denotes Berezin integration. To check this equation note that the assumption on the
form degree and the filtration degree of a implies:

stra s (exp((1 @ )a)) = str s /S<%((1 ® e>a)"/2),
T(expa((1 ®6)a)) = T(%((l ® 5>a)”/2).
Using the fact that 1 ® ¢ is an algebra isomorphism and (89) we obtain
strazs (1 ® 6)a)”/2) =stras((1® &) (a"?))

= (/2T (1 ®6)(a"?)) = 4/ "*T(((1 ® 6)a)"?)

where we made use of the fact that 1 ® 6 induces an isomorphism on the level of associated
graded algebras, for the last equality. Combined with the previous two equations this proves
Eq. (90).

Lemma 8.1. Let (M, g) be a Riemannian manifold of even dimension n. Then*

e(g) = (27ri)_"/2 stra/s (exp(—Fég/S)).

Proof. Consider the negative of the Riemannian curvature —R € QZ(M CAXT*M ) and its expo-
nential exp 4 (—R) € 2(M; A). Recall that

e(g) := (2m)"*T (exp4(—R)) € 2" (M; OF).
Using (88), (90) and (87) we conclude:
e(g) = 1) T (exp, ((1® 6) (2RY)))
= (=) "2T (exp, (1 ® ) (—RY)))
= Qi) " str 5 (exp(— (1 ® &) (RY)))

= @) st s(exp(—Fgl°)). O

Lemma 8.2. Let (M, g) be a Riemannian manifold of even dimension n. Suppose & € I'(T*M ®
T*M) is symmetric, use |  C: T*M @ T*M — T*M ® endc|(A) to define V := %(1 R (E) €
QY (M; endci(A)), and consider V8V € 22(M; endci(A)). Then, for every closed one form
w € 2Y(M; C), we have

.1
w A (9208) (g, &) = E(2ni)—"/2 stra /s (é(w) A exp(—Fa! ) A VEV)

in 2"(M; 0%5))/d2" =1 (M; O%).

4 Since the degree O part of Ag is 1, this formula is easily seen to be equivalent to e(g) = Qmi)~"/ 2Ag A
strpy S(exp(—Fég/ S)) which can be found in [1, Proposition 4.6].



70 D. Burghelea, S. Haller / Journal of Functional Analysis 248 (2007) 27-78

Proof. Set M := M x R and consider the two natural projections p: M— Mand:M — R.
Consider the bundle TM := p*T M over M, and equip it with the fiber metric § := p*(g +
t€). For sufficiently small ¢, this will indeed be non-degenerate. For ¢ € R let inc; : M — M

denote the inclusion x > (x, ). Define a connection V on TM so that incf V = V8t for

sufficiently small 7, where v&+€ denotes the Levi-Civita connection of g+ té and so that
Var = 0 + zg’1 (p*€). It is not hard to check that g is parallel with respect to V, i.e. V§ = 0.

Let e(TM , 8, V) € .Q”(M ; Of,,) denote the Euler form of this Euclidean bundle. Recall that

T
cs(g, g+ 1&) =/inc;" ise(TM,g,V)dt
0

and thus
(d2cs)(g, &) =inchise(TM, g, V)
=Qn)™"?. inc iatT(epr(—Rﬁ))
= (=2m)"?. T(incéigt exp 4 (Rﬁ))
= (=2) "2 . T (inc(exp o (RV) Ay, RY))
= (=27) "2 . T (exp 4 (inct RY) Ainch iz, RY)
where R6 € [22(1\2 ; ATM ) denotes the curvature of V. Let
S:A@A—>A®A, S@®pB) :=—D"Flggqy
denote the isomorphism of graded algebras obtained by interchanging variables. Consider
Ee QW (M;T*M), VEE € 22(M; T*M) and S(V8E) € 21 (M; A2T*M). With this notation
we have
inck RY = R € %(M; A>T*M),
inch iy RY = S(%wé) e 2! (M; A>T*M)

where R denotes the Riemannian curvature of g. We obtain
P —n/2 1 s
(02¢8)(g, &) = (—27) "/ T exps(R) A S Evgg
and wedging with w we get
w A (9rcs)(g, &) = (—2m)~ ”/2T<epr(R) AwA S(zvgg))

Next, note that for a € A"T*M @ A"T*M we have T (S(a)) = T (a), for n is supposed to be
even. Together with the symmetries of the Riemann curvature, S(R) = R, we obtain
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w A (aes)(g, €) = (=2m)~"°T (S(epr(R) Aw A s(%v%)))
= (=2m)"*T (S(epr(R)) A S(@) A %vgé)
= (—Zn)_”/zT(epr(R) Al ®w) A %Vgé?)

— (—amy e T(epr (R +s5(1®w)A %Vgé))
s=0

as

In view of (88) we have:
R+s(1Q@w)A = (Vgg)_(1®o) 2RC +s(1Qw) A Vgg
Moreover, using (87) and (1 ® é)(%Vgé) = V8V we also have:
R A 1 gz AJS | A g
1®dc)|—2R +s(1®a))/\§V §)=-2Fy; +sc(w) ANVEV.
Using these two equations and applying (90) we obtain

stra /s (exp(—2Fa!® + sé(w) A VEV))

§=|

© A (8¢5) (9. &) = <4ni)—"/2;—s

= (47ri) /> strA/S(exp(—ZFVAg/S) Ac(w) A ng)

= %(2ni)*”/2 stra /s (exp(—Fal°) A é(w) A VEV)
= %(2711) n/2 stra;s(é(w) A exp(—F. /S) AVEV). O

8.2. The Laplacians as squares of Dirac operators
Let E be a flat complex vector bundle equipped with a fiber wise non-degenerate symmetric

bilinear form b. Let V£ denote the flat connection on E. Consider 5~'VED € 21(M:; end(E))
and introduce the connection, cf. [2, Section 4],

vEL .= vVE ¢ %b_lva
on E. Consider the Clifford bundle £ := A ® E with Clifford connection
VESL = VERIp+1,@ VEL
Since (VE-85)2 = (v8)2 4 (VE-2)2 the twisting curvature is

FELS = FOIS + (VEP)?, ©1)

vE.egb —
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Since the two summands commute we obtain

exp(—Fg/S )= exp(—FVAg/S) A exp(—(VE’b)z). (92)

VE.g.b

An easy computation shows that the Dirac operator associated to the Clifford connection V£-8-?
is

1
Dyeeo =dp +dj +a<§b1v5b). (93)
Setting
1
Ap.gp = _@(Eb—‘v5b> € 2°(M; endg(£)) (94)

we obtain a Clifford super connection
Apgp=VESP L Ap o, (95)

For the associated Dirac operator Dy o = dr + d% o WE find

2
(Dag,,)? = (de+d5 )" =Apg (96)

So we see that the Laplacians introduced in Section 4 are indeed squares of Dirac operators of
the type considered in Theorem 7.1.

8.3. Proof of Proposition 6.1

For odd n the statement follows immediately from Lemma 7.3. So let us assume that n is
even. We will apply Corollary 7.4 to the Clifford super connection (95) and U := ¢. From (92)
and Lemma 8.1 we get:

stres (6 exp(—Foy,)) = stres (¢ exp(—Fof ) Aexp(=(V51)?))

=stryys (exp(—Fég/S)) Atrg (¢> exp(— (VE”’)Z)) = (27'ri)”/ze(g) tr(¢).

Here we also used the fact that the form strA/S(exp(—FvAg/S)) = (Zni)”/2e(g) has degree n, and
thus the only contributing part of trg (¢ exp(—(VE b )2)) is the one of form degree 0, which is
just tr(¢). Using again the fact that e(g) has maximal form degree, we conclude

@ni) "2 A, Astrgs(pexp(—FELS,)) = u(@)e(s),

since the degree O part of Ag is just 1. Proposition 6.1 now follows from Corollary 7.4 and (96).
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8.4. Proof of Proposition 6.2

For odd n the statement follows immediately from Lemma 7.3. So let us assume n is even.
Consider £ ;=g e '(T*M ® T*M), and use the bundle map | Q ¢: T*M Q T*M — T*M ®
end,(A) to define

V= %(1 ® &) (&) € 2" (M; endgy(A)).

We claim
N 1
c(V)=A%E — 3 tr(§). 97
To check this let {¢;} be a local orthonormal frame and let {¢'} be its dual local coframe. Then

A*E = Zg(ge,-, ej)%(s"zf + /i)
l’.]

where ¢ € I'(end(A)) denotes exterior multiplication with ¢/, and ¢/ € I'(end(A)) denotes
contraction with e;. Writing ¢’ := c(e'), ¢' := ¢(¢') and using &' = %(c’ + ¢') as well as
i

= —%(ci — &) one easily checks

1, .. - 1, ... - 1 ..
E(Sll/+Sjll)21(clél+Cjél)+5(su.
We conclude

Voini gy o L 1, 1
A*s = ;g(gei, ej)<Z(Clé'/ ‘I‘C'/él) =+ 58"/) = ;g(%‘ei’ej)icla/ + Etr(é)

On the other hand, we clearly have c(V) = Zi, j gei,ej) %ci ¢/ and thus (97) is established. We
will apply Corollary 7.5 to the Clifford super connection (95) and this V.
Next we claim that for all integers k > 1 and / > 0 we have

E/S k E/S !
strg s (((ad(=For’, ) Ar.gp) A (—Faby,) AVV) =0. (98)
To see Ehis let us write endcy(€); for the subspace of endci(€) which via the isomorphism
¢c® 1:Cl®end(E) — endc)(A) ® end(E) = endc(E) corresponds to the filtration subspace
Cl; ® end(E). Then —Fééjb € QX(M;endci(€)2), VV € 23(M;endci(€)1) and Ag ) €
29(M; endci(€)1). Looking at the form degree, we see that (98) holds whenever 2k + 21 +

2 > n. Moreover, since k > 1 we have (ad(—Féé.Sg.b))kAE’g,b e 2% (M;endci(E)x), for

[élz,éll] C élz. Thus, considering the filtration degree, we see that (98) holds whenever
2k + 21 + 1 < n, for strg /g vanishes on £ (M; endc|(£),—1). This establishes (98). We conclude
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W) FEIS
strg/5<<—5/s AE,g,b> Aexp(— vEU,)/\VV)
d( vEgh)

S S
=strg/s(Ap.g.b A exp(—Fopy,) AVEV). (99)
Here we wrote VV = V&V to emphasize that this form does not depend on the flat connection

on E, but only on the Levi-Civita connection. Using (92) and (VEDY2 ¢ Q2(M; endcy(E)p) and
considering form and filtration degree we easily obtain:

stre/s(AE g6 A exp(—Fely,) A VEV)

VE.gb
=stre/s(Ag,g.6 A exp(— A/S) AVEV)

= strays (g (Ag g p) Aexp(—Fod*) A VEV). (100)
Using (94) and applying Lemma 8.2 to the closed one-form tr(b~!VEb) we find
stra/s(tre(Ag,g.p) A exp(—F, A/S) AVEV)
= — 3 stras (b~ VEB)) Aexp(~F%) A V)
= —Qri)"? (b~ VED) A (82cs) (g, ). (101)

Combining (99)-(101) we conclude:

24 M FEss) 1 FElS
_(Zﬂi)_n/ AgAStrS/S<<WAE’g9b) /\exp( VEgb)/\VV>
VEgb

=tw(b~'VED) A (d205)(g, g8).
Now apply Corollary 7.5 and use (97) as well as (96) to complete the proof of Proposition 6.2.
9. The case of non-vanishing Euler-Poincaré characteristics

It is not necessary to restrict to manifolds with vanishing Euler characteristics. In the general
situation [9,10] Euler structures, coEuler structures, the combinatorial torsion and the analytic
torsion depend on the choice of a base point. Given a path connecting two such base points
everything associated with the first base point identifies in an equivariant way with the everything
associated to the other base point. However, these identifications do depend on the homotopy
class of such a path. Below we sketch a natural way to conveniently deal with this situation.

In general the set of Euler structures €uly,(M; Z) depends on a base point xo € M. One
defines the set of Euler structures based at x¢ as equivalence classes [X, c] where X is a vector
field with non-degenerate zeros and ¢ € Cimg(M; 7) is such that d¢ = e(X) — x (M)xg. Two such
pairs (X1, c1) and (X2, ¢2) are equivalent iff ¢c; — ¢1 = ¢s(X1, X2) mod boundaries. Again this
is an affine version of H{(M; Z), the action is defined as in Section 2. Given a path o from xg
to x1, the assignment [X, c] — [X, ¢ — x(M)o] defines an H|(M; Z)-equivariant isomorphism
from Culy,(M;Z) to Culy, (M; Z). Since this isomorphism depends on the homotopy class of
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o only, we can consider the set of Euler structures as a flat principal bundle ul(M; Z) over M
with structure group Hy(M; Z). Its fiber over xy is just Euly, (M; Z), and its holonomy is given
by the composition

w1 (M) — Hy(M: Z) =X [y (M 7).

Similarly, the set of Euler structures with complex coefficients can be considered as a flat
principal bundle Eul(M; C) over M with structure group H;(M; C) and holonomy given by the
composition

T (M) — H(M:Z) =M 1M 7) — H{(M: C).

There is an obvious parallel homomorphism of flat principal bundles over M
L:Cul(M; Z) — ¢ul(M; C) (102)

which is equivariant over the homomorphism of structure groups H|(M; Z) — H;(M; C).

The set of coEuler structures Q‘Su(jO(M ; C) depends on the choice of a base point xg € M.
It can be defined as the set of equivalence classes [g, «], where g is a Riemannian metric and
o€ Q2N M \ {xo); O}E{) is such that e(g) = da on M \ {xo}. Two such pairs [g1, 1] and
[g2, a2] are equivalent iff oy — o] = cs(g1, g2) mod coboundaries, see [9, Section 3.2]. Every
homotopy class of paths connecting x¢ and x; provides an identification between qu[;o (M;C)
and Cul} ,(M; C). Again, one can consider the set of coEuler structures as a flat principal bundle
Eul*(M; C) over M with structure group H" ! (M; O}(E,I). Its fiber over xg is (‘Su[;O(M; ©), and
its holonomy is given by the composition

(M) — H(M: Z) s By (M 7) > H\(M; C) — B (M; 0F)

where the last arrow indicates Poincaré duality.

The affine version of Poincaré duality introduced in Section 2 can be consider as a parallel
isomorphism of flat principal bundles over M

P:¢ul(M;C) — ¢ul*(M;C) (103)

which is equivariant over the homomorphism of structure groups H;(M; C) — H n=lpp. O}(E,[)
provided by Poincaré duality. We have P ([X, c]) = [g, o] iff

A (X*lI/(g) —a) :/a)
M\(XU{xo}) ¢

for all closed one forms @ which vanish in a neighborhood of X' U {x}.
If E is a flat complex vector bundle over M we consider the flat line bundle

Det(M; E) :=det H*(M; E) ® (det E) M),
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Let Det* (M; E) denote its frame bundle, a flat principal bundle over M with structure group C*
and holonomy given by

0% (M)
(OF)

T (M) — Hi(M;7) C*.

We will also consider the flat principal bundle Det* (M; E)~% over M with structure group C*
and holonomy given by the composition

(6p) X

T (M) — Hi{(M;7Z) C*.

Note that elements in Det (M; E)~2 can be considered as non-degenerate bilinear forms on the
corresponding fiber of Det(M; E).
The combinatorial torsion defines a parallel homomorphism of flat principal bundles

7m0 Gul(M; Z) — Det™ (M; E) > (104)
which is equivariant over the homomorphism of structure groups
(0p)*: Hi(M;Z) — C*.

This formulation encodes in a rather natural way the combinatorial torsion’s dependence on the
Euler structure and its base point. Concerning the definition of (104), recall that the correspond-
ing construction in Section 3 assigns to an Euler structure ey, € €ul,,(M;Z) and a bilinear
form by, on Ey,; a bilinear form on det H*(M; E). Tensorizing this with the bilinear form on
(det Exo)_X(M ) induced by b,,, we obtain an element of Det;O(M  E )_2 which does not depend
on the choice of b,,. By definition this is the combinatorial torsion tg’mb(em) in (104).

If b is a fiber wise non-degenerate symmetric bilinear form on E, its analytic torsion provides
a parallel homomorphism of flat principal bundles

2 €ul*(M; C) — Det* (M; E) 2 (105)
which is equivariant over the homomorphism of structure groups
H' (M; 05) - C%, B> (el@rslOpIMDY2,
The definition of (105) is essentially the same as in Section 4. To be more precise, we represent

the coEuler structure ejo € (‘Su[;0 (M; C) as ejjo =[g, a], where @ € 2" (M \ {xo}; (’)ﬁ) is such
that e(g) = da. We write bge Eqg) 2D for the induced bilinear form on (det E,,) "X and set

1)
'[%I’lg’h’a = -L—g"’g’h(o) . l—[(det/(AE,g,b,q))( yq .exp<—2/ WE b N 06) ® b(detExO)—X(M).
q

If x(M) # 0, then « will be singular at xo and the integral |, m @E.b A a has to be regularized,
see [9,10]. Due to this regularization the additional term x (M) tr(b, Uhu) (xo) will appear on the
right-hand side of (56) and cancel the variation of b4e Eyg) (M- Other than that the proof of
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Theorem 4.2 remains the same. Thus tg ¢,  depends on E, ejo and [b] only. By definition this
is the analytic torsion rg‘?lb](ejo) in (105).

In this language the extension of Conjecture 5.1 to non-vanishing Euler—Poincaré character-
istics asserts that for all b we have

an __ _comb
Tpp o Pot=1g

as an equality of homomorphism of principal bundles over M, see (102)—(105).

As in Section 5 one defines the relative torsion as the quotient of analytic and combinatorial
torsion. This is a non-vanishing complex number independent of the Euler structure and its base
point. Its properties in Proposition 5.7 remain true as stated. With little more effort one shows
that the relative torsion in general is given by the formula in Proposition 5.11. Proving the gen-
eralization of Conjecture 5.1 thus amounts to show that the right-hand side of the equation in
Proposition 5.11 equals 1, even if x (M) # 0. In view of the anomaly formula it suffices to check
this for a single Riemannian metric and any representative of the homotopy class [b].
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Abstract

We consider the dilation property of the modulation spaces MP-4. Let D, : f(¢t) — f(At) be the dilation
operator, and we consider the behavior of the operator norm || Dy, || pp.9 — prp.a With respect to A. Our result
determines the best order for it, and as an application, we establish the optimality of the inclusion relation
between the modulation spaces and Besov spaces, which was proved by Toft [J. Toft, Continuity proper-
ties for modulation spaces, with applications to pseudo-differential calculus, I, J. Funct. Anal. 207 (2004)
399-429].
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1. Introduction

The modulation spaces M? 9 were first introduced by Feichtinger [3,4] and generalized by
Feichtinger and Grochenig [6]. The exact definition will be given in the next section, but the
main idea is to consider the decaying property of a function with respect to the space vari-
able and the variable of its Fourier transform simultaneously. That is exactly the heart of the
matter of the time—frequency analysis which is originated in signal analysis or quantum mechan-
ics.
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Based on a similar idea, Sjostrand [15] independently introduced a symbol class which as-
sures the L2-boundedness of corresponding pseudo-differential operators. In the last decade,
the theory of the modulation spaces has been developed, and its usefulness for the theory of
pseudo-differential operators is getting realized gradually. Nowadays Sjostrand’s symbol class
is recognized as a special case of the modulation spaces, and many authors used these spaces,
as a powerful tool, to discuss the boundedness or compactness properties of pseudo-differential
operators. See, for example, Boulkhemair [1], Grochenig [11], Grochenig and Heil [12,13], and
Toft [18,19]. Consult Feichtinger [5], Grochenig [10], and Teofanov [17] for further and de-
tailed history of this research fields. Some arguments in these works have their origin in the
field of phase space analysis. See also Dimassi and Sjostrand [2] and Folland [7] for this direc-
tion.

Now we are in a situation to start showing fundamental properties of the modulation spaces, in
order to apply them to many other problems. Actually in Toft’s recent work [18], he investigated
the mapping property of convolutions, and showed Young-type results for the modulation spaces.
As an application, he showed an inclusion relation between the modulation spaces and Besov
spaces. We also mention that some extensions to weighted modulation spaces of the inclusion
can be found in Toft [19,20]. We remark that Besov spaces are used in various problems of partial
differential equations, and his result will help us to understand how they are translated into the
terminology of modulation spaces.

Among many other important properties to be shown, we focus on the dilation property of
the modulation spaces in this article. Since M%2(R") = L?(R"), we have easily || fi|ls22 =
A2 £l 422 by the change of variables ¢ — A~'t, where f;(t) = f(At) and ¢t € R". But it
is not clear how | f; ||ar.« behaves like with respect to A except for the case (p,q) = (2,2).
Our objective is to draw the complete picture of the best order of A for every pair of (p, q)
(Theorem 1.1).

We can expect various kinds of applications of this consideration. In fact, this kind of dilation
property is frequently used in the “scaling argument,” which is a popular tool to know the best
possible order of the conditions in problems of partial differential equations. Actually, in this
article, we also show the best possibility of Toft’s inclusion relation mentioned above, as a side
product of the main argument (Theorem 1.2).

In order to state our main results, we introduce several indices. For 1 < p < 0o, we denote
by p’ the conjugate exponent of p (thatis, 1/p + 1/p’ = 1). We define subsets of (1/p, 1/q) €
[0, 1] x [0, 1] in the following way:

Ii: max(1/p,1/p) < 1/q,  If: min(1/p,1/p") > 1/q,
b max(1/g, /) <1/p/, I} min(1/g,1/2) > 1/p/,
Iz3: max(1/q,1/2) < 1/p, I3 min(1/q,1/2) > 1/p.

Let us consider Fig. 1. In [18], Toft introduced the indices

vi(p, q) =max{0, 1/g —min(1/p, 1/p"},

v(p, q) :min{ov 1/q —max(1/p, l/p/)}
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1/q 1/q
A A
1 1
I
I3 I
12 + 12 +
I I I
> I >
0 172 1 1/p 0 172 1 1/p
0<a<1 Azl
Fig. 1.
Note that
0 if (1/p,1/q) € I,

vi(p.g)=1{ 1/p+1/g—1 if(1/p,1/q) €15,
—1/p+1/q if(A/p,1/q)el],

and

0 if (1/p,1/q) € I,
wip,.g)=31/p+1/q—1 it(1/p,1/q) € b,
—1/p+1/q it (1/p,1/q) € I5.

We also introduce the indices

wi(p,q)=vi(p,q)—1/p, m2(p,q) =v2(p,q) —1/p.
Then we have

—1/p if (1/p,1/q) €I,
ui(p,g)=141/g—1 if (1/p,1/q) € I,
—2/p+1/q if(1/p,1/q)el],

and

—1/p it (1/p.1/q) € I,
pa(p.q) =14 1/qg =1 it (1/p,1/q) € Iy,
=2/p+1/q it (/p,1/q) € I5.
Our first main result is on the dilation property of the modulation spaces. For a function (or

tempered distribution) f on R” and A > 0, we use the notation f;, which is defined by f;(¢) =
f(), t e R,
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Theorem 1.1. Let 1 < p, g < 0. Then the following are true:
(1) There exists a constant C > 0 such that
=IO fllygra < fullmra < CNHIPDY fllarna (1.1)

for all f € MP1(R") and A > 1. Conversely, if there exist constants C > 0 and o, § € R
such that

CTPN flimra <N fullmra < CAE\ fllmra

forall fe MPI(R") and > > 1, then o > npu1(p,q) and B < npa2(p, q).
(2) There exists a constant C > 0 such that

CIWPD| fllyra < fillmra < CAH2PD | fllarng (1.2)

forall f € MP-4(R™) and 0 < A < 1. Conversely, if there exist constants C > 0 and o, 8 € R
such that

C N flmra < fullmra < CAP\ fllmra

forall f e MP9I(R") and 0 <A <1, thena = nu(p,q) and B <nua(p, q).

Since the Gauss function ¢(r) = eI’ ” does not change its form under the Fourier transfor-
mation, the modulation norm of it can have a “good” property. In this sense, it is reasonable to
believe that the Gauss function f = ¢ attains the critical order of || f; || ;rr.¢ With respect to 1. But
it is not true because ||@, || srr.a ~ A*1/4=1D in the case A > 1 and ||¢;.||pr.a ~ A~"/P in the case
0 <A <1 (see Lemma 2.1). Theorem 1.1 says that they are not critical orders for every pair of
P.q).

It should be pointed out here that the behavior of || fi|lar.e With respect to A might de-
pend on the choice of f € MP9(R"). In fact, f(t) =D ;e e* 1y (t — k), where ¥ is an
appropriate Schwartz function, has the property | fi|laroc ~ A72"/P (0 < A < 1) in the case
1 < p <2 (Lemma 3.10), while the Gauss function has the different behavior |@y || prp.00 ~ A~/ P
(0 < A < 1) as mentioned above. On the other hand, the L”-norm never has such a property since
I fillLe = A7P|| fllLr for all f € LP(R™). That is one of great differences between the modu-
lation spaces and L?-spaces.

Our second main result is on the optimality of the inclusion relation between the modulation
spaces and Besov spaces. In [18, Theorem 3.1], Toft proved the inclusions

Brfv’?(p,q)(Rn) = MM (Rn) - B,f;g(p’q)(R”)
for 1 < p,q < oo. See also [19, Theorem 2.10] for the case of weighted modulation spaces,
and some related results can be seen in Grobner [9] and Okoudjou [14]. Toft also remarked that
the left inclusion is optimal in the case 1 < p = ¢ < 2, that is, if Bﬁ’p(R") < MP-P(R") then
s1 = nvi(p, p). The same is true for the right inclusion in the case 2 < p = ¢ < o0, that is,
if MP-P(R") — BL'P(R") then so < nva(p, p) [18, Remark 3.11]. The next theorem says that
Toft’s inclusion result is optimal in the above meaning for every pair of (p, g).
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Theorem 1.2. Let 1 < p, g < o0 and s € R. Then the following are true:

(1) If B9 (R") < MP-4(R"), then s > nvi(p, q).
2) If MP1(R") — BPI(R") and 1 < p,q < o0, then s <nva(p, q).

During the evaluation process of this paper, a preprint of the independent work by Wang and
Huang [22] was sent to the authors, where we can find a related result of Theorem 1.2.

‘We end this introduction by explaining the plan of this article. In Section 2, we give the precise
definition and basic properties of the modulation spaces and Besov spaces. In Sections 3 and 4,
we prove Theorems 1.1 and 1.2, respectively.

2. Preliminaries
We introduce the modulation spaces based on Grochenig [10]. Let S(R™) and S’(R") be the

Schwartz spaces of rapidly decreasing smooth functions and tempered distributions, respectively.
We define the Fourier transform f and the inverse Fourier transform F~! f of f € S(R") by

o) = / ENF()dy and Flf(n =

Rn

L / e f(E)dE
2" ’
@y J

Fix a function ¢ € S(R") \ {0} (called the window function). Then the short-time Fourier trans-
form V,, f of f € S'(R") with respect to ¢ is defined by

Vo f(x,8) =(f MgTvp) forx,&eR",

where Mgo(t) = e p(1), Tep(t) = o(t — x), and (-,-) is the inner product on L2(R™). We can
express it in a form of the integral

wa(x,é)=/f(l)<p(t—X)ef"5'tdt,

Rn

which has actually the meaning for an appropriate function f on R"”. We note that, for f €
S'(R"), V, f is continuous on R2" and Vo f(x, )| <CA + |x] + |EDN for some constants
C,N >0 [10, Theorem 11.2.3]. Let 1 < p, g < co. Then the modulation space M?-4(R") con-
sists of all f € S’(R™) such that

q/p 1/q
||f||Mp,q=||v¢f||Lp.q={/(/W@f(x,snpdx) ds} < o0,

R}‘I Rn

(with usual modification when p = oo or ¢ = 00). We note that MZ2(R") = LE(R") [10,
Proposition 11.3.1] and M?-9(R") is a Banach space [10, Proposition 11.3.5]. The definition of
MP-9(R") is independent of the choice of the window function ¢ € S(R") \ {0}, that is, different
window functions yield equivalent norms [10, Proposition 11.3.2].

We also introduce Besov spaces. Let 1 < p, g < 0o and s € R. Suppose that ¢g, ¢ € S(R")

satisfy suppgo C {£: €] <2}, suppe C (£: 1/2 < [§] <2} and ¢o(§) + D72, ¢(€/27) =1 for
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all§ e R". Set ¢; = ¢(-/2/) if j > 1. Then the Besov space BY*? (R") consists of all f € S'(R")
such that

00 1/q 00 l/q
If 1l gra = (sz Hf‘[gojﬁn‘zp) = (sz“fncp,- *fqup) <00,
j=0 j=0

where @; = F~!g; (with usual modification again when g = cc0). We remark that B (R")* =

Bf;’q,(R”) for 1 < p,q < oo.
Finally, we list below the lemmas which will be used in the subsequent section. In this article,
we frequently use the Gauss function ¢ () = e~ .

Lemma 2.1. (See [18, Lemma 1.8].) Let ¢ be the Gauss function. Then

“ V(ﬂ((p)t)”LPﬂ — j_[n(l/p+1/q+1)/2p—n/2pq—n/2q2n/qk—n/p(1 + )\‘2)"(1/174‘1/‘]—1)/2.

Lemma 2.1 says that [|¢; [|prr.a ~ A"17/4=D in the case A > 1 and [|@y || ppa ~ A 7/P in the
case 0 < A < 1.

Lemma 2.2. (See [10, Corollary 11.2.7].) Let f € S'(R") and ¢, ¥,y € S(R"). Then

(fip)=

/wa(X,S)Vyfp(x,g)dxdé forall p € S(R").
R2n

1
(v, ¥)

We remark that Lemma 2.2 is also found in Folland [7, Proposition 1.92].

Lemma 2.3. (See [10, Lemma 11.3.3].) Let f € S'(R") and ¢, ¥, y € S(R"). Then

|Vo f(x,8)] < (IVy £l % |Voy ) (x, &) forall x,& eR".

1
Ky, )l
Lemma 2.4. (See [10, Proposition 11.3.4, Theorem 11.3.6].) Let 1 < p,q < 0o. Then S(R") is
dense in MP9(R"™) and MP-9(R")* = M”,’q,(R”) under the duality

1 o
gt = o [ Vol .6 Vogle Brdxds
T
RZn

for f € MP4(R") and g € MV (R™).

By Lemmas 2.2 and 2.4,if 1 < p,q < oo and f € MP-4(R") then

I £l sra = sup|(f. g)m| = sup|(f. &)], (2.1)

where the supremum is taken over all g € S(R") such that ||gl[,,, .o = 1.
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Lemma 2.5. (See [3, Corollary 2.3].) Let 1 < py1, p2,q1,q2 < 00 and py,qa <o0. If T is a
linear operator such that

ITfllprrvar < Arll fllgrrar forall fe MPLI(R™)
and
ITf | pr2ar < Aol fllrrar  forall f € MP>P(R"),
then
ITflpra < CATOASN fllmva  forall f € MP9(RY),

where 1/p=(1—-6)/p1+6/p2, 1/g=10—-6)/q1 +60/q2, 0< 0 <1 and C is independent
of T.

Remark 2.6. Lemma 2.5 with the cases p = 00 or g = 00 is treated in [18, Remark 3.2], which
says that it is true under a modification.

3. The dilation property of modulation spaces

In this section, we prove Theorem 1.1 which appeared in Section 1. We remark that the left-
hand sides of inequalities in Theorem 1.1 are obtained from the right-hand sides of them.

Theorem 3.1. Let 1 < p, g < oo. Then the following are true:

(1) There exists a constant C > 0 such that
I fillagra < CAHVYPD Fllygpa forall f € MP9(R") and A > 1.
Conversely, if there exist constants C > 0 and « € R such that
| follmra < CAY|| fllmra  forall f e M”’q(R") and A > 1,

thena > nu1(p, q).
(2) There exists a constant C > 0 such that

I fullmra < CAM2PD| fllppg  forall f e MP4(R") and 0 <X < 1.
Conversely, if there exist constants C > 0 and B € R such that
I fillmra < CAPN fllpra  forall f € MP9(R") and 0 < A < 1,

then B <nua(p, q).
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Indeed, if 0 < A < 1, then the first part of Theorem 3.1(1) gives

I flmra = [ D 1/a] g < CATHIPD £ llprra

which proves the left-hand side of (1.2) in Theorem 1.1. The others in Theorem 1.1 are given by
Theorem 3.1 in a similar way. We also remark that Boulkhemair [1, Proposition 3.2] proved the
first part of Theorem 3.1(2) with (p, g) = (o0, 1).

Now we prove Theorem 3.1. We begin with the following preparing lemma which might be
well known.

Lemma 3.2. Let 1 < p, g < 00. Then there exists a constant C > 0 which only depends on the
window functions in the modulation space norms such that

n/2

I follagpa < CATMYP=VaD (14 02)Y 2| Fllprra

forall f € MP9(R") and A > 0.

Although the proof of Lemma 3.2 might be found in some literature, we provide it for reader’s
convenience. Here (and also in other situations) we may assume that the window function is given

by the Gauss function ¢(t) = eI,

Proof. Let ¢ be the Gauss function, that is, ¢(1) = e~/ 2, By a change of variable, we have

I fllagra = V()| pg = 2" M2V Fllra.
From Lemma 2.3 it follows that
[Vor £ 8| <Nl 3 (Vo £ 1 Vg, ) (x, 6).
Hence, by Young’s inequality and Lemma 2.1, we get
I fllagra < ATVP=VE DY 21V ol 11 1V f | Lra
=27 o) 2 Vi @1y | 11 1 Ve fllLpa
_ - - —1\— —2\n/2
—n/p 1/q+1)||¢”L22(jT3n/22n (A 1) "(1 + 2)n/ )IIfIIMM
- - 2
= C}’l,(p)‘- l’l(l/p l/q"l‘l)(l +)\-2)n/ ”f”M/’q
The proof is complete. O

We are now ready to prove Theorem 3.1(1) with (1/p, 1/q) € I and Theorem 3.1(2) with
(I/p.1/q) € I1.

Proof of Theorem 3.1(2) with (1/p,1/q) € I1. Let (1/p,1/q) € I1. Then us(p,q) = —1/p.
By Lemma 3.2, we have

I fllpgra SCATY7 | fllpes forall f e M™(R") and 0 <A < 1, (3.1
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where 1 < r < 00. On the other hand, since M22(R") = L*(R"), we have
I fllpze S CAT2|| fllpppa forall f e M**(R") and 0 <A < 1. (3.2)

Take | <r<ooand0< O < 1lsuchthat 1/p=(1—-6)/r+6/2and 1/g=(1—-6)/1+6/2.
Then, by interpolation (Lemma 2.5), (3.1) and (3.2) give

I fllra < €O ) £ v

forall f e MPI(R") and 0 < A < 1.Since (1 —0)/r=1/p+1/g—1and6/2=—-1/q + 1,
we get

I fillmra <CATP| fllypa  forall f e MP4(R")and 0 <A < 1. (3.3)
This is the first part of Theorem 3.1(2) with (1/p, 1/q) € I;.

We next prove the second part of Theorem 3.1(2) with (1/p, 1/q) € I1. Let (1/p,1/q) € I.
Assume that there exist constants C > 0 and 8 € R such that

I fullasgra < CAP|| Fllyra  forall f e MP4(R")and 0 < A < 1.

Let ¢ be the Gauss function. We note that the Gauss function belongs to M?-9(R"). Then, by
Lemma 2.1 and our assumption, we have

C,,,q)x_"/P < prq)\—"/p(l + AZ)"(l/p+l/q—l)/2
= [Ve(@) | g = l@rllmara < CAPll@lIpra
for all 0 < A < 1. This is possible only if 8 < —n/p. The proof is complete. O
Proof of Theorem 3.1(1) with (1/p,1/q) € I}. We recall that 11(p,q) = —1/p if (1/p,

1/q) e I{. Let (1/p,1/q) € I}. Then (1/p’, 1/q") € I1. We first consider the case p # 1. Since
1 < p, g < 00, by duality (2.1) and Theorem 3.1(2) with (1/p’, 1/q") € I, we have

Il fillmra =sup|(fo, &)| = A7 sup|(f. g11)|

<A sup L fllmraligrollypwar

<A sup | Fllwra (CO) P lgllygrar) = CL TP Fllara

for all f € MP9(R"™) and A > 1, where the supremum is taken over all g € S(R") such that
llgll e = 1. Inthe case p = 1, by Lemma 3.2, we see that

I fillagroe < CAT (I fllppr0 forall £ € MY°(R") and 1 > 1.

Hence, we obtain the first part of Theorem 3.1(1) with (1/p, 1/g) € I}.
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We consider the second part of Theorem 3.1(1) with (1/p,1/q) € I. Let (1/p,1/q) € I
and g < oo. Note that 1 < p, g < co. Assume that there exist constants C > 0 and « € R such
that

ligrllmra < CA%|Iglipra  forall g € MP4(R") and A > 1.

Then, by duality and our assumption, we have

1fllygrrar = sup| (o, &) = 27" sup|(f, g1/3)]
KA sup L fllygwr o 181/l 0120
<A sup Ll o (COTH) Ngllagra) = CAT "N f Ly
forall feM P/’q/(R") and 0 < A < 1, where the supremum is taken over all g € S(R") such
that ||g|lpre = 1. Since (1/p’, 1/q’) € I, by Theorem 3.1(2) with (1/p’,1/q") € I1, we get
—n —a < —n/p’. This implies a > —n/p.

We next consider the case ¢ = co. Let 1 < r < 0o. Assume that there exist constants C > 0
and « € R such that

I fillpree < CA® | fllpree forall f e M™®(R") and A > 1, (3.4)
where o < —n/r. Since M>2(R") = L2(R"), we have

I fall 2z < CAT2|| fllpp22 forall f € M**(R") and A > 1. (3.5)
Then, by interpolation, (3.4) and (3.5) give

C;\(ar+n)(1/p71/q)fn/p||f||MM’ if 1 <r < oo,
CAA=2/D=n/P|| |l spa, ifr =00

I follpgpa < {

forall f € MP9(R") and A > 1, where 1/p=(1—-0)/r +6/2,1/g =(1 —0)/oco + 6/2 and
0 <6 < 1. Note that (1/p, 1/q) € I] and 2 < g < oo. However, since (ar +n)(1/p —1/q) <0
if 1 <r <ooanda(l—2/g) < 0if r = oo, this contradicts Theorem 3.1(1) with (1/p, 1/q) € I}
and 2 < g < oco. Therefore, o must satisfy o« > —n/r. The proof is complete. O

Our next goal is to prove Theorem 3.1(1) with (1/p, 1/q) € Iik and Theorem 3.1(2) with
(1/p,1/q) € I>.

Lemma 3.3. Let 1 < p,q < 00 be such that (1/p,1/q) € I and 1/p > 1/q. Then there exists a
constant C > 0 such that

”f)\”Ml’*q g C}\'—H(Z/I)—l/q)(l + A-z)n(l/p_l/Z)”f”Ml’vq

forall f € MP49(R") and A > 0.
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Proof. Let 1 <r < 0o. By Lemma 3.2, we have

1 fllpnr < CAMA/7=D (1 422)"?

I 1 pgrr (3.6)

forall f € M (R") and A > 0. Then, by interpolation, (3.2), (3.5) and (3.6) give Lemma 3.3. O
The proof of the following lemma is based on that of [21, Theorem 3].

Lemma 3.4. Suppose that ¢ € S(R") is a real-valued function satisfying ¢ > C on [—1/2,1/2]"

for some constant C > 0, suppe C [—1, 1]", @) = ¢(—t) and ZkeZ” (t —k) =1 for all

t e R". Then

sup |(Mx®) * f |2 <1V fll 200 < 5" D@ N 11 sup [(Mx®) = £
keZ keZn

forall f € M>®(R"), where ® = F~ ' and My® (1) = e (1).

Proof. Let f € M>*°(R"). Since @ is a real-valued function and @ () = @ (—1) for all ¢, we
have

Vo f(x,6)] = ’/f(t)me—i@ dt
Rn

= ’/f(z)cwx—t)eif‘(x—’)dz =|(Ms®) * f(x)|. 3.7)
Rl‘l

We first prove
1/2 1/2
esssup( /|V¢f(x £)| dx) = sup ( /|V¢f(x £)| dx> . (3.8)

To prove (3.8), it is enough to show that (fR,, Vo f(x, $)|2a7x)1/2 is continuous with respect
to &. Since ess supgcpn (fR,, Ve f(x,)>dx)'/? < 0o, for each k € Z" there exists & € k/2 +
[—1/4,1/4]" such that (fg. |Ve f(x, &)|*dx)!/? < co. Then, by (3.7), we have

1 1/2
Gy et - g0 f o= | (Me, @) % £ > = ( f|v¢f(x,sk>|2dx) < 0.
Rn

Since k/2+[—1/4,1/4]" C & +[—1/2,1/2]" and (- — &) = C > 0 on & +[—1/2, 1/2]" we
see that | f|2 is integrable on k/2+[—1/4, 1/4]". The arbitrariness of k € Z" gives f € Lloc (R™).
By the Lebesgue dominated convergence theorem, we see that || (- — &) f |I;2 is continuous with
respect to £. Hence, (fR,, Ve f(x, £)>dx)'/? is continuous with respect to £. We obtain (3.8).
Then, from (3.7) and (3.8) it follows that
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1/2
sup | (M@) = f ||, < sup |(Mz®) = f||,, = sup ( /|Vq>f(x,s)|2dx)
kezn EecR” EeRn B

12
=esssup< /|V¢f(x,§)|2dx> = Vo fll12.00.

EeRn

IRH

We next prove || Vo fll12.00 < (5" @1 p1) supgegn |(Mi®@) * fll 2. Let§ = (&1,...,5,) e R".

Since

Me® =F '[p(-—&)]=F"" [w(- - s)( Yot — k))}

keZ

= Y Flet=5e(-b]= Y (Mc®)x (M),
ki —&i1<2, ki —&i1<2,
i=l1,..., n i=1 n

.....

by (3.7), we have
D |(Me®) 5 (M)  f (%)

ki~ 1<2,

=

Vo f(x,8)| = |(Me®) % f(x)| <

,,,,,

Hence, by (3.8), we get

1/2
2
Vo fll 200 = sup ( /|V¢>f(x,é)| dX>
%—ERM o

<sup D [(Mg®) % (Mi®) % f |2

n
FER™ 1 —g1<2,
i=l1,..., n

<sup D0 IMe@ | (M) % £

n
FER™ 1 —g1<2,
i=l1,..., n

<Iel (;:Zg | (Me2) *f||L2)<$s€llpn ) 1)
ki —&;1<2,
i=1,..., n

<" @p sup | (Me®) % ] 2.
Le7

The proof is complete. O

We remark that Lemma 3.2 implies

I full oo < CAT2) fllpppo forall f € M**(R") and 0 < A < 1.

This is not our desired order of A in the case (p, g) = (2, c0). But we have
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Lemma 3.5. There exists a constant C > 0 such that

| Allppzce S CAT" | fllppzo forall f € MZ‘OO(R") and 0 < X <1

Proof Let & = F~'¢g, where ¢ is as in Lemma 3.4. Suppose that f € M>>°(R"). We note that
f e L2 (R") (see the proof of Lemma 3.4). Then, by Lemma 3.4, we see that

loc
Vo (1] yyoee <5 1@1I L1 sup |(M®) % fo]|
e n
=5"1® .1 sup 2m) "o = k) fi ] 2
kez"

=C,A7"? sup Hcp()» . —k)f”Lz
kez"

= C,A "% sup || p(h - —k)( > el —z))fﬂ
kezr ez L?
Since
‘qz(xr — k)( > ot - e))f(r) <4 Y oGt — et — 0 F (1))
Lezr Lez
=4" 3 et —ke -
16 —ki /M<2/A
we have

L

LeZh

1/2
LY /|<p(,\t gt — 0 F1)] d;)

I¢; k /A|<2/A RN

.....

(
(4"(2n) Il Y ||<Mf¢>*f||iz>
(

1/2

1e; k /M<2/x

.....

172
40" ol sup (Mo oeflp) Y 1)
1€ —ki [A<2/ A,

i=1,...,n

< (Coteten( sup 15 1,2)')”

mez"

= Cull@lliLor™* sup [(My®) % £ -
meZn
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Hence, by Lemma 3.4, we get

I follpgzce < Cod™" sup (M ®)  f| ;2 < Cud ™" [ £l g0
mezr

The proof is complete. O
Lemma 3.6. Ler 1 < p < oo. Then the following are true:
(1) If p <2, then there exists a constant C > 0 such that
I fillsgra S CNSllpgoa forall f € MPH(R") and > 1.
(2) If p = 2, then there exists a constant C > 0 such that
I fllpgrs SCAT" PN fllygp - forall f € MPH(R") and 3. > 1.

Proof. We first consider the case p < 2. By Lemmas 2.2, 2.4 and 3.5, we have

Il il pg2t = sup|{ fr. &) am| = sup|(f. 8)|
=A""sup

(s 81| <A sup || f gz gyl ppzee
<SATsup | flla2a (CA/2) T gllpgzoe) = CllLf llpg

for all f € S(R") and A > 1, where the supremum is taken over all g € M 2.00(R") such that
llgll 2.0 = 1. Since S(R") is dense in M?>1(R™), this gives

I fillyzr S Clfllp2n forall f e M*'(R") and A > 1. (3.9)
On the other hand, by Lemma 3.2, we see that
I fillyrn S Clfllpynn forall fe MM (R") and A > 1. (3.10)

Hence, by interpolation, (3.9) and (3.10) give Lemma 3.6(1).
We next consider the case p > 2. By Lemma 3.2, we have

I fullpgoot < CANl fllpgoon forall £ € MO (R") and A > 1. (3.11)
Therefore, by interpolation, (3.9) and (3.11) give Lemma 3.6(2). O
Lemma 3.7. Let 1 < p < oo. Then the following are true:
(1) If p <2, then there exists a constant C > 0 such that
I fullmroe < CAT2VP| fliypoe  forall f € MP®(R") and 0 < A < 1.
(2) If p = 2, then there exists a constant C > 0 such that

I fillmpoe <SCAT" || fllmpoe  forall f € MP(R") and 0 <1 < 1.
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Proof. Let 1 < p < 2. By duality and Lemma 3.6(2), we have
Il fill s = sup|(fa, &) = 2" sup|(f, g1/2)|
<A sup | f llaaroe (CA/M) TP gy i) = CA72P || fllagroo

for all f e MP->°(R") and 0 < A < 1, where the supremum is taken over all g € S(R") such
that ||g||M,,/_1 = 1. In the case p =1, by Lemma 3.2, we have

I fll oo < CAT2 N fllppoo forall f € MM °(R") and 0 < 2 < 1.
Hence, we obtain Lemma 3.7(1). In the same way, we can prove Lemma 3.7(2). O

Lemma 3.8. Let 1 < p,q <00, (p,q) # (1,00), (00, 1) and € > 0. Set

FO ="k () in S'(R),

k0

where ¢ is the Gauss function. Then f € MP9(R") and there exists a constant C > 0 such that
I fillagra = CAM4=DF€ forall 0 < A < 1.

Proof. We first prove f € MP-9(R"). Although this fact is an immediate consequence of the dis-
cretization properties of the modulation spaces (see Feichtinger and Grochenig [6], or Grochenig
[10, Theorem 12.2.4]), here we give the proof for reader’s convenience. Since

‘ /eik'tgo(t)w(t —x)e € dr
Rn

= ‘/w(tkp(x —0{(1+1& —k*) "I — Ap)"e ER " ar
]Rn

=(1+1E=k)T" Y Cm,ﬁz/(aﬁ‘w)(t)(a’gz(p)(x — e 1€t gy
B1+B21<2n Rn

<C+1E—kP)™ Y [|9Prg]x]0P20| ).
[B1+B21<2n

we see that

| fllagra =11V fllLra

N {/( / Z'krn/q_G/eik't(p(t)gp(t_x)e—i§~tdt
R~ R

B ' k£0

<c{ /<Z|k|—"/q—€(1+|s—k|2)‘”)qu}

Rn kO

q/p 1/q
dx) dé}

1/q
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:c{ > / (Z|k|"/‘16(1+|§—k|2)")qd§}1/q

CeL 12,1/ KFO

< C{ Z (Z k| =47 (1+ | — k|2)‘”)q}l/q.

£eZn N k#£0

Since {|k|’”/‘1’€}k¢o € L9(Z"), by Young’s inequality, we have f € MP4(R").
We next consider the second part. Since ¢ € M P4 (R, by duality, we see that

I fllmra = sup  |(fr. @) m| = |(fr. @)
gl pr g =1
=Y ke f e M) (r) dt
k#£0 Rn
) _ k2”‘,|2
= C(1+A2) Y ke w
ks£0
_ AZ‘k‘Z
>C Z |k|_"/q_ée 1(1-+22)
0<Iki| <1/,
i=l1,..., n
2 C}\‘I‘l/qﬂ-é Z 1 2 C}\'n(l/q—l)+€
0<Iki| <1/,
i=1,..., n

for all 0 < A < 1. The proof is complete. O

We are now ready to prove Theorem 3.1(1) with (1/p, 1/q) € I} and Theorem 3.1(2) with
(I/p.1/q) € .

Proof of Theorem 3.1(2) with (1/p,1/q) € I,. We recall that u(p,q) = 1/q — 1 if
(1/p,1/g)e . Let (1/p,1/q) e b and 1/p < 1/q.1If g =1 then p = 0o, and we have already
proved this case in Theorem 3.1(2) with (1/p, 1/q) € I,. Hence, we may assume 1 < g < oo.
Note that 1 < p’, ¢’ < oo. Since (1/p’,1/q") € I and 1/p" > 1/4’, by duality and Lemma 3.3,
we have

Il fullasgra = sup|(fi. 8)| = A" sup|(f, g12)|
<A sup | fllwrallgall oo
_ _1\—nQ/p'—=1/q" _ 1/p'—1/2
<A sup | fllpgea (C(Y) TP VD (1572 WD 0y )

< A=V Fllarpa (3.12)
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forall f € MP9(R") and 0 < A < 1, where the supremum is taken over all g € S(R") such that
gl .q = 1. This is the first part of Theorem 3.1(2) with (1/p,1/g) € I and 1/p < 1/q. We
next consider the case (1/p, 1/q) € I, 1/p > 1/q and ¢ < co. From (3.12) it follows that

I fullrr < CAMYT=D ) fllygrr - forall f € MY (R") and 0 < A < 1, (3.13)
where 2 < r < 0o. Then, by interpolation, Lemma 3.5 and (3.13) give
I follmra < CA 9D Fllypa forall f e MP9(R") and 0 < A < 1,

where (1/p,1/q) € b, 1/p > 1/q and g < oo. In the case ¢ = oo, by Lemma 3.7(2), we have
nothing to prove. Hence, we get the first part of Theorem 3.1(2) with (1/p,1/g) e b and 1/p >
1/q.

We next consider the second part of Theorem 3.1(2) with (1/p,1/q) € I,. Let (1/p,
1/q) € I. Since (1/00,1/1) € I, we may assume (p, q) # (0o, 1). Assume that there exist
constants C > 0 and 8 € R such that

I fillra < CAPY fllppa forall f e MP4(R") and 0 <A < 1,

where 8 > n(1/q — 1). Then we can take € > 0 such that n(1/g — 1) + € < B. For this €, we set

F@ =Yk (1),

k0

where ¢ is the Gauss function. Then, by Lemma 3.8, we see that f € M P79 (R") and there exists
a constant C’ > 0 such that || f; || yrr.a > C'A"(1/4=D+€ for all 0 < A < 1. Hence,

CA VDT fillyra < CAP N fllra

for all 0 < A < 1. However, since n(1/g — 1) 4+ € < B, this is a contradiction. Therefore, 8 must
satisfy B <n(1/q — 1). The proof is complete. O

Proof of Theorem 3.1(1) with (1/p,1/q) € I5. We recall that ui(p,q) = 1/q — 1 if
(1/p,1/q) € I3. In every case except for (p,q) # (1,00), by duality, Theorem 3.1(2) with
(1/p’,1/q’) € I and the same argument as in the proof of Theorem 3.1(1) with (1/p, 1/q) € I},
we can prove Theorem 3.1(1) with (1/p, 1/q) € I;. For the case (p,q) = (1, 00), we have al-
ready proved in Theorem 3.1(1) with (1/p, 1/q) € If. O

Our last goal of this section is to prove Theorem 3.1(1) with (1/p,1/q) € I5 and The-
orem 3.1(2) with (1/p,1/q) € I3. In the following lemma, we use the fact that there exists
@ € S(R™) such that suppe C [—1/8,1/8]" and |¢| > 1 on [—2, 2]" (see, for example, the proof
of [8, Theorem 2.6]).

Lemma 3.9. Let 1 < p <00, | < g < o0oande > 0. Suppose that ¢,y € S(R") satisfy supp o C
[—1/8,1/8)", suppyr C [—1/2,1/21", |¢| =1 on[—2,2]" and ¥ =1 on [—1/4,1/4]". Set

F@ =Y kR e — k) in S'(R?).

k0
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Then f € MP9(R") and there exists a constant C > 0 such that
[Ve(f) | pg = CA7"E VDT forall 0 < 2 < 1

Proof. In the same way as in the proof of Lemma 3.8, we can prove f € MP9(R") (see
also [6] or [10]). We consider the second part. It is enough to show that ||V, , fllLre 2

C)F”/PJF”“ forall 0 < A < 1, since ||V, (fo)llpra = A~/ P~ 1/q+])IIV¢1Mf||Lp,q. We note that
suppp((- —x)/A) CL+[—1/4,1/4]" forall 0 < A < 1, LeZ"and x € £ +[—1/8, 1, 8]". Since
supp ¥ (- — k) C k +[—1/2,1/21" and ¥ (t — k) = 1 if € k + [—1/4, 1/4]", it follows that

1/p

(/wmf(x,s)\”dx)
Rn

, r—x . p 1/p

(/chr”/q / ”‘"w(z—kw( - >e_’s"dt dx)
k0

—nfg—e [ k)t i _ r—x

><Z / ‘Zlkl / v k)w( . )dr

01 —178,1/81n K70
P I/p
dx)

(S [ e [
Rn

00 178, 1/81

1/p
—47n/p ( Z; |70 G (—A(E — ) y”) .

€40

b4 1/p
dx)

Hence, using |¢]| > 1 on [—2, 2]", we get

qa/p 1/q
||V<Pl/Af||L1’-‘1 >4n/p)\n{ /<Z||K|”/q€¢(_k(§ _g))|P> dé}
Rn

££0

q/p 1/q
—soimreriaf [(S <o aop) o)
Rll

€40

q/p 1/q
24—n/Pkﬂ—n/l]{ 3 IIEI"l/q‘€¢($+M)|p> dé}

iy S 0<l&I<1/A,
’ i=1,...n

1/p
> 4~n/pon/ayn—n/q ( Z |g|—(n/q+e)p>

0<|€;|<1/A,
i=l,..., n

1/p
> Cn)\nn/qxn/q+e< Z 1) > Cn)tfn/p+n+€
0<|€; <1/,

i=l1,..., n

for all 0 < A < 1. The proof is complete. O
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For Lemma 3.9, we do not need € > 0 in the case g = co.

Lemma 3.10. Let 1 < p < 00. Suppose that ¢, € S(R™) are as in Lemma 3.9. Set

f0y=> """y —k inS(R").

keZ

Then f € MP-°°(R") and there exists a constant C > 0 such that
Ve (fO| s = CA72"P forall 0 <A< 1.
In particular, if 1 < p < 2 then there exist constants C, C' > 0 such that
CA™2P | fullmroe S C AP forall0 < A < 1.

Proof. In the same way as in the proof of Lemma 3.8, we can prove

‘ /eik-tw(t — ket —x)e S dr| < C(1+|x —k?) " (1+1& —k*) ™",
Rn

Hence,
Vo f(x, 6)| = Z /eik"w(t — kot —x)e 61 dt
keZ"Rn
SCY (Ul =kP) " (1+1 —kP) " <C1+1x—£2) ™"
kezr

for all x, & € R". This implies f € MP-*°(R") (which is also a consequence of [6] or [10]).

We next consider the second part. Since ||V, , f (-, §) |l L is continuous with respect to § € R",
we see that ||V, ; fllLrco = supgern [ Vg, f (-, €)llLr for each 0 < A < 1. Hence, by the same
argument as in the proof of Lemma 3.9, we have

[Vl pe = 27" PE NV, Fllznoe = 27" P |V £ O]

1/p
2 CA—n(l/p—H)( Z P\jl@()\e”ﬂ)

Lez

1/p
20\‘”“’( > |¢>(u>|”> > Cam2/r
l6:1<1/A,
i=1

forall0 <A < 1.
By Lemma 3.7(1), if 1 < p <2, then || f || psrp.c ~ A~2"/? in the case 0 < A < 1. The proof is
complete. O

We are now ready to prove Theorem 3.1(1) with (1/p, 1/q) € I3 and (2) with (1/p, 1/q) € I3.
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Proof of Theorem 3.1(2) with (1/p,1/q) € I3. We recall that ux(p,q) = —2/p + 1/q if
(1/p.1/q) € I5. Let (1/p,1/q) € I and 1/p + 1/q > 1. We note that, if (1/p, 1/q) € I3 and
1/p+1/q>1,then (1/p,1/q) € 1 and 1/p > 1/q. Then, by Lemma 3.3, there exists a con-
stant C > 0 such that

I fullapa < CAT"P=VD fllypg  forall fe MP4(R")and0 <A< 1. (3.14)

This is the first part of Theorem 3.1(2) with (1/p, 1/q) € I3 and 1/p+1/qg > 1. We next consider
the case (1/p,1/q) € I3, 1/p+1/q <1 and g < co. (3.14) implies

1 fill gy < CATMCT V0 £ s = CAT ST £ (3.15)

for all f € M”/(IR{") and 0 < A < 1, where 1 < r < 2. Then, by interpolation, Lemma 3.5 and
(3.15) give

I fllpa < CAT"P=VD) fllypg  forall f e MP4(R")and 0 <A < 1,

where (1/p,1/q) € I3, 1/p+1/q < 1 and ¢ < 00. In the case ¢ = oo, by Lemma 3.7(1), we
have nothing to prove. Hence, we obtain the first part of Theorem 3.1(2) with (1/p, 1/q) € Iz
and 1/p+1/g <1.

By using Lemma 3.9 (or 3.10), we can prove the second part of Theorem 3.1(2) with
(1/p,1/g) € Iy in the same way as in the proof of the second part of Theorem 3.1(2) with
(1/p,1/q) € I,. We omit the proof. 0O

Proof of Theorem 3.1(1) with (1/p,1/q) € I5. We recall that u1(p,q) = =2/p + 1/q if
(1/p,1/q) € If. In every case except for (p,q) # (oo, 1), by duality, Theorem 3.1(2) with
(1/p’, 1/q’) € Iz and the same argument as in the proof of Theorem 3.1(1) with (1/p, 1/q) € I},
we can prove Theorem 3.1(1) with (1/p, 1/q) € I5.

For the first part of Theorem 3.1(1) with (p,q) = (oo, 1), by (3.11), we have nothing to
prove. By using interpolation, we can prove the second part in the same way as in the proof of
Theorem 3.1(1) with (1/p, 1/q) € I{k andg =oc0. O

4. The inclusion between Besov spaces and modulation spaces
In this section, we prove Theorem 1.2 which appeared in Section 1. It is sufficient to prove

the first statement only because the first one implies the second one by the duality argument and
the elementary relation

v (p,q)=-vi(p',q).

See also Section 2 for the dual spaces of the modulation spaces (Lemma 2.4) and Besov spaces.
For the preparation to prove Theorem 1.2(1) with (1/p, 1/q) € I, we show three lemmas in
the below. We denote by B the tensor product of B-spline of degree 2, that is

n
B(t) = HX[—1/2,1/2] * X[=1/2,1/21(t),

i=1
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where 1 = (t1,...,1,) € R". We note that supp B C [—1,1]" and F~'B € MP4(R") for all
1< p, g <oo.

Lemma 4.1. Let 1 < p,g < 00, (p,q) # (1,00), (00, 1) and € > 0. Suppose that ¥ € S(R")
satisfies v = 1 on {&: |&]| < 1/2} and supp ¢ C {&: |&| < 1}. Set

fO=3 1w — o) inS'(RY),
040

where W = F~. Then f € MP4(R") and there exists a constant C > 0 such that || fo.||yr.a >
CA™P=¢ for all A > 2./n.

Proof. In the same way as in the proof of Lemma 3.8, we can prove f € MP9(R") (see also [6]
or [10]). We consider the second part. Let A > 2./n. Since ¥ (-/A) =1 on [—1, 1]", we have

/W(,\t—z)(f—lB)(z)dtz(2n)—”,\—"/e—"“/”"wt/x)B(t)dt
R® R®
= (2n)—",\—"/e—"<‘f“>‘f B(r)dt
Rn

e (2

We note that [[7_, {(sin £)/&Y* > C on [—m/2,7/2]" for some constant C > 0. Since F~'B
M”,*‘I’(R"), by Lemmas 2.2 and 2.4, we get

o= sup el > |7 Bl 7 Bl
Hg”Ml” r=1
=C Z| |~ n/p—e /V¢[W(k‘_£)](x7f)mdxd§
(20 ||q)|| )
ZIZI_”/I’ E/W(M—Z)(}"_IB)([)dt
€0 i
— Li[2A
|-/ (sm )
E;| | 1:! Li[2A
DY R § (A
~ ; £i[2A
0§|Zi|<)\ﬂ, i=1

i=1,...,n

> Ck—nk—)z/p—e Z 1> C)L—n/p—s

0<[¢;|<Am,
i=l1,...,n

for all A > 2.,/n. The proof is complete. O



100 M. Sugimoto, N. Tomita / Journal of Functional Analysis 248 (2007) 79-106

Lemma 4.2. Suppose that 1 < p,q < 0o, (p,q) # (1,00), (00, 1) and € > 0. Let y € S(R") be
as in Lemma 4.1. Set

f@y =P w -y inS'(R), .1
€0
where t = (t1,...,t,) € R" and ¥ = F~y. Then f € MP4(R") and there exists a constant

C > 0 such that || f || ppa = CA™P~€ for all A > 2./n.

Proof. Let g(t) = Z#O |e|~"/P=€@(t — £). Since f = Mg, g and fy = Mgy, g1, we have
Vo (i) (x,&) = Vo (gr)(x, & —8ey), where ey = (1,0, ...,0). This gives || fillmr.a = llgallpra.
Hence, by Lemma 4.1, we obtain Lemma 4.2. O

Lemma 4.3. Suppose that 1 < p,q < 00, s e Rand e > 0. Let f be defined by (4.1). Then there
exists a constant C > 0 such that || fox ”Bf"f < C2K6=1/P) forall k € 7.

Proof. Let k € Z. Since suppgy C {&: €] <2}, suppy; C {&: 2771 < |g] <271} if j > 1
(see Section 2), and supp ¥/ (-/2F — 8e1) C {&: |& — 2K3¢1| < 2K, we see that

fq>j(x —1)(M My 2kt — g)) ar
R~

— (27_[)—}1 / eix.t(/?j (t)(z—kne—il‘(t/f‘—gel)w(t/zk _ 8@])) dt
R}’l

B { Q)8 [, el @501 Qkeyy (r — ey dr, ifk+2< j <k-+4,

0, otherwise.

Hence,

| * (f20) ()]

Zwr"/f’—f/@j(x—z)(e8f<2k“>t1/(2"t—e))dt

040 Rn

<Cy lere /{(1 + 25— )T = A0 e C O g (K1) (¢ — Bey) d
££0 Rn

<Y jeT e (14 2R — )
££0

where k +2 < j <k + 4. On the other hand, @; * (for) =01if j <k +2 or j > k + 4. Thus,
1D (fo)llLr < C27F/Pifk+2 < j <k+4,and @+ (fo)llLr =0if j <k+2o0r j > k+4.
Therefore,
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k4 14
ilgpe = ( 3" 20, 4 <f2k>||z,,)

j=k+2
k+4 1/q
< C2k”/P< Z 2]’“1) < C2kGs—n/p)
Jj=k+2

The proof is complete. O
We are now ready to prove Theorem 1.2(1) with (1/p, 1/q) € I}.

Proof of Theorem 1.2(1) with (1/p, 1/q) € I§. Let (1/p,1/q) € I] and (p, q) # (1, 00). Then
v1(p,q) = 0. We assume that BY"?(R") < MP-4(R"), where s < 0. Set s = —e, where € > 0.
For this €, we define f by

F@y =8y "o PR (e — ),
££0

where t = (t1,...,t,) e R", ¥ = ,7-"110 and ¢ is as in Lemma 4.1. Then, by Lemmas 4.2
and 4.3, we have

CLa P L fllmra < Call forll ppa < C32007MP) = C327k0/PHe)

for any large integer k. However, this is a contradiction. Hence, s must satisfy s > 0.

We next consider the case (p,q) = (1, 00). Assume BSI’OO(R”) — ML (RM). Let ¥ €
S@®") \ {0} be such that suppy C {£: 1/2 < |&] < 2}. Since ML®°(R") — FL®R") [18,
Proposition 1.7], we see that

27y || oo = | FIr ]| oo < ClWptllpproe forall k € Zy,
where ¥ = F~! Y. On the other hand, it is easy to show that
1l groo < C2X6™ forall k € Zy.
Hence, by our assumption, we get
27 Y llzoe < Crlldpellpgroe < Call Wil oo < €250

for all k € Z. This implies s > 0. The proof is complete. O

Our next goal is to prove Theorem 1.2(1) with (1/p, 1/q) € I5. We remark the following fact,
and give the proof for reader’s convenience.

Lemma 4.4. (See [16, Proposition 1.1].) Let 1 < p,q < 00 and s > 0. Then there exists a con-
stant C > 0 such that

| fillgps <CAP| fllgpa forall f € BI(R") and s> 1.
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Proof. Let jo € Z, be such that 2/0 < A < 2/0F! Since Z?OIO @j(&)=1forall £ e R", we see
that

1
pj(AE) = Z (pj(kf)¢j+g(2j0§) forallé e R" and j € Z,,
(=-2

where ¢ =0if j + £ < 0. Hence, by Young’s inequality, we have

o 1/q
I full gra = (ZW IIF“[wjqu‘ip)

Jj=0

1/q
q
LP

1 N 1/q
<y (Zziw ||J-“1[¢j(/\~)<ﬂj+l(2j°')ﬂ||ip>

t=—2\ j=0

-t T o]
=0

1/q
<A Z {ZW |77 o5 00)] I}f‘[¢j+e(2f°-)f]|u,)q}

e=—21 j=0

. 1/q
< CA‘”“’(ZZM |7 ) (2%) ] IIip)

j=0

1/q
q
LP :

Lr = Zzﬂq ”]: ‘PJ 2]0 )(9"0 +‘Pl)ﬂ|

:CA—n/p{(’i+ 5 )zfsq||f-1[w,-<zf°->ﬂ|

j=0  j=jo+1

For the first term, we see that

Jo
> 211 [, @) 1N
j=0

LP

Jo

<CY 2 F [wo+en 17,
j=0

<SCRP (£ lgra)’ <CR NS llgra)’.

For the second term, we have
Z 2754 H]:_l[% (2/O)ﬂ HLLII — Z 2754 ”f_l[(p]*jof] Hqu < (}"Y“f”B!’q)q
Jj=jo+1 Jj=Jjo+1

Combining these estimates, we obtain the desired result. O
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We are now ready to prove Theorem 1.2(1) with (1/p, 1/q) € I

Proof of Theorem 1.2(1) with (1/p, 1/q) € I5. Let (1/p,1/q) € I5. Then vi(p,q) =1/p +
/g — 1. If (1/p,1/q) € I} and 1/p + 1/q =1 then (1/p,1/q) € I], and we have al-
ready proved this case in Theorem 1.2(1) with (1/p,1/q) € I{. Hence, we may assume
1/p +1/q > 1. Suppose that B/"?(R") < MP-4(R"), where s < n(1/p + 1/q — 1). Then,
since n(1/p + 1/q — 1) > 0, we can take so > 0 such that s <sg <n(l/p+1/g —1). Let ¢
be the Gauss function. By Lemma 2.1, we see that ||@ || srp.a = CA*1/9=D for all A > 1. On the
other hand, by Lemma 4.4, we have

lgnllgria < CAOT/Pllg|gra forall 2> 1.
Hence, using BY? (R") < BYY(R") — MP4(R"), we get
"I gallmpa < Callgallgra < C3A0 7Pl ppa

for all A > 1. However, since so —n/p < n(l/q — 1), this is a contradiction. Therefore, s must
satisfy s > n(1/p + 1/q — 1). The proof is complete. O

Our last goal is to prove Theorem 1.2(1) with (1/p, 1/q) € I5.

Lemma 4.5. Let 1 < p <00, 1 < g < o0 and € > 0. Suppose that ¢,y € S(R™) \ {0} satisfy
suppe C [—1/8,1/81", suppy C [—1/2,1/2)  and ¥ =1 on [—1/4,1/4)". For j € Z, set

Flay=270r N ek 2y (120 k), (4.2)
0<k <2/,

i=l,...n
where W = F~\y. Then f/ € MP-4(R") and there exists a constant C > 0 such that
Vo[ (7)) pa = C2InCIP VDI forall j e Zy,
where ® = F~ 1.

Proof. Since f/ € S(R"), we have f/ € MP-4(R"). We consider the second part. Note that
suppp(-—&) CL+[—1/4,1/4]" forall¢ € Z" and & € £+[—1/8, 1, 8]". Since supp ¥ (- —k) C
k+[—1/2,1/2)" and ¥ (t — k) =1if r € k +[—1/4, 1/4]", it follows that

” Vo [(f'i)zj] HLM

Az, f (e 5 e

CeZ 1 1/8,1/8]" Re 0§|k11|<2f,
i=l,..., n

. o 14 q/p 1/q
x/e'k"wa—k)cp(z—x)e—lf"dz dx) ds}

IRH
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e 2 [ () 5, e

0<|[ |<2/ 0+[—1/8,1/8]" R~ 0<|k <2/,
=1

) P q/p 1/q
x/e—””w Kot — £)e™ " dr dx) df;‘}

Rﬂ
— (zn)—nz—j'l/ﬁ

(S, [ (fl e

0<|E |<ZJ 0+[—1/8,1/8]" Rn R

.....

P q/p 1/q
dx) d“;‘}

) 1/q
S I ST aRY f ||q§(_._|_g)”zpd€}

0<uz1 <2, £+[—1/8,1/8]"
i=1,..., n

1/q
—ae 2] Y |g|—(n/l7+€)¢1}
0<1t;1<2/,

i=1,...,n

1/q
> an—jn/PZ—j(Vl/P+€){ Z 1} > an—jn(2/p—l/q)—je

O<\€ <2,
i=l1,..., n

for all j € Z. The proof is complete. O

Lemma 4.6. Suppose that 1 < p,q < 0o and s > 0. Let f I be defined by (4.2). Then there exists
a constant C > 0 such that ||(f7)y;|| gra < C2/ s=n/P) forall j € 7.

Proof. By Lemma 4.4, we have ||(f/),; ||BS”"1 < C2J6=n/p) ”fj”BSpq for all j € Z, . Hence, it
is enough to prove that sup 7, || f/ Il gra < 00. Since

Fi(g) = 2in1=1/p) SO ke e ey (2] g )

0<|k <2/,
i=l,...,n

and supp ¥ (27 - —k) C k/2/ +[—27U+D 2=U+DJ" we see that suppf/ C {&: |E] <2/n}. Let
£o be such that 20~1 > 2. /n. Then,

_ £o—1 ' 1/q
177 e = ( S 254 0 £ ||zp)

=0

to—1 ' 1/q _
<( T2l 1,0) =cd

£=0
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Therefore, it is enough to show that sup; .z, I f J)|Lr < 00. By a change of variable, we have

P 1/p
dt)
Rt 0<lki|<2/,

i=1,...,n
P 1/p
< { Z (Z|k|—"/f’—f|tp(z —k)|) dt}

MmEL (172,121 K#O

“{ 2 (Zlkl”“”(l +|m—kl>"l>p}l/p -

mezn N k#£0

Il =( | X wrrcdtea-n

for all j € Z,. The proof is complete. O
We are now ready to prove Theorem 1.2(1) with (1/p, 1/q) € I3.

Proof of Theorem 1.2(1) with (1/p,1/q) € I5. Let (1/p,1/q) € I. Then vi(p,q) = —1/p+
1/q.1f(1/p,1/q) € I§ and p = q then (1/p, 1/q) € I, and we have already proved this case in
Theorem 1.2(1) with (1/p, 1/q) € I{. Hence, we may assume 1/q > 1/p. Note that g # oo.
Suppose that B (R") < MP4(R"), where s < —n(1/p — 1/q). Then, since —n(1/p —
1/q) > 0, we can take so > 0 such that s < s¢9 < —n(l/p —1/q). Setso = —n(1/p —1/q) — €,
where € > 0. For this €, we define f/ by

Flay=27r N etk Y g (120 k),

0<k; <2/,
i=1,..., n

where j € Z,, ¥ = F~ 'y and v is as in Lemma 4.5. Then, since Bﬁ)’q(R") < BPYR") —
MP4(R™), by Lemmas 4.5 and 4.6, we get

Cra AU Vo [(£7) 3] g < ol ()i pgva

SCa|(#7)y1 ] g < Ca2/ 07/ = CypmInClPm ¢

for all j € Z,, where ® = F ¢ and ¢ is as in Lemma 4.5. However, this is a contradiction.
Therefore, s must satisfy s > —n(1/p — 1/q). The proof is complete. O
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Abstract

Let A be a C*-algebra generated by a nonself-adjoint idempotent e, and put K := sp(v/e¥e) \ {0}. It is
known that K is a compact subset of [1, oo[ whose maximum element is greater than 1, and that, in general,
no more can be said about K. We prove that, if 1 does not belong to K, then A is x-isomorphic to the C*-
algebra C (K, M5 (C)) of all continuous functions from K to the C*-algebra M, (C) (of all 2 x 2 complex
matrices), and that, if 1 belongs to K, then A is x-isomorphic to a distinguished proper C*-subalgebra of
C(K, M, (C)). By replacing C*-algebra with J B*-algebra, sp(+/e*¢) \ {0} with the triple spectrum o (e) of
e, and M, (C) with the three-dimensional spin factor C3, similar results are obtained.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Let A be a C*-algebra generated by a nonself-adjoint idempotent e, and put
K :=sp(ve*e) \ {0},
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where sp(-) means spectrum. We proved in [1] that K is a compact subset of [1, oo[ whose max-
imum element is greater than 1, and that, in general, no more can be said about K. Moreover,
we got an “almost description” of A (collected in Proposition 2.4 of the present paper) in terms
of a Banach x-algebra A(K), which consists of all 2 x 2 matrices over C(K) with an unusual
but natural multiplication. In the present paper we obtain a complete description of A. We prove
that, if 1 does not belong to K, then A is x-isomorphic to the C*-algebra C(K, M»(C)) of all
continuous functions from K to the C*-algebra M,(C) of all 2 x 2 complex matrices (Theo-
rem 2.8). To study the case that 1 belongs to K, we need to introduce a distinguished proper
C*-subalgebra of C(K, M>(C)), namely the one (denoted by C,(K, M>(C))) consisting of all
elements o € C(K, M»(C)) such that «(1) belongs to Cp, for a given self-adjoint idempotent
p € M>(C) different from 0 and 1. It is easy to see that C, (K, M2(C)) does not depend struc-
turally on p. We prove that, if 1 belongs to K, then A is *-isomorphic to C, (K, M2(C)), for p
as above (Theorem 3.3).

Among the consequences of the results reviewed in the preceding paragraph, we emphasize
the one asserting that a C*-algebra contains a non-central self-adjoint idempotent if and only if it
contains a copy of either M>(C) or Cp,([1, 2], M»(C)) for any self-adjoint idempotent p € M>(C)
different from 0 and 1 (Corollary 4.3 and Remark 4.4). It is also worth mentioning the fact that,
if a C*-algebra A contains a non-central idempotent e, then there exists a continuous mapping
r — e, from [1, oo[ to the set of idempotents of A satisfying e = e and |le, || = r for every
r € [1, oo[ (Proposition 4.5).

The concluding sections of the paper (Sections 5 and 6) are devoted to prove the appropriate
variants, for J B*-algebras, of the results previously obtained for C*-algebras. We show that, by
replacing C*-algebra with J B*-algebra, sp(+/e*e) \ {0} with the triple spectrum o (¢) of e (for a
given idempotent ¢), and M, (C) with the three-dimensional (complex) spin factor C3, all results
reviewed above remain true. As a consequence, a J B-algebra contains a non-central idempotent
if and only if it contains a copy of either S3 or C,,([1, 2], S3) for any idempotent p € Sz different
from 0 and 1, where S3 stands for the three-dimensional real spin factor (Corollary 6.8).

Turning out to the world of C*-algebras, let us review the fact, proved in Corollary 4.7, that a
C*-algebra contains a non-central self-adjoint idempotent if and only if it contains a non-normal
partial isometry. In the case of J B*-algebras, we have been able to prove the “only if” part of
the appropriate variant of the fact just reviewed (see Corollary 6.6), but have been unable to
prove or disprove the “if”” part. We note that, if such an “if”” part were proved, then, in particular,
we would be provided with an affirmative answer to the unsolved question whether every J B*-
algebra containing a non-zero tripotent must contain a non-zero self-adjoint idempotent.

2. The case of C*-algebras: the first theorem
Let A be an associative complex algebra. In the case that A has not a unit, we denote by A
the algebra obtained by adjoining a unit to A. Otherwise, we put A := A. As usual, fora € A,
we define the spectrum of a (relative to A) as the subset sp(A, a) of C given by
sp(A, a) :={x € C: a — A is not invertible in A1},
and we recall that, if A is in fact a Banach algebra, then sp(A, a) is a non-empty compact subset

of C.
From now on, M;,(C) will denote the C*-algebra of all 2 x 2 matrices with entries in C.
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Lemma 2.1. Let e be an idempotent in M»(C) different from 0 and 1, and put ey := ||e|| ~2e*

e12 1= |lel7le*, ea1 = llel e, and exy := ||le|| 2ee*. Then, fori, j, k,1 € {1,2}, we have e’
eji, eijen = eir if j =k, and ejjer = llel| " e if j # k.

* 0

e,

~

Proof. The equality e;"j = ¢j; is clear. On the other hand, we have sp(M>(C), e*e) = {0, lell?},
and hence (e*e — ||e||?)e*e = 0, which reads as e%] = e11. Analogously, e%z = ep. Now we have

(ee*e — llel?e)" (ee*e — [lel*e) = (¢*ee* — |lel*e*) (ee*e — [le]|*e)

= (e*e)3 - 2||e||2(e*e)2 + [lel*e*e =0,

and hence ee*e — ||e||2e = 0, which reads as both ezje1; = e21 and exez; = ez1. By taking
adjoints, we deduce ej1e12 = e12 and ej2e22 = e12. The remaining assertions in the lemma are
either obvious or easily deducible from the above computations. 0O

The mapping 1 :[1, co[— M>(C), which is introduced in Lemma 2.2 immediately below, will
play a crucial role through the paper.

Lemma 2.2. Let t be in [1, oo[, and let n(t) denote the element of M, (C) defined by

1 1 t+4/t2—1
n) =z 5 .
2\t—+t2—1 1

Then n(t) is an idempotent satisfying |n(t)|| = t. As a consequence, putting n11(t) :=
@ @), m2) =@ na@) =10, and nn@) = 172nOn@)*, we have
nij (O =i (1), 0ij O (1) = nig(0) if j =k, and nij@Ona (1) =1~ 0 1) if j #k.

Proof. That 7(¢) is an idempotent in M>(C) is straightforward. Moreover, computing its norm
accordingly to the formula in the introduction of [4], we have ||n(¢)|| = ¢. The consequence
follows from Lemma 2.1. O

Let K be a subset of [1, oo[. We denote by 1k the restriction to K of the continuous mapping
t — n(t) from [1, oo[ to M,(C), given by Lemma 2.2. Moreover, for i, j € {1, 2}, we denote by
175 the restriction to K of the continuous mapping ¢ — n;;(¢) from [1, oo[ to M>(C), given by
that lemma.

Now, let K be a compact subset of [1, co[. Let u stand for the element of C(K) defined by
u(t) :=t for every t € K. We denote by A(K) the complex Banach x-algebra whose vector
space is that of all 2 x 2 matrices with entries in C(K), whose (bilinear) product is determined
by the equalities (f[ij1)(glkl]) := (f&)il]if j =k and (f[ijD(gIkI]) := ™! fR)LL] if j #k,
whose norm s given by [|(fij)Il := [l fuill + Il fizll + Il f211l + I| f221l, and whose (conjugate-linear)
involution * is determined by (f[ij])* := ?[ji]. Here, as usual, for f € C(K) and i, j € {1, 2},
f[ij] means the matrix having f in the (i, j)-position and 0’s elsewhere. It is useful to see A(K)
as a C(K)-module in the natural manner, namely by defining the product of a function f €
C(K) and a matrix (f;;) € A(K) by f(fij) := (ffij). In this regarding, we straightforwardly
realize that A(K) becomes in fact an algebra over C(K), i.e., the operators of left and right
multiplication by arbitrary elements of A(K) are C(K)-module homomorphisms. Moreover,
the symbol f[ij] can now be read as the product of the function f € C(K) and the matrix
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[ij] € A(K), where, for i, j € {1,2}, [ij] stands for the matrix having the constant function
equal to one in the (i, j)-position and 0’s elsewhere.

For K as a above, we denote by C(K, M»(C)) the C*-algebra of all continuous functions
from K to M>(C). We will see C(K, M,(C)) as a C(K)-module in the natural manner. From
now on, u will always stand for the element of C(K) defined by u(¢) :=¢ forevery t € K.

Proposition 2.3. Let K be a compact subset of [1, oo] whose maximum element is greater than 1.
Then ng is a nonself-adjoint idempotent in C(K, M2 (C)) satisfying

sp(C(K. Ma(0)).\/nink) \ {0} =K,
and the mapping F from A(K) to C(K, M>(C)), defined by

F(hp):= D funk,
i,je{l,2}

becomes a continuous x-homomorphism satisfying F(u[21]) = ng.

Proof. By the first part of Lemma 2.2, for t € K, n(¢) is an idempotent in M>(C) satisfying
ln(®)|l = ¢, which implies

sp(M2(C), Vn(®)*n(®) ) \ {0} = {t}.

It follows that ng is a nonself-adjoint idempotent of C (K, M»(C)) satisfying

sp(C(K, Ma(C)), \/nknk) \ {0} =K.

On the other hand, the mapping
F:AK) - C(K, M(0))

is a k-homomorphism if (and only if), for every ¢ € K, the composition of F with the valuation
at ¢t is a *-homomorphism from A(K) to M;(C). But this last fact follows from the definition
of the operations on .A(K'), and the second part of Lemma 2.2. Finally, both the continuity of F
(it is in fact contractive) and that F(u[21]) = nx become obvious facts. O

Now, we invoke one of the main results in [1], namely the following.

Proposition 2.4. Let A be a C*-algebra, and let e be a nonself-adjoint idempotent in A. Then
K :=sp(A, ve*e) \ {0} is a compact subset of [1, oo whose maximum element (namely ||e||) is
grater than 1, and there exists a unique continuous *-homomorphism F : A(K) — A such that
F(u[21]) = e. Moreover, we have:

(1) The closure in A of the range of F coincides with the C*-subalgebra of A generated by e.

(2) F isinjective if and only if either 1 does not belong to K or 1 is an accumulation point of K.

(3) If 1 is an isolated point of K, then ker(F) consists precisely of those matrices ( f;;) € A(K)
which vanish at every t € K \ {1} and satisfy

S+ fra(D) + f21(1) + f22(1) =0.
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As an immediate consequence of Propositions 2.3 and 2.4, we obtain the following.

Corollary 2.5. Let K be a compact subset of [1, oo[ whose maximum element is greater than 1,
and let F: A(K) — C(K, M3(C)) be the x-homomorphism given by Proposition 2.3. Then we
have:

(1) The closure in C(K,M»(C)) of the range of F coincides with the C*-subalgebra of
C(K, M»(C)) generated by ng.

(2) F isinjective if and only if either 1 does not belong to K or 1 is an accumulation point of K .

(3) If 1 is an isolated point of K, then ker(F) consists precisely of those matrices (f;;) € A(K)
which vanish at every t € K \ {1} and satisfy

i+ fiz() + far (D) + f2(1) =0.

Lemma 2.6. Let X be a complex normed space, let 2 be a Hausdorff compact topological space,
and let f be a function from 2 to C such that there are continuous mappings «, B:2 — X
satisfying B(t) #0 and a(t) = f(t)B(¢t) for every t € 2. Then f is continuous.

Proof. Put M := max{|la(?)|: t € 2} and m :=min{||B(?)]|: ¢ € £2}. Then we have m > 0, and
hence | £ (1)| < m~'M for every ¢ € £2, so that f is bounded. Let 7 be in £2, and let {1, } be a net
in §2 converging to t. Take a cluster point z of the net { f(¢;)} in C. Then (z, «(¢)) is a cluster
point of the net {(f(#;), «(t,))} in C x X, and therefore we have «(¢) = z8(t), which implies
(since B(t) # 0) z = f(¢). In this way we have shown that f(¢) is the unique cluster point of
{f ()} in C. Since { f (1)} is bounded, we deduce that { f (¢,)} converges to f (). O

Lemma 2.7. Let K be a compact subset of 11, 00[. Then the *-homomorphism F : A(K) —
C(K, M2(C)), given by Proposition 2.3, is surjective. As a consequence, C (K, M3(C)) is gen-
erated by ng as a C*-algebra.

Proof. Letus fix r € K. By Lemma 2.2, the linear hull of
{nij@): i, j €{1,2}}

is a *x-invariant subalgebra of M;(C). Moreover, since ¢ € ]1, co[, such a subalgebra is not com-
mutative (indeed, n12(¢) does not commute with 7,1 (¢)). If follows that such a subalgebra is the
whole algebra M>(C), and, consequently, that {n;; (¢): i, j € {1, 2}} becomes a basis of M>(C).

Let @ be in C(K, M>(C)). It follows from the above that, for each ¢ € K, there are complex
numbers f11(t), f12(t), f21(t), f>2(¢) uniquely determined by the condition

a() = fuOnu @) + fr2(Oni2 () + f21(0n21(0) + f22()n22(2). 2.1
Moreover, applying again Lemma 2.2, for every t € K we have:
m@Oa@Oni @) = (i@ +17 fro@) + 17 1) + 172 20 (1),
n2@Oa@n®) = (7" fir@) +172 fa@) + L1@) + 17 f20)n20),
M1 @OeOm1 () = (7" fir() + fro@) + 172 1@ + 17" @) @),
N (e ®nn @) = (2 @) +17" fa@) + 17 H10) + f200)n2).
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Since, for i, j € {1, 2}, 77505775 and 775. are continuous functions on K, and ;;(¢) # 0 for every
t € K, it follows from Lemma 2.6 that the mappings

t— fi®) +t7 @) + 17 @) + 17 (),
t—> 7 @+ 0 + @+ o),
t— 7 O + fa@) + 1 a0 + 17 (o),
t— 172 @+ fa@) + 17 a0 + (1)

from K to C are continuous. Since, for t € K we have

1 b b 2 2ot ot 1

—1 -2 —1 2

t t 1 ¢ _glt 1 t t _8/.2 4
=t =—t°(t"—1 0,

b1 2t " L ( ) #

72 bl 1 ¢ ¢ ¢

we deduce that, for all i, j € {1,2}, the function f;;:t — f;;(t) from K to C is continu-
ous. Therefore, we can consider the element (f;;) of A(K), which, in view of (2.1), satisfies
F((fij)) = a. Since «a is arbitrary in C(K, M>(C)), the surjectivity of F is proved. Now, it
follows from assertion (1) in Corollary 2.5 that C(K, M»(C)) is generated by ng as a C*-
algebra. 0O

Now we are ready to prove the main result in this section.

Theorem 2.8. Let A be a C*-algebra, and let e be a nonself-adjoint idempotent in A. Put
K :=sp(A, ve*e) \ {0} (which, in view of Proposition 2.4, is a compact subset of [1, oo[ whose
maximum element is greater than 1), and assume that 1 does not belong to K. Then the C*-
subalgebra of A generated by e is *-isomorphic to C(K, M(C)). More precisely, we have

(1) There exists a unique x-homomorphism @ : C(K, M2(C)) — A such that ®(ng) =e.
(2) Such a x-homomorphism is isometric, and its range coincides with the C*-subalgebra of A
generated by e.

Proof. Let 7: A(K) - C(K, M>(C)) and F : A(K) — A be the x-homomorphisms given by
Propositions 2.3 and 2.4, respectively. By assertion (2) in Corollary 2.5 (respectively, Proposi-
tion 2.3) F (respectively, F) is injective. On the other hand, by the first conclusion in Lemma 2.7,
F is surjective. It follows that @ := F o F~! is an injective x-homomorphism from C (K, M>(C))
to A satisfying @(nx) = e. As any injective x-homomorphism between C*-algebras, @ is
isometric, and hence has closed range. Now, that @ is the unique *-homomorphism from
C(K,M(C)) to A satisfying @ (ng) = e, as well as that the range of @ coincides with the
C*-subalgebra of A generated by e, follows from the fact (given also by Lemma 2.7) that
C(K, M>(©)) is generated by ng as a C*-algebra. O

3. The case of C*-algebras: the second theorem
Let A be an associative complex algebra. The quasi-product a o b of two elements a, b of A

is defined by a o b :=ab —a — b. An element a € A is said to be quasi-invertible in A if there
exists b € A satisfying a o b = b oa = 0. It is well known and easy to see that the element a € A
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is quasi-invertible in A if and only if 1 — a is invertible in A1, if and only if there exists a unique
element b € A satisfying a o b =0.

Lemma 3.1. Let K be a compact subset of [1, oo whose maximum element is greater than 1,
and let F: A(K) — C(K, My(C)) be the x-homomorphism given by Proposition 2.3. Then
an element x € A(K) is quasi-invertible in A(K) if and only if F(x) is quasi-invertible in
C(K, M>(C)).

Proof. Let x = (f;;) be in A(K). We claim that x is quasi-invertible in A(K) if and only if
Ax(t) # 0 for every t € K, where

21

1
A (t) := ! 7 (f11(0) f22(t) — fra(®) f1(1)) — ;(fu(l) + f210) = fu1t) — fao ) + 1.

Assume that x is quasi-invertible in A(K). Let us fix r € K, and identify complex-valued
continuous functions on {¢t} with complex numbers. Then, since the restriction mapping
A(K) — A({t}) is a homomorphism, (f;;(¢)) is a quasi-invertible element of A({¢}), and
hence there are complex numbers gi1(¢), g12(¢), g21(¢), g22(¢) uniquely determined by the
condition (f;;(#)) o (g;ij(¢)) = 0. This means that the linear system in the indeterminates
X11,X12, X21, X22 € C

(@ + 17 fr2) = Dxiy + (frz@®) + 7 f110)x21 = f11 (0,
(@ +t7 fr2(0) = Dxiz + (frz@®) + 7 f11(0)x22 = fi2(0),
(1@ + 17 o) xi1 + (f20) + 171 fo1(6) = V)xar = f1 (1),
(L1 + 7 o) xi2 + (f2 () + 17! fo1(6) = 1)xoa = fo(8)

(3.1)

has a unique solution (namely x;; = g;;(¢)), and hence that the principal determinant of the
system (by the way, equal to A, (7)) is non-zero. Conversely, assume that A, (r) # O for every
t € K. Then, for each t € K, the system (3.1) has a unique solution x;; = g;;(¢), and, since
the function t — A, (¢) from K to C is continuous, the functions g;;:¢ — g;;(¢) from K to C
are continuous. Then we easily realize that y := (g;;) € A(K) is the unique element of A(K)
satisfying x o y = 0, which implies that x is quasi-invertible in A(K). Now, the claim is proved.

On the other hand, F(x) is quasi-invertible in C (K, M>(C)) if and only if 1 — F(x) is invert-
ible in C(K, M>(C)), if and only if 1 — F(x)(¢) is invertible in M>(C) for every ¢t € K, if and
only if det(1 — F(x)(#)) # O for every ¢t € K, where det(-) means determinant. But, for ¢ € K,
a straightforward but tedious computation shows that det(1 — F(x)(¢)) = A, (¢). Therefore, F(x)
is quasi-invertible in C (K, M»(C)) if and only if A, (¢) # 0. By invoking the claim proved in the
preceding paragraph, the result follows. O

Let K be a compact subset of [1, co[ with 1 € K, and let p be a self-adjoint idempotent in
M>(C), different from 0 and 1. Then Cp is a self-adjoint subalgebra of M,(C), and hence

Cp(K, My(C)) :={a € C(K, My(C)): a(1) € Cp}

is a proper C*-subalgebra of C(K, M,(C)). We note that, in the construction of the C*-algebra
C, (K, M>(C)), the choice of the idempotent p is structurally irrelevant. Indeed, if, for i € {1, 2},
pi is a self-adjoint idempotent in M>(C), different from O and 1, then there exists a norm-one
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element x; in the Hilbert space C? such that p; is the operator x — (x|x;)x; on CZ, and hence,
since there exists a unitary element v € M>(C) with vx; = x2 (by transitivity of Hilbert spaces),
the mapping @ — vav* becomes a x-automorphism of C (K, M>(C)) sending C,, (K, M>(C))
onto Cp, (K, M>(C)). We also note that, if we take p = n(1), then C,(K, M2(C)) contains ng.

Lemma 3.2. Let K be a compact subset of [1, oo[ with 1 € K, and whose maximum element is
greater than 1, and let F: A(K) — C(K, My(C)) be the x-homomorphism given by Proposi-
tion 2.3. Then the closure in C(K, M2(C)) of the range of F coincides with Cyy(K, M2(C)).
As a consequence, Cyp1y(K, M2(C)) is generated by ng as a C*-algebra.

Proof. For x = (f;;) in A(K), we have
F@) D) = (fuu()+ fiz() + fa1(D) + fr2(1))n(1) € Cn(D),

and therefore F(x) lies in C; (1) (K, M2(C)). This shows that the range of F (say B) is contained
in Cy1)(K, M2(C)).

To continue our argument, it is useful to identify C (K, M»(C)) with C(K) ® M>(C) in the
natural manner. Then we have:

11 _
2®n(l)=l®<1 1)=(1+u> Lu(nf + 0t + 03y + %) € B, 32)
/2 0 1\_ k K
u-—1Q® 1 0 —u(nzl—nlz)eB, 3.3)

vuz—l®<(1) _01>=u(r;§2—17ﬁ)63, (3.4)
10
(u2—1)®<0 1)=u2(n§2+nﬁ)—u(n{§+n§)e3. (3.5)

Now, keep in mind that B is a C(K)-submodule of C(K, M>(C)), and denote by C1(K) the
closed ideal of C(K) consisting of those complex-valued continuous functions on K vanishing
at 1. It follows from (3.2) that

C<K>®<} })gB,

and, by invoking the Stone—Weierstrass theorem, it follows from (3.3)—(3.5) that

cl(K)®(_°1 é)gé, cl(K>®((1, _Ol)gE, cl(K)®<é ?)gl‘s.

1GD)-CGa)G5)-6)

is a basis of M>(C), we deduce that C;(K) ® M»(C) C B. Since

Since

Cry (K, M2(©)) =[C®n(D] ®[C1(K) ® M2 (C)],
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and C® n(1) € B (by (3.2)), we obtain Cy(1)(K, M2(C)) € B. By invoking the first paragraph
in the present proof, we have C;1)(K, M>(C)) = B.

Now, it follows from assertion (1) in Corollary 2.5 that C,(1)(K, M2(C)) is generated by ng
as a C*-algebra. O

Now we are ready to prove the main result in this section.
Theorem 3.3. Let A be a C*-algebra, and let e be a nonself-adjoint idempotent in A. Put
K :=sp(A, Ve*e) \ {0} (which, in view of Proposition 2.4, is a compact subset of [1, oo[ whose
maximum element is greater than 1), and assume that 1 belongs to K. Then the C*-subalgebra of

A generated by e is x-isomorphic to C,(K, M2(C)) for any self-adjoint idempotent p € M>(C)
different from 0 and 1. More precisely, we have:

(1) There exists a unique x-homomorphism @ : Cp1y(K, M2(C)) — A such that @ (ng) =e.
(2) Such a *-homomorphism is isometric, and its range coincides with the C*-subalgebra of A

generated by e.
Proof. For every element ¢ in a complex Banach algebra C, put

r(C,c) :==max{|Al: 2 €sp(C,0)},
and note that, since
{0} Usp(C,c) ={0} U {r e C\ {0}: A~ 'c ¢ g-inv(C)}
(where ¢g-inv(C) stands for the set of all quasi-invertible elements of C), we have
r(C,c)= max[{O} U {|A|: reC\{0}, r7lc¢ q-inv(C)}]. (3.6)

Now, let 7: A(K) - C(K, M3(C)) and F: A(K) — A be the x-homomorphisms given by
Propositions 2.3 and 2.4, respectively. Then, for x € A(K) we have

HF(x) ”2 = r(A, F(x*x)) < r(A(K), x*x),
and, by keeping in mind Lemma 3.1 and (3.6), we have also

r(A(K),x*x) = r(C(K, Mz((C)),f(x*x)) = Hf(x) 2,

so that the inequality || F (x)|| < ||F(x)|| holds. Therefore F(x) — F(x) (x € A(K)) becomes a
(well-defined) continuous *-homomorphism from the range of F to A. Then, by the first conclu-
sion in Lemma 3.2, such a *-homomorphism extends by continuity to a s-homomorphism

D:Cy) (K, Mz((C)) — A

satisfying @ o F = F, and hence @ (5x) = e. Now, that @ is the unique *-homomorphism from
Ch1)(K, M2(C)) to A satisfying @ (k) = e, as well as that the range of @ coincides with
the C*-subalgebra of A generated by e, follows from the fact (given also by Lemma 3.2) that
Cpy(K, M>(C)) is generated by ng as a C*-algebra.
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To conclude the proof, it is enough to show that @ is injective. Let « be in ker(®). Then, by
Lemma 3.2, there exists a sequence x, = ( fg) in A(K) such that F(x,) — «. For n € N and
i, j €{l,2}, define gfj € C(K) by

gl= e e B e
gh=u i uT A R u f
g =uT i+ fla e e
g =T fl+uT fy +uT f + f

Then we have [ij]x,[ij] = gflj [ij]. Now, since the restriction of F to C(K)[ij] is an isometry
(by the proof of Theorem 2.6 of [1]), we deduce

g = g tiia]| = [ F (et | = | F (L bealin) | = | F (1i71) F Cen) F(1i1) |
= | F(lij)®(F ) F([ij1)| = | F(lij1)@ (@) F(1ij1)] = 0.
As a consequence, g;’j (t) > O forevery ¢ € K. Since for r € K \ {1}, we have

1 b b2
A e B
o1 g
P St N St N |

it follows from the definition of g'; that fl’J’ (t) = 0 for every ¢t € K \ {1}. Now, since for ¢ €
K\ {1} we have F(x,)(t) — a(t) and

FO))y= Y fiOnjt) =0,

i,je(l,2}

for such a ¢t we obtain «(¢) = 0. Therefore, if 1 is an accumulation point of K, then o =0,
as desired. Assume that 1 is an isolated point of K. Then the function x : K — C, defined by
x(1):=1and x(¢r) :=0 for r € K \ {1}, is continuous, and, since there exists A € C such that
a(1) = An(1), for such a A we have o = )\X77§1 = F(Ax[21]). Therefore

0=®(a)= QD(}"(A)([ZI])) = F(Ax[21]),
which, in view of assertion (3) in Proposition 2.4, implies A =0, and hence« =0. O
4. The case of C*-algebras: some consequences

In this section, we combine Theorems 2.8 and 3.3 to derive some attractive consequences. We
begin with an easy corollary to Theorem 3.3.



J.B. Guerrero, A.R. Palacios / Journal of Functional Analysis 248 (2007) 107-127 117

Corollary 4.1. Let A be a C*-algebra generated by a nonself-adjoint idempotent e, and put
K :=sp(A, Ve*e) \ {0}. If 1 is an isolated point of the compact set K, then A is x-isomorphic to
the C*-algebra

C x C(K \ {1}, M2(C)).

Proof. If 1 belongs to K, then, for & in Cy(1y (K, M2(C)), there exists a unique complex number
A(a) such that a(1) = A(a)n(1), and the mapping

a— (Ma), ax\(1y)

becomes an injective x-homomorphism from C,1)(K, M>(C)) to
C x C°(K \ {1}, M2(T)),

where C°(K \ {1}, M»(C)) stands for the C*-algebra of all bounded continuous function from
K\ {1} to M»(C). Moreover, if 1 is in fact an isolated point of K, then we have that

CP (K \ {1}, M2(©)) = C(K \ {1}, M2(©)),
and that the above *x-homomorphism is surjective. Finally, apply Theorem 3.3. O

Corollary 4.2. Let A be a C*-algebra generated by a nonself-adjoint idempotent e, and put
K :=sp(A, Ve*e) \ {0}. Then A has a unit if and only if either 1 does not belong to K or 1 is an
isolated point of K.

Proof. In view of Theorems 2.8 and 3.3, and Corollary 4.1, it is enough to show that, if 1 is
an accumulation point of K, then C,1)(K, M2(C)) has not a unit. Assume that 1 belongs to K.
We claim that, given 79 € K \ {1}, the valuation at #y (as a mapping from Cy)(K, M>(C)) to
M>(C)) is surjective. Indeed, if a = (};;) is an arbitrary element of M>(C), then, for i, j € {1, 2},
there exists f;; € C(K) such that f;;(1) =0 and f;;(fo) = A;;, and hence the element o of
C(K, M3(C)), defined by a(t) := (f;;(¢)) for every t € K, lies in C;(1)(K, M>(C)) and satisfies
a(tp) = a. Assume in addition that C;(1)(K, M>(C)) has a unit 1. Then, by the claim just proved,
forevery t € K\ {1}, 1(¢) must be equal to the unit of M,(C). Now, if 1 is in fact an accumulation
point of K, then 1(1) is the unit of M>(C), which is not possible because 1(1) is a complex
multiple of n(1). O

Corollary 4.3. Let A be a C*-algebra. Then A has a nonself-adjoint idempotent (if and) only if it
contains (as a C*-subalgebra) a copy of either M>(C) or Cp([1, 2], M2(C)) for any self-adjoint
idempotent p € M,(C) different from 0 and 1.

Proof. Assume that A has a nonself-adjoint idempotent e, and put K :=sp(A, v/e*e) \ {0}. We
may suppose that A is generated by e. If 1 does not belong to K, then, by Theorem 2.8, A contains
a copy of M>(C). Assume that 1 belongs to K, and that K is disconnected. Take a clopen proper
subset U of K with 1 € U. Then, arguing as in the proof of Corollary 4.1, we realize that A is -
isomorphic to C, (U, M2(C)) x C(K \ U, M>(C)), for some self-adjoint idempotent p € M>(C)
different from O and 1, and hence it contains a copy of M,(C). Finally, assume that 1 belongs
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to K, and that K is connected. Then we have K = [1, ||e||], and therefore, by Theorem 3.3, A is
isomorphic to C,([1, |le]|], M2(C)), for some p as above. But, taking a homeomorphism ¢ from
[1, ]lell]] onto [1,2] with ¢ (1) = 1, ¢ induces a x-isomorphism from C([1, |le|]], M2(C)) onto
C([1,2], M2(C)) sending C,([1, |le]l], M2(C)) onto C,,([1,2], M2(C)). O

We remark that C,([1, 2], M>(C)) does not contain any copy of M>(C). To realize this, we
argue by contradiction, and hence we assume that Cj,([1, 2], M>2(C)) contains a copy (say B)
of M>(C). For a € C,([1,2], M2(C)), let A(x) stand for the unique complex number satisfying
a(1) = A(a)p. Then, since A:Cp([1,2], M2(C)) — C is a homomorphism, by the simplicity
of B we have A(B) = 0. Therefore B is contained in the ideal (say M) of C([1, 2], M»(C)) con-
sisting of those continuous functions from [1, 2] to M, (C) vanishing at 1. Now, since (clearly) M
has no non-zero idempotent, and the unit of B is a non-zero idempotent of M, the contradiction
is clear.

Remark 4.4. In relation to Corollary 4.3 above, it is worth mentioning that a C*-algebra contains
a nonself-adjoint idempotent if and only if it contains a non-central self-adjoint idempotent [1].
By the way, the “only if” part of the result in [1] just quoted follows easily from Corollary 4.3,
whereas the “if part” is a consequence of Proposition 4.5 immediately below.

In relation to Proposition 4.5 immediately below, we note that nonself-adjoint idempotents in
a C*-algebra are non-central.

Proposition 4.5. Let A be a C*-algebra containing a non-central idempotent e. Then there exists
a continuous mapping r — e, from [1, 0o[ to the set of idempotents of A satisfying e = e and
llex || =r for every r € [1, oo.

Proof. First assume that e is not self-adjoint. Then, by Theorems 2.8 and 3.3, we may assume
that A is of the form C (K, M>(C)) or Cy1)(K, M2(C)), where, in the first case, K is a compact
subset of ]1, oo[ and, in the second case, K is a compact subset of [1, co[ whose maximum
element is greater than 1 and such that 1 € K. In any case, put p := max K > 1. Let r be in
[1, ool, and let e, denote the element of C (K, M5(C)) defined by

er(t) 1= n(l + w)
p—1

for every ¢ € K. Noticing that, in the case that 1 belongs to K, e, lies in Cy(1)(K, M2(C)), it
turns out that, in any case e, is an element of A. Moreover, keeping in mind Lemma 2.2, we
easily realize that e, is an idempotent, and that ||e,|| = r. On the other hand, since ||ng| = p,
we have e, | = ng. Now it only remains to show that the mapping » — e, is continuous. Fix
r €[1,o00[ and ¢ > 0, and take § > O such that ||n(s) — n(r)|| < & whenever s is in [1, co[ with
|s —r| <. Then, for s € [1, oo[ with |s — r| < §, we have for every r € K,

H:l—l—(S_l)(t_])]—[l—i—(r_l)(t_l)in|s_r|(l_])<|s—r|<8,
p—1 p—1 p—1

S0 |les(t) — e (¢)|| < & forevery ¢t € K, and so ||e; — er| < e.
Now assume that e is self-adjoint. Since e is non-central, we may choose a self-adjoint element
a € A with ea — ae # 0. Then the mapping D: A — A defined by D(b) := ba — ab for every
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b € A becomes a continuous derivation satisfying D(e) # 0 and D(b*) = —D(b)* for every
b € A. Therefore, for s € R, exp(s D) is a continuous automorphism of A satisfying

[exp(s D)(b)]" = exp(—s D) (b*)
for every b € A, and consequently
g(s) :=exp(sD)(e)

is a non-zero idempotent in A, and we have

g(s)" = g(—s). (4.1)
Now, consider the continuous mapping f :R — [1, oo[ defined by

f) =g
By (4.1), we have

f(=s)=f(s) (4.2)

for every s € R. Let r, s be in R. Then, keeping in mind (4.1), (4.2), and that exp(*5- D) is an

() ) =) A o) o22)
oo W)
PR AAE)

(
o5 2) () oo (572 (57

=r(A, g(=rg®) < |g(=n)||g®| = f(=r) fs) = fr) f(s),

(3

In this way we have shown that f is convex. Assume that f () = 1 for some r € ]0, oo[. Then, by
(4.2) and the convexity of f, we have f(s) =1 for every s € [—r, r]. Therefore, for s € [—r, r],
the idempotent g(s) has norm equal to 1, so it is self-adjoint, and so, by (4.1) the equality g(s) =
g(—s) holds. Since g is differentiable at 0 with g’(0) = D(e), the above implies D(e) = 0,

and therefore

) I5Y0 f()+f(S)
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which is a contradiction. Thus, f(r) > 1 for every r € ]0, ool. Now, let 0 < r < s. Noticing that
f(0) =1 and that then, by the convexity of f, the mapping t — @ is increasing, we have

O<f(r)—1<;(f(r)—l)<f(s)—1.

In this way, we have shown that fjo, oo is strictly increasing and not bounded. As a consequence,
the range of f|[0,00[ is [1, 00, and the inverse mapping % : [1, oo[ — [0, oo[ is continuous. Now,
forr € [1, oo, let e, be the idempotent of A defined by e, := g(h(r)). Then, clearly, the mapping
r — e, is continuous, and we have e; = e. Moreover, by the definition of g and &, we have also
that |le;|| = f(h(r)) =r forevery r € [1,00[. O

We recall that partial isometries in a C*-algebra A are defined as those elements a € A satis-
fying aa*a = a.

Lemma 4.6. Let A be a C*-algebra, and let a be a partial isometry in A such that both a*a and
aa* lie in the centre of A. Then a is normal.

Proof. For x,y € A, put [x, y] :=xy — yx. Since a*a and aa* lie in the centre of A, we have
[a*a,a] = 0 and [aa*, a] = 0, which reads as a*a? = a and a2a* = a, respectively. The two
last equalities, together with the one aa*a = a, and those obtained by taking adjoints, imply
[[a,a*],a] = 0. By [2, Proposition 18.13], we have r(A, [a, a*]) = 0, and hence, since [a, a*] is
self-adjoint, we actually have [a,a*]=0. O

Let A denote the C*-algebra of all bounded linear operators on an infinite-dimensional com-
plex Hilbert space H, let b: H — H be any non-surjective linear isometry, and put a := b
(respectively a := b*). Then a is a non-normal partial isometry in A such that a*a (respectively
aa™) lies in the centre of A.

Corollary 4.7. Let A be a C*-algebra. Then the following assertions are equivalent:

(1) A contains a non-central self-adjoint idempotent.
(2) There exists a non-normal partial isometry a € A such that a belongs to a*Aa>.
(3) A contains a non-normal partial isometry.

Proof. (1) = (2). By the assumption (1), Remark 4.4, and Theorems 2.8 and 3.3, we may assume
that A is of the form C(K, M>(C)) or C,1)(K, M2(C)), where, in the first case, K is a compact
subset of ]1, oo[ and, in the second case, K is a compact subset of [1, co[ whose maximum
element is greater than 1 and such that 1 € K. In any case, by Lemma 2.2, ’7§1 is a non-normal
partial isometry in A, and we have 7751 = (nﬁ)z(uznﬁ)(ng)z.

(2) = (3). This is clear.

(3) = (1). Let a be the partial isometry whose existence is assumed in (3). Then, keeping
in mind that both a*a and aa™ are self-adjoint idempotents, it follows from Lemma 4.6 that A
contains a non-central self-adjoint idempotent. O

Put A := M>(C) and a := (g é) Then a is a non-normal partial isometry in A, which does

not belong to a*>Aa>.



J.B. Guerrero, A.R. Palacios / Journal of Functional Analysis 248 (2007) 107-127 121

5. The case of J B*-algebras: the main results

Over fields of characteristic different from two, Jordan algebras are defined as those (possibly
non-associative) commutative algebras satisfying the identity (x - y) .x2=x-(y-x?).Fora and
b in a Jordan algebra, we put U, (b) :=2a - (a - b) —a® - b. Let A be an associative algebra. Then
A becomes a Jordan algebra under the Jordan product defined by

1
a-b:= 5(ab+ba).
Moreover, for all a, b € A we have
Uy(b):=2a-(a-b)—a®>-b=aba. (5.1)

Jordan subalgebras of A are, by definition, those subspaces J of A satisfying J - J C J.
Let K be a compact subset of [1, oo[. Then the linear mapping @ : A(K) — A(K), deter-
mined by

O(flijl) == flij1 ifi# O(fI11]) := fl22], O(f122]) := f[11]

for every f € C(K), becomes an isometric involutive *-antiautomorphism of A(K). Therefore,

the set of fixed elements for @ is a closed *-invariant Jordan subalgebra of A(K), and hence a

Banach—Jordan x-algebra. Such a Banach—Jordan *-algebra will be denoted by 7 (K ). Note that

elements of J(K) are precisely those matrices (f;;) € A(K) satisfying f11 = f22, or equiva-

lently, those elements of A(K) of the form f([11]+ [22]) + g[12] + k[21] with f, g, h € C(K).
We take from [1] the following.

Lemma 5.1. Let K be a compact subset of [1,00[. Then J(K) is generated by u[21] as a
Jordan—Banach x-algebra.

J B*-algebras are defined as those complex Banach-Jordan x-algebras J satisfying
|Ua(a®) | = |la|® forevery a € J. By keeping in mind (5.1), it is easy to realize that C*-algebras
are J B*-algebras under their Jordan products.

The mapping
A1 A2 A A2
0: —
()»21 )»22> </\21 )»11)

is an involutive x-antiautomorphism of M;(C). Therefore, the set of fixed elements for 0 is a
k-invariant Jordan subalgebra of the C*-algebra M>(C), and hence a J B*-algebra. Such a J B*-
algebra is called the three-dimensional spin factor, and is denoted by Cs.

Let K be a compact subset of [1, co[. We denote by C (K, C3) the J B*-algebra of all continu-

ous functions from K to C3. We will identify C (K, C3) with the J B*-subalgebra of C (K, M»(C))
consisting of those continuous functions from K to M,(C) whose range is contained in C3.

Lemma 5.2. Let K be a compact subset of [1, oo[ whose maximum element is greater than 1, let
F:A(K) — C(K, My(C)) be the x-homomorphism given by Proposition 2.3, and let G denote
the restriction to J(K) of F. Then G is a *-homomorphism from J(K) to the JB*-algebra
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underlying C(K, M»(C)), and the closure in C(K, M3(C)) of the range of G coincides with the
J B*-subalgebra of C(K, C3) generated by ng.

Proof. Noticing that G(u#[21]) = ng, and keeping in mind Lemma 5.1, it is enough to show that
the range of G is contained in C (K, C3). But this follows from the fact that nx actually belongs
to C(K, C3), and a new application of Lemma 5.1. O

Lemma 5.3. Let K be a compact subset of 11, 00[. Then C(K,C3) is generated by ng as a
J B*-algebra.

Proof. Identifying C (K, M>(C)) with C(K) ® M>(C) in the natural manner, the operator 0=
1 ® 6 becomes an involutive x-antiautomorphism of C (K, M(C)), whose set of fixed points is
precisely C(K, C3). Moreover, since A(K) is generated by u[21] as a Banach x-algebra (by [1,
Lemma 2.5]), and F (O (u[21])) = 5(}"(14[21])), we have F o ©@ =0 o F. On the other hand, by
Lemma?2.7, F: A(K) — C(K, M(C)) is surjective. Since [J (K) is the set of fixed points for @,
and C(K, C3) is the set of fixed points for ?, and G is the restriction to 7 (K) of F, it follows
that G (as a mapping from J(K) — C(K, C3)) is surjective. Now, apply Lemma 5.2. O

We recall that a J B*-triple is a complex Banach space X endowed with a continuous triple
product {-, - ,-}: X x X x X — X which is linear and symmetric in the outer variables, and
conjugate-linear in the middle variable, and satisfies:

(1) Forall x in X, the mapping y — {x, x, y} from X to X is a hermitian operator on X and has
non-negative spectrum.
(2) The main identity

{la.b,{x,y,2}} ={{a.b.x},y. 2} = {x.{b,a,y.}, 2} + {x,y.{a. b, 2}}

holds for all a, b, x, y, z in X.
3) Ix, x, x}| = lIx|? for every x in X.

Concerning condition (1) above, we also recall that a bounded linear operator 7' on a complex
Banach space X is said to be hermitian if || exp(irT)| = 1 for every r in R. Examples of J B*-
triples are all C*-algebras under the triple product {-, - ,-} determined by {a, b, a} := ab*a.

Let X be a J B*-triple, and let x be in X. It is well known that there is a unique couple (K, ¢),
where K is a compact subset of [0, oo[ with 0 € K, and ¢ is an isometric triple homomorphism
from Co(K) to X, such that the range of ¢ coincides with the J B*-subtriple of X generated by x,
and ¢ (v) = x, where v stands for the mapping r — ¢ from K to C (see [8, 4.8], [9, 1.15], and
[5]). The locally compact subset K \ {0} of ]0, oo[ is called the triple spectrum of x, and will be
denoted by o (x). We note that o (x) does not change when we replace X with any J B*-subtriple
of X containing x.

We take from [1] the following.

Lemma 5.4. Let A be a C*-algebra, and let a be in A such that 0 € sp(a*a). Then we have
o(a) =sp(A, va*a) \ {0}.
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As in the particular case of C*-algebras, already commented, J B*-algebras are J B*-triples
under the triple product {-, - ,-} determined by {a, b, a} := U, (b*) (see [3,13]). For later reference,
we remark that, if a J B*-algebra J has a unit 1, then for a, b € J we have

a-b=1{a,1,b} and a*={1,a,1}. (5.2)

Theorem 5.5. Let J be a JB*-algebra, and let e be a nonself-adjoint idempotent in J. Put
K :=o0(e), and assume that 1 does not belong to K. Then K is a compact subset of 11, oo[, and
the J B*-subalgebra of J generated by e is *-isomorphic to C(K, C3). More precisely, we have:

(1) There exists a unique x-homomorphism W : C (K, C3) — J such that ¥ (ng) = e.
(2) Such a x-homomorphism is isometric, and its range coincides with the J B*-subalgebra of
J generated by e.

Proof. Let J, denote the J B*-subalgebra of J generated by e. By [13] and [12], there exists
a C*-algebra A containing J, as a JB*-subalgebra. Therefore, by Lemma 5.4 and Proposi-
tion 2.4, K := o (e) is a compact subset of |1, oo[. By Theorem 2.8, there exists an isometric
x-homomorphism @ : C(K, M>(C)) — A such that @ (ng) = e. Let ¥ stands for the restriction
of @ to C(K, C3). Then, clearly, ¥ is an isometric *-homomorphism from C (K, C3) to the J B*-
algebra underlying A, which satisfies ¥ (nx) = e. Noticing that the J B*-subalgebras of A and
J generated by e coincide, it follows from Lemma 5.3 that the range of ¥ is J,. This last fact
allows us to see ¥ as a x-homomorphisms from C (K, C3) to J. That ¥ is the unique (automat-
ically continuous [12]) *-homomorphism from C (K, C3) to J with ¥ (ng) = e follows from a
new application of Lemma 5.3. O

Let K be a compact subset of [1, oo[ with 1 € K, and let p be a self-adjoint idempotent in C3,
different from O and 1. Then

Cp(K,C3) = {a € C(K,C3): a(l) € Cp)

is a proper J B*-subalgebra of C(K,C3). As in the case of the C*-algebra C, (K, M>(C)), the
J B*-algebra C,(K, C3) does not depend structurally on p. Indeed, if, for i € {1, 2}, p; is a self-
adjoint idempotent in M, (C), different from O and 1, then {p;, 1 — p;} is a “frame of tripotents”
in the simple J B*-triple underlying C3, and therefore, by [10, Theorem 5.9], there exists a triple
automorphism ¢ of C3 satisfying ¢ (p;) = p2 and ¢ (1 — p;) = 1 — p,. This implies that ¢ (1) =1,
and then, by (5.2), that ¢ is actually an algebra *-automorphism. Such a x-automorphism of C3
induces a *-automorphism of C(K, C3) sending Cp,, (K, C3) onto C,, (K, C3).

Lemma 5.6. Let K be a compact subset of [1, oo[ with 1 € K, and whose maximum element is
greater than 1. Then Cy(1y(K, C3) is generated by ng as a J B*-algebra.

Proof. Argue as in the proof of Lemma 5.3, invoking Lemma 3.2 instead of Lemma 2.7. 0O

By invoking Theorem 3.3 and Lemma 5.6 instead of Theorem 2.8 and Lemma 5.3, respec-
tively, the proof of the following theorem is similar to that of Theorem 5.5, and hence is omitted.

Theorem 5.7. Let J be a JB*-algebra, and let e be a nonself-adjoint idempotent in J. Put
K := o (e), and assume that 1 belongs to K. Then K is a compact subset of [1, oo[ whose
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maximum element is greater than 1, and the J B*-subalgebra of J generated by e is x-isomorphic
to Cp(K, C3) for any self-adjoint idempotent p € C3 different from 0 and 1. More precisely, we
have:

(1) There exists a unique x-homomorphism ¥ : Cy(1y(K, C3) — J such that ¥ (ng) = e.
(2) Such a x-homomorphism is isometric, and its range coincides with the J B*-subalgebra of
J generated by e.

6. The case of J B*-algebras: some consequences
In this section, we deal with the main corollaries to Theorems 5.5 and 5.7.

Corollary 6.1. Let J be a J B*-algebra generated by a nonself-adjoint idempotent e, and put
K :=o(e). If 1 is an isolated point of the compact set K, then J is x-isomorphic to the J B*-
algebra

Cx C(K\ {1}, C3).
Proof. Argue as in the proof of Corollary 4.1, invoking Theorem 5.7 instead of Theorem 3.3. O

Corollary 6.2. Let J be a JB*-algebra generated by a nonself-adjoint idempotent e, and put
K :=0(e). Then J has a unit if and only if either 1 does not belong to K or 1 is an isolated
point of K.

Proof. Argue as in the proof of Corollary 4.2, invoking Theorems 5.5 and 5.7, and Corollary 6.1
instead of Theorems 2.8 and 3.3, and Corollary 4.1, respectively. O

Corollary 6.3. Let J be a J B*-algebra. Then J has a nonself-adjoint idempotent (if and) only
if it contains (as a J B*-subalgebra) a copy of either C3 or C,([1,2],C3) for any self-adjoint
idempotent p € Cz different from 0 and 1.

Proof. Argue as in the proof of Corollary 4.3, invoking Theorems 5.5 and 5.7, and Corollary 6.1
instead of Theorems 2.8 and 3.3, and Corollary 4.1, respectively. O

Arguing as in the comment following Corollary 4.3, one can realize that the J B*-algebra
C,([1,2], C3) does not contain any copy of C3.
Let J be a Jordan algebra. For a, b, c € J, we put

l[a,b,c]l:=(a-b)-c—a-(b-c).

The centre of J is defined as the set of those elements a € J such that [a, J, J] = 0. It is well
known and easy to see that central elements a of J satisty [J, J,a]l =[J,a, J]=0.

Remark 6.4. In relation to Corollary 6.3 above, it is worth mentioning that a JB*-algebra
contains a nonself-adjoint idempotent if and only if it contains a non-central self-adjoint idem-
potent [1]. Actually, the “only if” part of the result in [1] just quoted follows easily from
Corollary 6.3, whereas the “if part” is a consequence of Proposition 6.5 immediately below.
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Proposition 6.5. Let J be a JB*-algebra containing a non-central idempotent e. Then there
exists a continuous mapping r — e, from [1, oo to the set of idempotents of J satisfying e|.| = e
and |e|| =r foreveryr €[1, ool.

Proof. First assume that e is not self-adjoint. Then, invoking Theorems 5.5 and 5.7 instead of
Theorems 2.8 and 3.3, respectively, and keeping in mind that, for every ¢ € [1, oo, n(¢) lies in C3,
the first part of the proof of Proposition 4.5 works verbatim.

Now assume that e is self-adjoint. Since e is non-central, we may apply Lemma 2.5.5 of [6] to
find ¢ € J such that U, (c) # e-c or, equivalently, [e, e, c] # 0. Moreover, clearly, such an element
¢ can be chosen self-adjoint. There is no loss of generality in assuming that J is generated by
{e,c} as a JB*-algebra. Then, by [12], there exists a C*-algebra A containing J as a JB*-
subalgebra. Put a :=i(ec — ce) € A, and consider the mapping D: A — A defined by D() :=
ba — ab for every b € A. Then D becomes a continuous derivation of A satisfying D(b*) =
—D(b)* for every b € A (since a is self-adjoint). Moreover, for every b € J we have

D(b) =4ile,b,c]l e J, 6.1)

and consequently D(e) # 0. By the second part of the proof of Proposition 4.5, there exists a
continuous function % : [1, oo[— R such that the continuous mapping e — e, :=exp(h(r)D)(e),
from [1, oo to the set of idempotents of A, satisfies e; = e and |e.|| = r for every r € [1, ocol.
Therefore, the proof is concluded by realizing that, for every r € [1, oo, e, lies in J. But this
follows from the fact that, by (6.1), J is invariant under D. O

An element a in a J B*-algebra J is said to be normal if the equality [a, a, a*] = O is satisfied.
In the case that the J B*-algebra J is a J B*-subalgebra of a given C*-algebra A, the equality
[a,a,a*]=0in J reads in A as [[a,a*],a] = 0, and hence, by arguing as in the conclusion of
the proof of Lemma 4.4, it is equivalent to the usual normality in A, namely [a, a*] = 0.

An element x in a JB*-triple is said to be a tripotent if the equality {x,x,x} = x holds.
Thus, the tripotents in a C*-algebra are precisely the partial isometries, and, more generally, the
tripotents in a J B*-algebra are precisely those elements a satisfying U, (a*) = a.

Corollary 6.6. Let J be a J B*-algebra. Then the following assertions are equivalent:

(1) J contains a non-central self-adjoint idempotent.
(2) There exists a non-normal tripotent a € J such that a belongs to U2 (J).

Proof. (1) = (2). By the assumption (1), Remark 6.4, and Theorems 5.5 and 5.7, we may assume
that J is of the form C (K, C3) or Cy1y(K, C3), where, in the first case, K is a compact subset
of ]1, oo[ and, in the second case, K is a compact subset of [1, oo[ whose maximum element
is greater than 1 and such that 1 € K. In any case, by Lemma 2.2, ’751 is a non-normal partial
isometry in J, and we have 175(1 = U(nfl)z (uzanz), with u2n1K2 elJ.

(2) = (1). Assume that assertion (2) holds. We may suppose that J is generated by a as
a J B*-algebra. Since a belongs to U,2(J), [11, Lemma 1] applies, giving the existence of an
idempotent e € J such that

Ua(J) =Ue(J).
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Note that, by [7, pp. 118, 119], U.(J) is a subalgebra of J, and that e is a unit for such a
subalgebra. Assume that e is self-adjoint. Then U,(J) is a J B*-subalgebra of J, and hence,
since

a=Uq(a*) € Us(J) = Ue(J).

and J is generated by a as a J B*-algebra, we deduce that U, (J) = J and that e is a unit for J. It
follows from [7, Theorem 13, p. 52] that there exists a unique element b € J (called the “inverse”
of a) such that a = U, (b), and that such a b satisfies [a, x, b] = 0 for every x € J. Therefore we
have that b = a*, and then that [a, a, a*] = 0, contrarily to the assumption that a is not normal.
In this way we have shown that the idempotent e is not self-adjoint, and the proof is concluded
by applying Remark 6.4. O

Comparing Corollary 6.6 with Corollary 4.7, one is tempted to conjecture that the equivalent
assertions (1) and (2) in Corollary 6.6 are also equivalent to the following:

(3) J contains a non-normal tripotent.

As a matter of fact, we have been unable to prove or disprove the conjecture just formulated.
Actually, an eventual verification of such a conjecture would provide in particular an affirmative
answer to the following unsolved question.

Problem 6.7. Let J be a J B*-algebra containing a non-zero tripotent. Does J contain a non-zero
self-adjoint idempotent?

We conclude the paper with an application to the theory of J B-algebras. J B-algebras are
defined as those Banach—Jordan real algebras J satisfying ||a||® < ||a® +b?| forall a, b € J. The
basic reference for J B-algebras is [6]. By [6, Proposition 3.8.2], the self-adjoint part of every
J B*-algebra becomes a J B-algebra. In particular, the self-adjoint part of the three-dimensional
(complex) spin factor C3 is a J B-algebra, which is called the three-dimensional real spin factor,
and is denoted by Sz3. We denote by C([1, 2], S3) the J B-algebra of all continuous functions
from [1, 2] to S3. Moreover, given an idempotent p € S3 different from 0 and 1, we denote by
C,([1,2], S3) the J B-subalgebra of C([1,2], S3) consisting of all elements a € C([1, 2], S3)
such that o (1) belongs to Rp.

Now, we have the following.

Corollary 6.8. Let J be a J B-algebra. Then J has a non-central idempotent (if and) only if it
contains (as a J B-subalgebra) a copy of either Sz or Cp([1, 2], S3) for any idempotent p € S3
different from 0 and 1.

Proof. By [12,13], there exists a J B*-algebra whose self-adjoint part is equal to J. Now apply
Remark 6.4 and Corollary 6.3. O
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Abstract

Using the decomposition method, we present in this paper constructions of multiresolution analyses on a
compact Riemannian manifold M of dimension n (n € N). These analyses are generated by a finite number
of basic functions and are adapted to the study of the Sobolev spaces H 1 (M) and HO1 (M).
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1. Introduction

The search for wavelet bases on a bounded domain has been an active field for many years,
since the beginning of the nineties. The constructions are based on the decomposition method,
introduced by Z. Ciesielski and T. Fiegel in 1982 [2,3] to construct spline bases of generalized
Sobolev spaces W}’; (M) (ke Z and 1 < p < 00) on a Riemannian manifold M. In 1992, we
constructed biorthogonal wavelet bases on two-dimensional manifold £2 [8,10]. In 1997, the
decomposition method was used by A. Cohen, W. Dahmen and R. Schneider [4-6] to construct
biorthogonal wavelet bases (., JA) sev of L2(£2) where £2 is a bounded domain of R? (d € N);
these bases were shown to be bases of Sobolev spaces H*(§2) for |s| < 3/2. There are others
constructions based on the decomposition method as well by A. Canuto and coworkers [1,15,13]
and by R. Masson [12]. These bases are continuous but not differentiable and have never been
implemented. Moreover, there is a slight difficulty in their presentation, due to notational burden
and it is often unclear how to get other regularity Sobolev estimates than for |s| < 3/2. Recently,
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in 2003 [11], we constructed in an elementary way two multiresolution analyses on the L-shaped
domain which are adapted to higher regularity analysis (namely, to the study of the Sobolev
space H* ke 7).

In this paper, we use the preceding method called decomposition method to construct
biorthogonal multiresolution analyses on a compact Riemannian manifold M of dimension n
(or an open bounded set of R"), n € N*. The central problem is to construct extension operators
which are straightforward, relatively simple and are adapted to the scale. The present construc-
tion of biorthogonal analyses differs from the previous one in the sense that these analyses are
generated by a finite number of simple basic functions and have better stability constants. They
are also adapted to the study of the Sobolev space H'!(M) (or HO1 (M)). If we take as example
the L-shaped domain, we obtain easily biorthogonal wavelet bases because the diffeomorphisms
are translations and then the nodes are dyadic points.

The contents of this paper is as follows. In Section 2, we define and study the decomposition
method of a bounded domain. We prove some results associated to the decomposition method as
Decomposition and Extension lemmas. Next we prove a Regular lemma which is very useful in
many equivalence norms.

In Section 3, we define biorthogonal multiresolution analyses on the real line and we prove
that these analyses are adapted to the study of the Sobolev space H!(R).

Section 4 is devoted to constructions of biorthogonal wavelet bases on the interval [0, 1]. Us-
ing tensorialisation, we construct biorthogonal multiresolution analyses on the cube /" = [0, 1]".

In the last section, we construct on M biorthogonal wavelet bases which are generated by a
finite number of basic functions.

2. Decomposition method

In the following, we denote by M a compact Riemannian manifold of dimension n (n € N*).
We assume that the Dirichlet boundary d M is piecewise C'. In this section, we define the decom-
position method and we prove some associated results as Decomposition and Extension lemmas
which are very important for our constructions. The following definitions are very important for
constructions of wavelet bases.

Definition 2.1. A subset Q € M is said to be a n-cube if there exists a diffeomorphism
@ :U — R",where U =IntU D Q, such that ®(Q) = I".

The norm on L2(Q) can be introduced as follows. We fix a @ : Q — I”" as in the definition
and let for f € L*(Q),

1fllz20y = £ 0 @7 | 2 gmy-

This norm depends on the choice of @. Choosing another diffeomorphism ¥ of Q onto 1",
we obtain an equivalent norm.

Definition 2.2. M has a decomposition in n-cubes if we can write M = UlN: 1 Qi such that the
n-cubes Q; satisfy the following properties:

(i) If we denote @; a diffeomorphism from Q; onto [", @; 0 @, Uis an affine application from
Di(Q; N Qy) into I".
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(i) QiN Qy, € #1i,is aclosed segment or a face.

(i) Q; NAM is a union of segments or faces of Q;.

(iv) The set Z; = Q; N (Uy-; Qe) is a union of segments or faces of Q; and the set Z,- =
Qi N@OMUJ,_; Qi) is a union of segments or faces of Q;.

The existence of decomposition is proved by Z. Ciesielski and T. Fiegel [3]. There are many
examples of decompositions of bounded domains (triangle, polygon, disc, L-shaped domain,
sphere, ...) [8,9].

We define the measure dm on M by

N
ffdm=2//f|g,.oq§;1dx.
i=I n

This measure is equivalent to the Lebesgue measure and define a scalar product on L?(M):

(Fle) =ff§dm.

We shall construct wavelet bases which are located in time and frequency. To realize this
object, we introduce the notions of j-dyadic point and j-spline.

Definition 2.3.

@) qu Jj =20, a j-dyadic point is a point m € M such that for i € {1,..., N}, m € Q; and
2/®;(m) € Z". We denote by M the set of j-dyadic points of M.

(i) For j > 0, A j-spline is a continuous function f: M — C such that, for i € {1,..., N}
and every dyadic cube Q; (; ks,...ky) = [%, k‘;l] - X [%, k”;j'l] contained in Q,

fo @i_l |Qj,k1,k2 is a polynomial of the form (a; + byx1) X - -+ X (a, + byxp).

We give here the first associated result with decomposition.

Lemma 2.1 (Decomposition lemma). The application

N
H'M)—]H" Q). f— (fl@)i<i<n,

i=1

is an isomorphism from H'(M) onto the closed subspace H of H1N=1 H'(Q)) of functions
(fi)igign such that filg,no, = feloing, in L%(Q; N Qy), where Q; N Qy is equal to a closed
Jace. In particular, the norms || f | g1 (yry and ZlN:] £ 1ol 1o,y are equivalent on H'(M).

Proof. This lemma is immediate, because the compatibility condition f;|g;ng, = felp:no, per-
mits to derive f = ZIN: 1 fix o, onevery square separately and to deduce: % f= ZIN: 1 (%) X0;

where y ¢, is the characteristic function of Q;. O

We introduce here the notion of extensions which are very useful to construct wavelet bases
in our domain M from those constructed in the cube 1" =[O0, 1]".
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Definition 2.4. For i = 1,..., N, we denote by Z; = Q; N (| J,.; Qr). A family of continuous
operators (E; : L%(Q;) - LZ(M))lgigN is called a family of extensions if:

() (Eif)lg, = f where f € L*(Q)).
(i) supp(E; £) € Uy, Qc.
@iii) For f € H'(Q;) and flz;=0,E; f € H'(M) and the application E; is continuous from
HY“Z1(0;)={f € H'(Qi) | flz, =0} into H'(M).

A second associated result with decomposition is given by the following lemma.

Lemma 2.2 (Extension lemma). Let (E;) be a family of extensions. Then the application

N
(fn<isn > Y Eifi

i=1
is an isomorphism from Zf\;l L%(Q;) onto L*(M) and from Z,N=1 HY“Zi(Q;) onto H'(M).

Proof. This lemma is immediate because the inverse isomorphism is given by f — (fi)i<ign
where f; is defined by fi =(f — > ,_; Eefo)lg;- O

Remark. We have the same result for Hd (M) if we replace in Definition 2.4 and Lemma 2.2 the
spaces H'(M) by H} (M) and H % (Q;) by H'"%i(Q;) where Z; = Q; N (M UJ,_; Qo).

We conclude that, for the study of H L(M) or HO1 (M), we need to study the spaces H LZ0)=
{(f € H(Q) | f7z =0} where Z is a union of faces of 9Q. For T C {0,1} and I = [0, 1],
we denote by HT(I) the space of functions f € H'(I) such that f|; = 0. For T} = {r €
0,1} [ {t} x[0,1]1C Z}and T» = {t € {0, 1} | [0, 1] x {t} C Z}, we have H'-4(Q) = H'TI(I) &
HLT2 (.

We need the following results established in [10] to prove many equivalence norms in Sobolev
spaces H'(M) and H} (M).

Lemma 2.3.

() If g € L*(R?) with compact support then there exists a positive constant C such that, for
every sequence (Ag, k,) € 62(22), we have:

Z Z My kr 8 (X — k1, y —k2)

k1€Zk2€Z

1/2
< c(ZZ |xk.,k2|2> R )

L2(R2) ki ko

(ii) Moreover, if |&1|*8(&1, &) € L*>(R?) where 0 < a < 1, then there exists a constant positive
C' such that, for every sequence (A, k,) € 02(Z3), we have

. 1/2
HIaI“(ZZkkl,kze"“gle‘”‘z&)g(a,&) <C’<ZZ|AM,/Q|2) .22

. ka L2(R?) ok
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Lemma 2.4 (Regular lemma). Let g € L2(R") be such that:

(1) g has a compact support.
(i) fg(x) dx =0.
(iii) g € HE(R") for ¢ > 0.

Let us denote by g; i the function g; 1 (x) = 2221 x — k). Then, for j € Z and k € 7", there
exists a positive constant C such that for every sequence (Aj 1) € 02(Z x 7" and every function
f € L2(R") we have

1/2
< c(Z > |)»j,k|2) : (2.3)

L*R") j€Zkezr

Z Z Ajk8jk

JEZL kel

and

1/2
(Z > |(f|gj,k)|2) < CIf p2geny- (2.4)

JEL keZ

Proof. We prove first this lemma for n = 2. We denote by

$2j= Z Z )\j,kl,kZng(ij — ki, 2jy - kz).
k1€Z ko€

We consider 0 < ¢ < 1. From Lemma 2.3 there exists a positive constant C such that
. ' 1/2
[(151° +1n17)$2; € ) 1o o) < cz-'f< SN ke |2) :
k1€Z ko€

‘We have

//gdxdy:O.

a a

=—g+—g,
8 axlgl angz

Then, we write

where g;,i = 1,2, belongs to L*(R?), g; has compact support and & g; (£1, &) € L2(R?). We
conclude from Lemma 2.3 applied to g;,i = 1,2 and o = 1 — ¢, that if we denote by

Q= Z Z M2 81 (27 x — ki, 2Ty — ko),
k]EZ szZ

we have
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|61+ 1n) 25 ], <27/ (161020 & m ], + [In' 22,5 m,),

o 1/2
<c27/2/079 (Z > M,-,kl,k#)

ki ka

12
= C2_j8(ZZ |)Lj,k1,k2|2> ;

ki ko

where C is a positive constant. Then, we obtain, for j > £:

1 —& A € A
|(91|95)|=m||(|5|+|77|) 2|, (€14 1m1)" $2¢

27

_ 172 172

< czw'(z > u,,kl,kzﬁ) (z 3 W,kl,kzﬂ) .
k1 ko kq ko

Thus there exists a positive constant C’ such that

1/2
> 2 <c/<222|x,~,k1,k2|2) :
jez 12 j

ki kp

We have the same proof for every n > 2. Then the Regular lemma is proved. O
3. Multiresolution analyses on the real line

In this section, we present multiresolution analyses defined on the real line. These analyses
will be used in next sections. We denote ¢ and ¢* the functions defined by:

R > & I+cosé

¢(&) = J]:[lmc)(z—]) where mo(§) = ———= 3.1)
ad 1

o (E) = 1"[1m0(§—]> where m{j(§) = (%Osg)@ — cosé), (3.2)
j=

[T3ek1]

where is the classical Fourier transform on R [12].
We recall here some main properties of these analyses.

o) = (1 —|x|)" =sup(1 — |x], 0); (3.3)

¢ and ¢* are in L*(R); (3.4)

there exists € > 0 such that ¢ € H'"(R); 3.5)

suppp =[—1, 1], ¢x) =¢(—x), pr(x—k)=1, ka(x—k):x; (3.6)
keZ keZ

suppe* =[-2,2], ¢* () =¢*(=x), Y ¢*x—k=1 Y ke*x—k=x (3.7
keZ keZ
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1 1
px) = §<p(2x + 1) +e2x)+ 5(,0(2)6 —1); (3.8)
p*(x) = Ego 2x+2)+ 5(,0 2x+1)+ E(p 2x) + Eq) 2x—-1) — Z(p 2x—-2); (3.9
<(pj,k9 (p;iq)l}(R) :8/{,(]' (310)

It is clear that the functions ¢; x, k € Z, form a Riesz basis of V;(R) and the functions go}" o
k € Z, constitute a Riesz basis of its dual V;‘ (R) such that L2(R) = ViR) & (Vj*(R))L. The
projector P; from L2(R) into V;(R) parallel to (V;F (R)* is given by

Pif =Y (f.0l)ei G.11)

keZ

and satisfies classical relations Pjyj o Pj = Pj o Pjy1 = Pj, such that Q; = P;jy1 — P; is
a projector from L?(R) into WiR)y=ImQ; =V; 1 1(R) & (V; (R))* parallel to (W;(R))J-,
where W} (R) =(Ker Q)+ = ViR @ (Y (R))*. A basis of W;(R) is given by the functions
Yik(x) = 23 w(2jx — k), k € Z, where the associated wavelet v is usually defined by 1://\(25) =
e~ ¥m(E + m)P(£) and a basis of W (R) is given by the functions ¥, (x) = 23y*(2x — k),
k € Z, where W(ZS Yy=e¥EmE + n)gff* (&). Moreover, the two bases are in duality for the scalar
product of L2(R) and we have:

<I/f(x)s W*(x - k)>L2(R) = 81{,0; (312)
Qi f = (v (3.13)
keZ
+00 ~+00
suppy = [—1, 2], Y(x) =¥ —x), / V(x)dx = / xy(x)dx =0,

(1//(x),<p*(x—k))L2(R) =0 forkeZ; (3.14)

+00 +o00

suppyt=[—1.2],  Yix) = (1 — ). f P* () dx = / Y () dx =0,

(v* (), p(x —k))Lz(R) =0 forkelZ; (3.15)
(szk7 w;,q)LZ(R) = 8j,j’8k,k’- (3.16)

We have ¢ € H!*¢(R), then we can apply the derivation method described in [9] to obtain
new multiresolution analyses. More precisely, we denote by

o0 2 _é‘
() = Hﬁm(—), where o (§) = mo() =7z (3.17)
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and
. . 1 + —it
() = ]‘[mo(;), where (&) = m (£) ——— . (3.18)
Then, we have:
d—(pza)(x—l—l)—a)(x), (3.19)
dx
w*(x) = / o*(t)dt, (3.20)
x—1
(@) | w*(x = k)) = 8k0. (3.21)

The functions w; x = 2//2w(2/x — k), k € Z, constitute a Riesz basis of the space V;(R) and

the functions w* k= =2/2w*(2/x — k), k € Z, constitute a Riesz basis of the space V*(R) The
fundamental properties of w and w™ are:

w(x) = x0,11(x), (3.22)

where x[o,1 is the characteristic function of the interval [0, 1];

weH'(R) and o*e H'TR); (3.23)
suppw = [0, 1], wx)=w(l —x), Za)(x—k):l; (3.24)
keZ
supp»* =[—2, 3], 0 (x) = w*(1 — x), Y otx—k=1,
keZ

Zka)*(x—k):x—%, Zkza)*(x—k)zxz—x—i—é; (3.25)
keZ keZ

0(x)=w2x)+w2x —1); (3.26)

* __l * l * * * _
w (x) = Sa) (2x+2)+8a) x4+ D) +0™"2x)+w " 2x —1)
1 1 1
+ ga)*(Zx -2)— ga)*(Zx —-2)— ga)*(Zx -3). (3.27)

The projector f’j from L>(R) into ‘7]- (R) parallel to \7/* (R)* has the following properties:

Pif = (flo} o (3.28)
keZ
PjoPjy=P;. (3.29)

Let f be in H!(R). Then we have the commutation property

d P;f)=P; af 3.30
E( i f) = J(E) (3.30)
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We consider Q; = Pj11 — P;, W;(R) = ImQ; — V;41(R) N f/;"(R)L and W;(R) =
(ker Qi)l = \7].*+1(R) N \7j (R)*. Wj (R) and W}‘(R) have the dual bases x  and X;k’ kel
where xj ¢ =2//2x(2/x — k) and Xie= 2112 y*(2Jx — k), the functions x and x* are given by

dy
= 3.31
xX= (3.31)
+00
x*= / ¥ () dt, (3.32)
X
and the projectors Q ; and 0 ; are defined by
Oif =Y (FIx;a)xik: (3.33)
keZ
and
d ~ (df
d—ijf=Qj<d—x> for f € H'(R). (3.34)

We can now establish the main result of this section.
Proposition 3.1. Let jy € Z. Then:

(i) The norms || fll2 and | Pjo fll2 + (35, I Q; f15)'/? are equivalent on L*(R).
(ii) The norms || fll g1 and |1 Pjo fll2 + (X5, 401Q; f15Y? are equivalent on H'(R).

Proof. We have > ;7 ¢(x —k)=1and } ;5 ko(x — k) = x. Then | J;.z V;(R) is dense in
H'(R) and, more precisely, there exists a positive constant C such that for f € H*(R), we have

H f=Y f27g;,

keZ

<C27H | £la,
2

and

<27 f .
HI(R)

”f =Y fU027 g4

keZ

We write f = Pj, f + Zj>j0 Q, f and, by using Lemma 2.4, we obtain that ) , _, |(f|1p;.k’k)|2
and || Q; f ||% are equivalent. Then property (2.1) gives the control of f by the norm

1/2
C<||P,-0f||%+ > ||ij||%) :

JZJo
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To prove the inverse control, we consider ¥ *as vaguelette and we use property (2.2). We have
the same result for x and x*. Then, we obtain

~ 1/2
H Fioax (Z iax ) ’
j=0
and we conclude that
- df d .
. — . %2] . X
Hdex s deQ]f ) ”Q]f”Z

Then, the Proposition 3.1 is proved. O
4. Multiresolution analyses on the interval [0, 1]

In this section, we study the construction of biorthogonal multiresolution analyses on the
interval I = [0, 1] with a specific treatment for the boundaries conditions. These analyses will be
used for the cases of the square and the manifold.

We denote by V;(/) and Vf(l ) the spaces of restrictions to I of elements of V;(R) and of

V;‘ (R) where (V;(R), V]?" (R)) the biorthogonal multiresolution analysis of L>(R) described in

the previous sections. The functions ikl 0 <k < 27, form a Riesz basis of V;(I) and the
functions ‘ﬂj,k“’ —1 <k <2/ +1, form a Riesz basis of V;‘(I). However, V;(I) and V;‘(I) do
not have the same dimension because the functions ¢ and ¢* do not have the same support (see
(4.3.6) and (4.3.7) [7,14]). Then, the spaces V;(I) and V;‘(I ) are not in duality. For this second
point, we have the following results for the scalar product of ¢; ¢|; and gp}f’ ¢l for j >2:

e Ifke{l,...,2/ — 1}, we have suppg; s C I and then <¢]k|,|¢j£|,> = Sk.0-

e For k =0, we have (goj’0|1|go;f!£|1) 0if £ > 2 because suppgolz C [0, +ool.
e For ¢ e{—1,0, 1}, we have

(<Pj,o|1|€07,g|,) = (plj0,+00[ ™ (x — 0)),
(@l10,+o0lle®) = 3

1
(Pl10-sooll” (& + 1) + 9" () + 9" (x — 1) = /(1 ~owdr =,

then

1
(#lo+octle™(r + D)= =5 and {plio,+ocle”(x = 1)) = -

We define

viay={fevy| flr =0},
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where T C {0, 1} and j > 2. It is clear that
T T
viicvl, .

We shall construct a subspace V*T(I) of V*(I) such that V*T(I) C V 1(I) and VT(I) and

V]*T(I ) are in duality for the scalar product on . To reahze this object, we define V ]*T(I ) as
the space of restrictions to I of elements of V]?k (R) such that their restriction to ]—o0, 0] is a
polynomial of degree < d(0) and their restriction to [1, 4-00[ is a polynomial of degree < d(1)
where d(t) =0ift € T, d(t) = 1 if £ ¢ T. We have immediately

v c v,

We denote by DT { | 0 < J, 2/ ¢ T'}. Then, the functions ¢;, klr, = 2 DT form a
Riesz basis of VT(I ). A basis of V*T(I ) is given by the functions (p o 2<k< 2/ — 2 which
are extended by O on the complement of I, the functions (¢ ot % Tot el * Dl and ((pj st

goz 2J-Jr1)|1 (the first one is extended by 2//2 on 1—00, 0] and by 0 on [1, +o00[ and the second is
extended by 0 on ]—o00, 0] and by 242 on [1, +o0[) and the functions

(_¢7,—1 +‘P}"{,1)|1 ift0¢T

and
(‘p;z«fq _¢7,21+1)|1 ifl1¢T

(the first one is extended by 237/2x and 0 and the second is extended by 0 and 2372(1 — x)). By
using Gram—Schmidt orthogonalization, we obtain biorthogonal bases of VjT (I) and V]?kT(I ).
More precisely, we have the following result.

Lemma 4.1. The spaces V].T (I) and V;‘T (I) have dual bases ((pde) and ((pZ‘de)), de DjT, where

¢Z/’d) = 2j/2¢[Tj,d] (2j (x — d)) and ‘p?fd) — 2]'/2('0?}?0[ — 2]/2 *T (2] (x — d))
and:

of0r0<d<1 go[jd] ;

¢ fOET, ¢f; o= (0(x) - 300 = D)[0,400f = BX):
o f1¢T, ¢f 1= (@) — 300 + D)lj-co0f = B(—2);
o for2<2/d <2 =2, il =%

b ¢’E‘}T 1= @ +2)+e*(x + 1) 4+ 0™ (X)) |[=1,400] = ¢*(x);
2J

o fOET, g7 = (Bg* (x) +6¢"(x — 1)lj—o,00 = B*(—x).
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We conclude that the projector PjT from L?(I) into VjT parallel to V]?“T (I)* is given by

Pl r="3"(Flo{la) 0y (4.1)
deD?
J
and satisfies P o PTJrl = PJT+1 o P/ = P/. The projector on W[ (I) = 1(1) n vt
parallel to WJ*T(I) V”‘T1 Hn VT(I)J- is given by Q = P/TJrl - P]T.

We will now construct bases of WT(I ) and W*T(I ). We remark first that dim W].T(I ) =
dim W*T(I) = 2J. We denote by AT {d e DJJrl | d ¢ DJT}. The space WjT(I) contains the
functions ¥, 1 <k < 2/ — 2, and the space WJ*T (I) contains the functions 1//;." e 1 <k<
2/ — 2. We have 2/ — 2 functions in W jT (I) (the same number in W;FT(I )). Then, we must con-
struct two functions in every space. We denote by AJT(I) = VjT (D@ Vect{yji |1 <k < 2/ —2).
We see that, for 3 <k <2/ =3, 9414 ¢ AJT.(I), gi+10l0.+ 39j+1.1 € V]T([o, 1)if0¢T
and @jr11+20j412+9j4123 € VJ.T([O, 1]). We have the same treatment for ®j41,2+1 0,17 and
@jp1,20+1-1- We conclude that ¢ 1> and @12+ form a generating system of a supplement

of A]T(I) in Vﬁl (I). We have the same result for 4 < k <2/7! —4. Then, (p}'fH « € AjT (I and
we have

T
@511+ 90 i) oy T2 H O H T € AT D,
T
(¢7+1,—1 + ¢;+1,11) ’[0,1] + 205412+ 3¢j412 T 30712 € AT D,

and finally
* 1 * *T
9i+13~ 59412 € AT (D).

We conclude that ¢* 12 and ¢* form a generating system of a supplement of AjT )

j+1,2,2i+1-2

inV /*Il (). By using Gram—Schmidt orthogonalization, we obtain the following result.

Lemma 4.2. The spaces WJ.T (I) and W;ﬁT( I) have dual bases I/I(Tj‘ &) and 1//(*]%), de AJT, where
vl o =22yl (@I —ay, v, = 2f/21p[*j:,§] 2/ (x — d)) and:

o for3<2MHd <2 =3yl =y + ]

. A FOE+ D+ V0 +3) — 300 — ) =y (X) ifOeT,
Uoger] 7 | (o + ) + ¥+ ) + 100 = )1 o =8() f02T:

o e D F Y+ D+ sek =) =y(—x) if1eT,
=] | GeG+ D+ ¥+ 5) —0( = Do 1 =8(=x) if1¢T:

o for 3KV A <YM =3yl =il = v+ 3
b GV O+ D+ @+ D+ @+ It o =r @) fO0eT.
Uil | @Yot 1) = 8" (x4 5) 20" (4 DIy o =8 () FOET:
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o GV E+D+e* @ =D+ " @ =Ml y=v(-x)  ifleT,
1/f[] 1- 21+1] o Qy*(x + %) +2¢*(x + %) — 8¢*(x + %))|[—%,+oo[ =8"(—x) if1¢T.

We have (W:fdﬂW(Tj,dr)) =0g4.4'- Then, the projector Q]T is given by

or = (vl a 4.2)

deal
Proposition 4.1. Let jo > 2. Then, we have:

(i) the norms || fl2 and ||P]€f||2 + iz ||QJT-f||%)1/2 are equivalent on L*(I);
(i1) the norms || f| g1 and ||Pj€f||2 + (Zj>j0 47 QJT.fH%)l/2 are equivalent on HVT (I).

Proof. We recall that x* = [ x+°° Y*(u) du (see (3.32)). We denote:

+00 |
F*(x): / y*(u)du forx}—i
X
and

+00

A*(x):/&*(u)du forx > ——

X

Then, we have A* —%) =0and F*(—%) # 0. We obtain, for f € H'(I):

f N , _
(f|w(jd))_<d 2]/2 * ZJ(X—d)—{—z 2-J 1f3<2]+1d<2]+1_3’

oy _p(_L i (i (aie LY omi
<f|l/f(j‘ﬁ))— r( 2>f(0)2 +<dx2 re(2x—3 )7 ifoer,

afl,jn TR \ T .
<d 2//2 A (2/x 2)>2/ if0¢T;

(flwm_ )= —F(—%)f(l)Z‘j+<i—§2j/21’*(2j(1—x)—%)>2_j ifleT,
ij 2112 A% (2/’(1 x)—1>>2 I if1¢T.

If feHYI(I)={(feH'U)| flr =0}, then I —%)f(t), t € T, are equal to zero and we

obtain
_iar(df
i f=2 fQ,T»(E),
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where

Ofu= Y (fIxfol{a

T
deAj

We extend now the functions 8, y, §, &, 8*, y*, 6%, A* and I'* in HHS(R) or H¢(R) such that
these functions have integrals equal to zero and have compact support. Finally, and by using
Lemma 2.4, we obtain the norm equivalences. 0O

5. Multiresolution analyses on the cube

We shall use multiresolution analyses constructed on the previous section (on the interval)
to construct those on the cube Q = [0, 1]* = I"". Using Definition 2.3 and classical method in
wavelet theory, we define V;(I") as the space of continuous functions on I" such that their
restriction to every dyadic cube O k;.ka,....kn) = [2], k‘;jrl] X oo X [gj , k”+1 ] is a polynomial of
the form (ay + b1x1) X - -+ x (ap + bpx,). We have V;(I") =V;(I) ® V; (I) ®---®V;() and
a basis of V;(I") is given by the functions @ k; ks,....kn) = (@ k)1 @ (¢j,k2)|1 R ® ((pj)k2)|1
0<k < 21 ,0 < k, <27). We have the following result.

Proposition 5.1. Let jo > 2. Then, we have

() Vj(ln)CVj+1(I")CH1(I"), .
(i) Vj =0, VfeV;d"), | fllggm < C2/||f||Lz(1n), where C is a positive constant.
i) If fj € V;™), | Z 2o fillgigm SCQ_R _04f||f/||L2(1n Y2, where C is a positive con-
stant.
(iv) For f e H 2(I ), there exists a positive constant C such that:

Hf Z 22 jf( : ><p(]k2 ,,,,, k)
2
<c221'( Z ) (5.1)
2

i,j=1
Hf Z szf( : )w,kl ,,,,, k)

) (5.2)

The \J; V;(I") is dense in H'(I") and U;v;amn Hj (I")) is dense in H) (I").

32 f

0x;0x;

(% ]s

0x;0x;
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Proof. The points (i) and (ii) are immediate consequences of the definition of V; (1) and Propo-
.. . kn

sition 4.1. To prove (iii), we extend the function f; =) ...> 2~ fl(zz sy 2Pk k) DY

extending @ k;,..k,) D @)k, ® -+ @ @; x,. The obtained function f; satisfies

I Fill 2y < ClLF L2y

where C is a positive constant. Then, we have

0 N\ /2 o
2. <(24]> <Z4’||fj||%)‘/2-
0 2

L

To estimate || % Z 0 fi i ll2, we apply Lemma 2.4 to the function 8“7 ® --- ® ¢, and we have

3 dg )
= . . Q&
Bx ;‘fj ' < ) <3 Y j,kl ,,,,, kn

There exists a positive constant C such that

9 ki kn
‘a;fj 2<C<;;;‘f<2—12—]>

2

2>1/2

Thus

‘ 0

a;fj

_ 1/2

<C/<Z4’||fj||§> :
2 .
J

where C’ is a positive constant. Then Zj f] e H'(R") and Zj fje H'(I"). To prove (5.1)
and (5.2), we study first the case j = 0. The application f — If where If is the polynomial
(a1 + b1x1) X -+ X (an + byxy) equal to f on the points (¢1, ..., &), & € {0, 1}, is continuous
from H?(I") in H'(I"). Then f — If vanishes on affine polynomials and there exists a positive
constant such that

||f—]f||Hl(1n) Clnf||f—ao—a1x1 —anxn||H2(1n).
Thus
If =11l <’ ) )
B HI(IM) X 9y ’
Py 0x;0x; ||,
where C’ is a positive constant.
In the general case, we consider A g,..k) 1" = Q) (k,..ky)» giVen by (x1,...,x,) —

(k1+xl

> o Kt +x”) For ¢ =0 or 1, we have
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”f 2122:2 ’f( : >(/’(/k1k2)

= Z Z ”f - I O A(j kl """ k") © A(;}‘l ---- kn)) ||§'18(Qj’kl,.“,kn)

2

HS (RH)

ki ko
<2273 N S 0 Ak e my
ki ky
2
< C25727M Z > —(foA(,k, ,,,,, )
) L2(Im)
2
SCERTR ) >3 Zl a :
Mok le=2 8x L2} k1.

where C’, C” positive constants. Proposition 5.1 is then proved. O

We study now the spaces H'"Z(I") = {f € H'(I") | f|z = 0} where Z is a union of faces
of 31". We have H"2(1"y = H""'\(H) @ H' (1) ® --- @ H (1) (T;,i = 1,2,...,n, are
defined in Section 4) and then we define biorthogonal multiresolution analyses on /” by

z 1.Z _yT T Ty
VA" =Vv;(I") nHY (1) =V (D VP (D) ®---® V"I,
and

V;Z(ln) _ V;Tl (H® ijsz He - V;T” ).

The spaces V].Z (I") and Vj*Z (I") are in duality for the scalar product on /" and the projector
P/.Z from L2(I") into VI.Z(I") parallel to VJ?*Z(I”)l is given by

_ 11,1 .62 o . T €n
£

where € = (1, ..., &,) €10, 1}" | {(0, ...,0)} and 9/'5"0 =P/ and 0] = Q7.
To describe bases of ij am, v;Z am, W].Z (" =1Im Q]Z and W;‘Z (I") = (ker Q]Z)l, we
denote by Dl = D; x --- x Dj the set of dyadic points of 1", DjZ ={deDj|d¢Zz) A/Z =
. : i .
{d € DjJrl |d ¢ D]Z}. The dua;bases of VjZ arTld V;‘Z are given by ‘/’(Zj,(d.,...,dn)) = €0(]'l,d1) QR
(p(j’dn) and (pjf(dl .... 4y = (pzkj’ill) ®Q <p2kj,'(‘1n) for (dy,...,d,) € DlZ In the same way, dual

VA *Z : VA *Z VA
bases of Wj and Wj are given by Ilf(j’(dl,“”dn)) and ’\”(j,(dl ..... a) for (dy,...,d,) € Aj where
Z,(&1,--,n)
Vi = 1Gan © © N0 4, (5-23)

where ¢ = (e1,...,&,) € {0,1}" | {(0,...,0)} and n(()j,di) = go(T]’i’dz) if 2/d; € Z and n(lj)di) =

W(T; &) for other case. We have the same result for w(*jz( dr.dyy)- BY using again Lemma 2.4 and
classical wavelet theory, we obtain the following result.
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Proposition 5.2. Let jo > 2. Then, we have:

(i) the norms || fl2 and ||Pj%f||2 + (Zj>j0 ||Q/Z~f||%)l/2 are equivalent in L>(I");

(i1) the norms || f| g1 and ||Pj%f||2 + (Zj>jo 47 QJZ.fllﬁ)l/2 are equivalent in H“Z(I™).
6. Multiresolution analyses on a manifold

We recall that we denote a n-dimensional compact manifold by M and we assume that the
Dirichlet boundary dM is piecewise C!. In this section, we define and study the space Vi(M)
and we prove that this space allows to approximate the functions of H'(M) by simple functions.
Next, we construct on M biorthogonal wavelet bases which are generated by a finite number of
basic functions and adapted to the study of the Sobolev spaces H'!(M) and H(} (M).

We define V(M) as the space of j-splines on M. We denote by ¢; ,,, m € M; (see Defini-
tion 2.3), the function defined as follows: if m € Q;, @j mlo; = @2 @ (my) (Where @ik, k) =
Qik 1 ® - ®@@jr,lr)andif m ¢ Q;, ¢ mlo, =0. We can then describe a basis of V;(M).

Lemma 6.1. The functions ¢jm,m € Mj, form a basis of Vj(M). More precisely, we have
@jm(m’) =Sy for m,m" € M and, for f € Vi(M), f =3 cp; 277 f(m)@jm.

Proof. To prove that ¢; , € V;(M), it is enough to prove that ¢; ,, is continuous. The function
@j,mlo; is continuous for all 7, it is enough to prove

@jmlo)oinoe = @jmlo)Noing,-

If Qi N Q¢ =9, which is true. If Q; N Q¢ is a line segment, we obtain @jnlg, (M) =
@jmlo,(m)=27. Finally if Q; N Q¢ is a face of Q; and Q,, we discuss two cases:

* ifm ¢ Qi N Qg then (¢j,mlo)0ing, = (@)mlo)0ing, =05
* if me Q; N Qg then (¢ mlo;)0ing, © (blfl is a continuous function, affine on every dyadic
interval of ®@;(Q; N Qy), equal to 2/ on ®; (m) and 0 on other dyadic points.

We have the same result for (¢} x|0,)|0;:nQ, © @[1 . We conclude that
@jmlo)0in0, 0 Py = @jml o) g,ng,001 © Pi 0 Py

equal to (G;.m10,)0ing, © P; ', and then we have (¢} m10.)0in0, = (@jmlo,)ing;- For f €
V;(M), we consider the application

f=r=> 277 fm@jm.
mGMj

We have f e V(M) and f(m) =0 where m is a dyadic point. We conclude that f o @fl is

equal to zero on every n-cube Q .

ki ks fod ! and then f = 0. The Lemma 6.1 is proved. O

We can now establish the first result of this section. In fact, the spaces V; (M), j > 0, have the
following properties.



A. Jouini, M. Kratou / Journal of Functional Analysis 248 (2007) 128-151 145

Proposition 6.1.

(i) (V;j(M));j>o is an increasing sequence of subspaces of H'(M).
(i1) (Bernstein inequality) There exists a constant C > 0 such that

ViZ0.VfeViM), I flman <C2Nfl2m-

(i) If fj € V(M) and if Zj‘;04f||fj||§z(M) < 400 then j;’g fi € H' (M) and
12°520 Fill iy < CQ5204 ||fj||iz(M))l/2f0ra constant C > 0.
(iv) Ujz0V;(M) is dense in H' (M) and \ ;5(V;(M) N H} (M) is dense in Hg (M).

Proof. It is clear that V;(M) C V,;41(M) and V;(M) C H'(M) (because flo, € H'(Q;)
if f e V;j(M) and the continuity of f gives the accord of f|g, and f|p, on Q; N Q).
The Decomposition lemma and Proposition 5.1 give the Bernstein inequality and the inequal-
ity 126 fillaiony < COU 411 £19)2. In the same way, if f € H'(M) and for i =
I,...,N, flo; € H?(Q;), Proposition 5.1 proves that ZmeM’ f(m)2_j¢j,m has a limit f in
H'(M) when j — +00. Then, the proposition is proved. [

We introduce now the following spaces:
VE(Qi) = Vect{@jmlo, |me Qi m¢ Zi}), 1<i<N,

and the extension operators

Zi _ _
Eij:V(Qi)—> VM), @jmlo; — @jm-
j

EF:L*(Qi) — L*(M), f— f with flg, = f, and flm\ g; =0.

We remark that the application f — f o 451.—1 is an isomorphism from VJZi(Qi) onto

y iz )(Q) (multiresolution analyses defined in the previous section). We consider the bases
J

goz."g") and (pzﬁ ﬁ,gz" ) respectively of V;p"(z" )(Q) and ijk‘pi(zi)(Q), and the application on Q; de-

fined by g € L*(Q) — g o ®; € L*(Q;). We obtain a basis (pfi;fz)) odi,me Q;,m¢ Zi, of

VJ.Zi (Q;) and a basis <pfj¢$iz(;3)) o @; of the subspace V;Z" (Q;) of L>(Q;). We denote by

N
Vi) =@ EVE Q.
i=1
Then, we have the following result.

Lemma 6.2.

@) V;‘(M) C Vj?"H(M).
(i1) The spaces Vj‘ (M) and V(M) are in duality for the scalar product on M.
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(iii) The basis (¢im)mem; of V(M) and the dual basis (fp;m)meMj of V]-*(M) are given by

D (Z;
¢j,m=Ei,,(¢(J;(;l))oq>i) forme Q;, méZ, 6.1)
_ *®Pi(Z;) . *®D;(Z;) o
Gim=EF (0 a0 ®i) = D (EF(@ o m © Pil0sp)u¥hp
pEUZ<i QZ
forme Q;, meZ;. (6.2)

Proof. We have from the previous section V*d” 200y c V*¢ i(Z1) () then we obtain VM) C

Jrl(M) Itis clear that V; (M) = @l 1 Ei ](V qon) and then the functions ¢; ,, form a basis

of V;(M). The functions ¢¥ im constitute a basis of V*(M ) because the matrix of bases ¢ i m and

*®; (Z;) *®;(Z;) YL
El.*(<p(j’¢[_ (m)) © ®;) is superior triangular: <pj’m — El.*(<p(j,¢l_ (m)) © P)eP, E K J(ée) To prove

the biorthogonality, we see thatif m € Q;, m ¢ Z;, then ((p;f’m |©j,p) = 8p,m. Infact, we have three
possible cases for p € Q¢, p & Zy:
e if £>i thensuppgy} , CU,<; On and supp@;,p C |J,>¢ Qn and we have
(@5 m|07.p)as =0;
Cim|Piply =Y

e if ¢ < i then we have

(‘Pf,m|‘/)j,p> = <E (w?fafz(nf)) °© ‘Di)|¢jvp> - Z (E* (‘p*/¢¢(z(n1))) o q)i) |‘/’j»r>5r,p =0;
reUn<i Q"

e if £ =i then we have

SuPP{‘Pf,m - (sDZ‘f'}(Z(,,f» l)} c U On.

n<i
supp{@;.p — (‘/’(/ EDZ(),,)) ")}CUQ"’
n>i

and thus
£0/(2) 0i(Z) _
(07m|©).p)us / / P (m) P @; (p) 4X AY = S, p-

This completes the proof of Lemma 6.2. 0O

The preceding lemma allows that the projector P; from L*(M) into V(M) parallel to
VJ.*(M)L is given by

ij: Z <f|(p7,m>M(pj,m'

meM;
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We have Pjo Pjy1 = Pjy10Pj = Pjandthen Q; = P; 1 — P; is the projector from L%(M) into
W;(M)= Vi1 (M)N V*(M)L parallel to (W*(M))L =V, 0Ny, (M)1)L. The following
result describes bases of W;(M) and W*(M ).

Lemma 6.3. We have a basis (), m € M .1\M;, of W;(M) and a dual basis (\,,) of W;.‘ (M)
which are given for m € Q;, m ¢ Z; by

Ym = Ei,j+1(¢$fé>z,.’(3n>> ° q)i) - Z (Ei»j+1 (Wf;féz,-’&» o ®; |‘/’7,p))m‘/’j,pf

pEMj
w;; = E;’< (lﬂ?j(i;)(f;’;)) o @i) - Z <El* (lﬂ(*j%(ff,z)) o ®; ’wj,p))m(p;f,p
pEMj
- Z (Ez* (ﬁﬁ)ﬁ-@)) ° ‘pi) |w‘l)Mw;

q€Uq-; Qe.qeMj1—M;

Proof. It is clear that ¥, € W;(M) and ¥, € W*(M) Moreover, we have dim W;(M) =
card My — card M; = dim W*(M) (see Deﬁmtlon 2.3 of M;). We must prove now that
(Wil¥p) =8, pform, p e Mj+1 \M ;. We follow the technique used in the proof on Lemma 6.2.
We have form € Q;,m ¢ Z;:

i(Zi D,(Z; . .
o SUPD E; 11 (W oy 0 @) C Upsi Qe and (Ei i1 (U o) o ®i)lgt a0 s possi-
ble only if p € Q¢, p ¢ Z; for £ > i. Then, we obtain supp ¥, C U/Z}i Q.

. (El.*(l//f]%(ﬁl))) o @)lpjp)m # 0 is possible only if p € (J,<; Q¢ and then we obtain

supp ¥, C Ui Qe

We consider now v, with p € Q¢, p ¢ Z;. We have:

o If &>, (Y |¥p)m =0 because [supp ¥,; Nsuppy,| =0
o If ¢ < i, then

(W;;WP)M = (E;k(‘/f:j%(,%rz)) °© 4’!’) |¢p> - Z (Efk(‘p(*fé)(,%r'n))) ° ‘pi)Wq)sqm =0.
‘IEU;K,' Om

o If £ =i, then we have

supp{ Vs — VP (Zi) (j.0,(my © i} € | O,

n<i

& (Z))
Supp{lﬁp - w(] @;(m)) ° U On,

n>i

and thus

+0/(Z)  Bi(Z) _
(| wp) = //W(/awm)) (s (my) 4X AV = p-

The Lemma 6.3 is then proved. O
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Remark. There is few terms different from zero in series described in Lemma 6.3 when m is
near Z;. This proves that v, and v,% have compact support which can be controlled.

We shall describe now extensions which allow to construct multiresolution analyses on the
manifold from those constructed on the cube.

Lemma 6.4. The operators E;, defined on Lz(Qi) by

Eif= Y. (fle3,)ye2m+ > (£ 1V )y Vm

meMy,meQ;\ Z; me(JMj)\My.meQi\Z;
define a family of extensions in the sense of Definition 2.2.

Proof. We have supp f = Q;, then we obtain

(1) ={F 0 @7 |V aymy) form € Mjpi\ M;

and

3 (F1Y) ¥l o = QTP (Fod ") o @i,

meMj 1 \Mj,meQ;\Z;
Proposition 5.2 gives
1/2

||f||Lz<Q,.)%( 3 |(f|¢;1m>|2>1/2+< 3 }<f|w,”;,>|2) ,

meMa,meQi\Z; me(UMj)\Mp,me0i\Z;

||f||H1,z,~(Q,.)w( > |(f|¢§,m>’2)1/2+< > 4f\(f|w;>!2>

meMa,meQi\Z; me(UMj)\Mz,meQi\Z;

1/2

Then, we have:

(Ei )lg; = f because f o &' = (P + 152 07 ) (f o,

supp Ei f C Uy, Q0

E; f € L>(M) (This result is a consequence of Decomposition and Regular lemmas);

If fe H]’Zi(Q,-), Eife Hl(M) because the operators E; ;1 satisfy for f € V/.Zi(Qi) the
relation

NEi j+1f L2y < CUFNL2eanys

where C is a positive constant independent of j. Then, E; f = >Of i, where f; € V;(M) with
Z?iz 471 £i113 < oo, thus Proposition 6.1 gives E; f € H'(M).
This completes the proof of the lemma. O
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We establish now the main result of this paper.

Theorem 6.1. There exists a family of functions (wm)mersN M, such that:

(1) the functions (V) form an unconditional basis of LZ(M )y and H'(M). We denote by ¥
the application: f € L> = f = Zmergo w; Vi)V
(i) Ym € Vjum)y(M) where j(m) =inf{j | j >2,m € M;}.
(iii) supp¥m C {x € M | d(x,m) < C277"™} and d(supp f,m) = C27710 = y*(f) =0,
where C is a positive constant and d(x, y) is the distance between the points x and y of M.
(iv) There exists a constant C > 1 such that, for every sequence (A;,) € EZ(U M;), we have

1 1/2 1/2
E( > |Am|2) <H > ntm <c( > |Am|2> :

2
mel JM; melJM; L=(M) melJM;

In particular, the norms || f || .2y and (ZmeU M [y (HIPHY? are equivalent on L>(M).

(v) There exists a constant C' > 1 such that, for every sequence (A,;) € EZ(U M), we have

| . 12 . 1/2
(5, vet) <] 2 o], <0 ( 5 i)

1
mEUMj mGUMj H(M) mGUMj

In particular; the norms || fl g1y and (ZWGUM]- 4j(m)|¢7;,(f)|2)1/2 are equivalent on

H'\(M).
(vi) The functions Yy, m € M, form a basis of V;(M) (for j = 2).
(vii) The projector P; f=ZmeM/_ Y (f) Y is normalized by

Pif=> &u(jm:

mEMj

where the functions ¢; ;, and the linear forms <p7 m Satisfy

the ¢jm, m € M;, form a basis of V;(M) and ((p;’m |<Pj,m’>M =0m.m'» (6.3)
supp@j.m C {x € M |d(x,m)<C27/} and
d(supp f,m)>C27/ = ¢, (f)=0, (6.4)
there exists a constant C" > 1 such that, for every sequence (Ay,) € Z2(Mj), we have

| 1/2 1/2
C—( > |Am|2) <l DD Aw@jm <C”(Z |xm|2) : (6.5)

meM; melJM; 2 meM;

Proof. The properties (i)—(iii) are immediate consequences of lemmas described above. To prove
(iv) and (v), we denote by ¥, = @2, and ¥, = @5, for m € M>. We obtain the inequality
10 A ¥l 2an S C O [Am 12)1/2 by Decomposition and Vaguelette lemmas. To obtain the
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inverse inequality >, |(f|1p;‘1)M|2 < C|l fll2, we use extensions E;: fi = (f — > ,_; Eefo)lo;-
Then, we have

N
f=)"Eifi =) lfil
1
and

S HEA = S WEmwE .= Y v,

m meQi\Z; meQi\Z;
<Cllfill7g,):

where C is a positive constant.

In the same way, the inequality || Am¥mll g1 < CQ_, 470m 3, 1$1/2 is deduced from (iv)
and Proposition 6.1. The inverse inequality is obtained by using f = Zf’ Ejfi and || fll g1 pry =
SN 1 fill 1 g,)- Then, Theorem 6.1 is proved. O

Remark. We see that the functions v, and ¢; , are obtained from a finite number of basic
functions. We have the same result for v, and go;‘ m-

We have the same result for the functions which vanish on the boundary of M.

Theorem 6.2. There exists an unconditional basis (&m), m e UjeN Mj, m¢ oM, of L*(M)
and H(} (M) such that the applications 1/7,’; of the points (ii)—(vi) of Theorem 6.1 (by changing
in the point (v) H' (M) by H} (M) and in the point (vi) V;(M) by V;(M) N H}(M)). The pro-
jector Pjf = Zmeijm@M U (f)Um is normalized by P; f = ZmeMj’m@M @7y Where the
functions ¢ » satisfy the point (vii) of Theorem 6.1 (by changing V;(M) by V;(M) N HO1 (M)).

7. Conclusion

In this paper, we have constructed biorthogonal multiresolution analyses on a compact man-
ifold M of dimension n by using the decomposition method introduced by Z. Ciesielski and
T. Fiegel and extension and regular lemmas. The scaling functions and the associated wavelets
have compact support and are obtained from a finite number of basic functions. These bases are
easy to implement. Finally, these analyses are adapted to the study of the Sobolev spaces H'!(M)
and Hy (M).
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Abstract

We extend the definition, from the class of abelian groups to a general locally compact group G, of
Feichtinger’s remarkable Segal algebra So(G). In order to obtain functorial properties for non-abelian
groups, in particular a tensor product formula, we endow Sy(G) with an operator space structure. With this
structure So(G) is simultaneously an operator Segal algebra of the Fourier algebra A(G), and of the group
algebra L1(G). We show that this operator space structure is consistent with the major functorial properties:
(i) Sp(G) ® So(H) = S¢(G x H) completely isomorphically (operator projective tensor product), if H is
another locally compact group; (ii) the restriction map u — u|g : So(G) — So(H) is completely surjective,
if H is a closed subgroup; and (iii) Ty : So(G) — So(G/N) is completely surjective, where N is a normal
subgroup and tyu(sN) = fN u(sn)dn. We also show that Sg(G) is an invariant for G when it is treated
simultaneously as a pointwise algebra and a convolutive algebra.
© 2007 Elsevier Inc. All rights reserved.

Keywords: Fourier algebra; Segal algebra; Operator space

1. Introduction and notation
1.1. History

In [7], Feichtinger defined, for any abelian group G, a Segal algebra So(G) of L' (G). This
Segal algebra is the minimal Segal algebra in L!(G) which is closed under pointwise multipli-
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cation by characters and on which multiplication by any character is an isometry. It is proved
in [7], that the Fourier transform induces an isomorphism So(G) = So(é) where G is the dual
group. Thus, we also have that So(G) is a Segal algebra in the Fourier algebra A(G) (= L! (G)),
i.e. a dense ideal of A(G) which has a norm under which it is a Banach A(G)-module. In fact,
it is the minimal Segal algebra in A(G) which is translation invariant and on which translations
are isometries.

For a general, not necessarily abelian, locally compact group G, the Fourier algebra is de-
fined by Eymard [5]. There are hints in [6] of how to define So(G), as a Segal algebra in A(G).
We develop this fully. So(G) is also a Segal algebra in the classical sense, i.e. a Segal algebra
of L(G). We also develop, for general locally compact groups, the functorial properties which
Feichtinger proved for abelian groups [7, Theorem 7]. One of Feichtinger’s results is a tensor
product formula: if G and H are locally compact abelian groups, then there is a natural isomor-
phism So(G) ®Y So(H) = So(G x H) (projective tensor product). For non-abelian G and H
we cannot expect that A(G) ®” A(H) = A(G x H), in general, by [19]. The theory of opera-
tor spaces, and the associated operator tensor product, allows us to obtain a satisfactory result
from [3]: A(G) ® A(H) = A(G x H). Thus we are motivated to find a natural operator space
structure on So(G), for a general locally compact G, which allows us to recover a tensor prod-
uct formula. Analogous to the fact that So(G) does not have a fixed natural norm, but rather a
family of equivalent norms, we find that our operator space structure is determined only up to
complete isomorphism. In order to deal with our operator space structure, we find it more natural
to deal with certain “dual” type matrices T, (}) over an operator space V, as opposed to the usual
matrices M, ()), which forces us to summarise a coherent theory of these in Section 1.3.

To underscore the naturality of our operator space structure we examine the other two major
functorial properties, restriction to a closed subgroup and averaging over a closed normal sub-
group. We show that our operator space structure is natural in the sense that it gives complete
surjections, onto the Feichtinger algebra of the closed subgroup in the case of restriction, and
onto the Feichtinger algebra of the quotient group in the case of averaging. See Sections 3.2
and 3.4.

In Section 3.5 we discuss an isomorphism theorem, characterising So(G) as an invariant of G.
This makes no use of our operator space structure. As we note, our result is not even specific to
So(G), but can be applied to many spaces which are simultaneously Segal algebras in L' (G) and
in some regular Banach subalgebra A of functions on G, having Gelfand spectrum G.

The Segal algebra So(G) seems interesting in and of itself simply for its wealth of struc-
ture and functorial properties. However, in the abelian case, So(G) is a fundamental example
of Wiener amalgam spaces and of modulation spaces, which appear to be of tremendous use in
time—frequency analysis. See [8] and references therein. We hope our So(G), for non-abelian G,
may prove as inspirational and useful.

1.2. Harmonic analysis

Let G be a locally compact group with fixed left Haar measure m. We will denote integration
of a function f with respect to m variously by [, fdm or [ f(s)ds. For any 1 < p < 0o we
let L”(G) be the usual L?-space with respect to m. If s € G and f is a complex-valued function
on G we denote the group action of left translation of s on f by s % f(t) = f(s~'t) for ¢ in G.
For any appropriate pair of functions f, g we denote f * g = |, g f(s)sxgds.

The Fourier and Fourier—Stieltjes algebras, A(G) and B(G) were defined by Eymard in [5].
We recall that A(G) consists of functions on G of the form s — (A(s) f|g) = g * f (s), where
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A:G — B(L%(G)) is the left regular representation where A(s) f (z) = f (s~ '¢) for almost every
t in G. We note that A(G) has Gelfand spectrum G, given by evaluation. We also remark that we
have duality relations A(G)* = VN(G), where VN(G) is the von Neumann algebra generated
by A(G), and C*(G)* = B(G) where C*(G) is the universal C*-algebra of G.

1.3. Operator spaces

Our main reference for operator spaces is [4]. An operator space is a complex vector space V,
equipped with a sequence of norms, one on each space of n x n matrices over V, M,,(}V), which
satisfy Ruan’s axioms; we call this an operator space structure. An operator space is complete
if M1 (V) is complete, i.e. ¥V = M;()) is a Banach space. If WV is another operator space and T :
YV — W is a linear map we let TM M, (V) = M, (W) be the amplification given by T(")[vij] =
[Tv;;]. We say T is completely bounded if ||T ||cp = sup, ey T < oo. Moreover we say T
is a complete contraction/isometry/quotient map if each T is a contraction/isometry/quotient
map. The space of completely bounded linear maps from V to W is denoted CB(V, W).

We make note of some basic operator space constructions. If W is a closed subspace of an
operator space V, then W inherits the operator space structure from V. Moreover, the quo-
tient space V/WV obtains the quotient operator space structure via isometric identifications
M, (V/W) =M, (V)/M, (W), i.e.

H [vij + W] HM,,(V/W) = inf{ H [vij + wij]HM,,(V): [wij] € My (W)}'

If V and W are any two operator spaces, then the space CB(), W) obtains the standard operator
space structure (see [1]) where we identify, for each n, the matrix [S;;] in M,,(CB(V, W)) with
the operator v — [S;;v] in CB(V, M,,(W)). We will make extensive use of the operator projec-
tive tensor product, defined in [3]. If VV and W are two complete operator spaces, let V & W
denote their operator projective tensor product. The algebraic tensor product of VV and WV forms
a dense subspace of V ® W and we let V ® » W denote this algebraic tensor product, given the
operator space projective structure.

We note that for any operator space ) that every continuous linear functional is automatically
completely bounded, i.e. V* = CB(V, C), and thus is an operator space with the standard operator
space structure. For a locally compact group G, the space B(G) = C*(G)* is always endowed
with the standard operator space structure. A(G) obtains the same operator space structure as
a subspace of B(G) as it does as the predual of VN(G), i.e. a subspace of the dual. LY(G), as
the predual of a commutative von Neumann algebra naturally admits the maximal operator space
structure.

Let A be a Banach algebra, equipped with an operator space structure such that Mj(A4) = A
isometrically, and let V be a left A-module which is also an operator space. For a in A we let
mg:V — V be the module action map, M,v = a - v. Then V is called a completely bounded
Banach A-module under any of the following equivalent assumptions:

(1) {My: ae A} CcCB(V) and a > M, : A— CB(V) is completely bounded,
(ii) there is C > 0 such that for any pair of matrices [a;;] in M, (A) and [vy] in M,,,(V), we

have |[[a;jvki1lim,, v) < Clllaij1lim, 4 Ivkdlim, vy, and
(iii) the map A®,V — V, given on elementary tensors by a ® v — a - v is completely bounded.
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Similar definitions can be given with right and bimodules. We say V is a completely contractive
Banach A-module if the maps in (i) and (iii) above are complete contractions and in (ii) we can
set C = 1. We call A a completely bounded (contractive) Banach algebra, if it is a completely
bounded (contractive) module over itself. We note that A(G), B(G) and L!(G) are all completely
contractive Banach algebras with their standard operator space structures.

Operator Segal algebras were introduced in [9]. Let A be a completely contractive Banach
algebra. An operator Segal algebra in A is a dense left ideal SA, equipped with a complete
operator space structure such that:

(OSA1) SA is acompletely bounded Banach A-module, and
(OSA2) the injection SA < A is completely bounded.

We further call SA a contractive operator Segal algebra in A if the maps above are complete
contractions. However, by uniformly scaling the matricial norms of S.A with a fixed small enough
constant, we may make any operator Segal algebra a contractive one, and we will not insist on
doing so in the sequel. We note that SA itself is a completely bounded Banach algebra.

We finish this section by outlining an approach to operator spaces and completely bounded
maps which is dual to the traditional one. Let, for the remainder of the section, } and W be
complete operator spaces.

We let for any n in N, T,, denote the operator space of n x n matrices with the dual operator
space structure, i.e., T, = M* completely isometrically. We let T,,(V) = T, ® V, which we regard
as matrices. If S:V — W is a completely bounded map, then we let T, (S):T,(V) — T,(W)
denote the amplification, i.e. T,,(S) =idt, ® S. We also let T, denote the set of N x N matrices
which may be identified as trace class operators on £?(N), which we endow with the usual predual
operator space structure Ty, = B(£2(N)),. We define Too (V) analogously as above, and also the
operator T, (S), when it is defined. We note the following elementary, but important fact.

Proposition 1.1. If S: V — W is a linear map, then the following are equivalent:

(i) S is a complete contraction (respectively complete quotient map),
(i1) each T, (S) is a contraction (respectively quotient map), and
(1ii) Too(S) is defined and is a contraction (respectively quotient map).

Proof. (i) < (ii). This is [4, 4.18], in light of the identification [4, (7.1.90)]—which shows that
our definition of T, ()) coincides with theirs. If S is a complete quotient, then each T, (S) is a
quotient map by the projectivity property of the operator projective tensor product; see [4, 7.1.7].

(ii) < (iii) for contractions. We have for each n a completely isomorphic embedding T, —
T, given by identifying elements of T, with elements of T, whose non-zero entries are only
in the upper left n x n corner. Since T}, = B (¢2(N)) is an injective operator space, we obtain
completely isometric imbeddings T, (V) =T, ®V > Teo(V) = Too ® V; see the discussion [4,
p. 130]. As | ;2 Ty is dense in Tw, it follows that Tn (V) = (U5~ T, (V) is dense in Too (V).
Now we can define T, (S) : Tfin (V) — Trin (VW) in the obvious way—so Tn(S) = Too (S) T, (V)
when the latter makes sense. We have that

[ Tan ()] = sup | T (5) .
neN
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Thus if (ii) is assumed, then Tg,(S) is contractive, and thus T, (S) is defined and contractive.
Conversely, if (iii) is assumed than Tg,(S) is contractive, whence (ii).

(i1) < (iii) for quotient maps. Suppose that Too(S) is a quotient map. By [4, 10.1.4], we
have that Too (V)* = Mo (V*), where Moo (V*) is the space of N x N matrices with entries in V*
whose finite submatrices are uniformly bounded in norm. Thus Too (8)* = (5%)() : Mo (W*) —
Mo (V*) is an isometry. It follows that S* is a complete isometry, whence S is a complete quo-
tient map by [4,4.1.8]. O

We say that a linear operator S:V — W is a complete isomorphism if it is completely
bounded, bijective, and S~!:W — V is completely bounded too. We say that S:V — W
is a complete surjection if the induced map S:V/kerS — W, defined by Sq = S where
q:V — V/kerS is the quotient map, is a complete isomorphism.

Corollary 1.2.

(i) Suppose S in CB(V, W) is a bijection. Then S is a complete isomorphism if and only if
Too(S) : Too (V) = Too (W) is an isomorphism of Banach spaces.

(i1) Suppose S in CB(V, W) is surjective. Then S is a complete surjection if and only if
Too(S) : Too (V) = Too (W) is surjective.

Proof. (i) If S™' € CBOWV, V), then Too(S™1) = Too(S)™!. Conversely, if T = Too(S) ! is a
bounded operator, we have that for w in Tg, (V) that

Too(S)Tw =w = Too () Tin (S~ w

0 T'ltg,0v) = Tan(S™ )|Tnn(W) Thus Tgn(S~1) is bounded, whence so t00 is Too (S71).
(11) If S is surjective than S is bijective. From above, if S is a complete isomorphism, then
(S) is an isomorphism of Banach spaces. It follows that Too (S) = (S)Too(q) is surjective.
On the other hand, if T (S) = oQ(S)Too (g) is surjective then TOO(S) is surjecnve As it is
already injective, and bounded as T (g) is a quotient map, we obtain that Too(S) is a bounded
bijection, hence an isomorphism by the open mapping theorem. 0O

We have, by [4, 7.1.6] that T, ® W* = T,(W*) =M, W)* = (M,, ® W)x, where the duality
is given in tensor form by (t ® f,m ® w) = trace(tm) f (w), for t € T,, f € W*, m € M,, and
w € W. Thus, in matrix form, this dual paring becomes

(Lfifds Twigl) =D fij(wji)
ij=1

for [f;;] in T,(W*) and [w;;] in M,,(W). Thus the map [S;;] in CB(V, M, (WW)) has adjoint
[Si;1* in CB(T,(W?*), V*) given by

(LSi LA L o) = (Lf 1 [Sivl) = D fij(Sjiv) =Y S5 fij ()

ij=1 ij=1

for [fi;]1in T,(OV*) and v e V.
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Now if [S;;] € CB(V,M,,(W)), we have that [Sl?“j] € CBOW*, M,,(V*)), with ||[Si*j]||cb =
I[Si;1llcb, with proof similar to that of [4, 3.1.2]. Then [Si*j]* € CB(T,(V**), W**) and we let

[S5:1, =551 13, 1) € CB(TaO), W). (1.1

Thus if [v;;] € T,(V), we have obtain [Si*j]*[v,-j] =3
[Sl.*j], and hence

i j=1 Sjivij. We have adjoint [S};],* =

10875 ). Mo = 08750l eo = 10871 - (12)

This equation will be useful in the sequel when we determine that So(G) is an operator Segal
algebra in A(G).

1.4. Localisation

Let A be a semi-simple commutative Banach algebra with Gelfand spectrum X. Via the
Gelfand transform, we regard A4 as a subalgebra of Cy(X), the algebra of continuous functions
on X vanishing at infinity. We say that A is regular if for every pair (x, F), where x € X and F
is a closed subset of X with x ¢ F, we have that there is u in A such that u(x) = 1 and u|r = 0.
We note, below, that such an algebra admits local inverses.

Proposition 1.3. If A is a regular Banach algebra with Gelfand spectrum X, u € A, and K is a
compact subset of X on which u does not vanish, then there is u’' in A such that uu'|g = 1.

Proof. By [14, (39.12)], A|x = {u|g: u € A} is a regular Banach algebra with Gelfand spec-
trum K. Then we may apply analytic functional calculus [14, 39.14] to see that 1/(u|g) € A|g.
Find v in A such that v|x = 1/(ulg). O

Thus, we see that a regular Banach algebra A is a “standard function algebra on its spectrum,”
in the sense of Reiter [23,24]. Let Z be an ideal in A, which is not necessarily assumed to be
closed. We define the hull of Z to be the set h(Z) = {x € X: u(x) =0 for each u € Z}. We let
A. = {u € A: suppu is compact}. Thus we obtain the following localisation result, proved in
[23, 2.1.4] (or [24, 2.1.14]), which we restate here, without proof, for convenient reference.

Corollary 1.4. Let A be a regular Banach algebra and T be an ideal of A. If u € A, with
suppu Nh(Z) = @, then u € L. In particular, if h(Z) = &, then A, C T.

We say that an ideal Z of a regular Banach algebra .4 has compact support, if suppZ =
G \ h(Z) is compact in the spectrum X. The following result can be applied in more general
situations than we give, but is only required for A(G) where G is a locally compact group.

Corollary 1.5. Let 7 and J each be non-zero ideals having compact support in A(G) with
T C J.Thentherearet,...,t,inGanduy,...,u, inZ such that

n
Z(tl supv=v forallvinJ.

=1
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Proof. Let Q be any compact subset of suppZ having non-empty interior Q°. Find #1,...,1,
inG soJ/_,n0° DsuppJ. Then I’ =Y}, 1 * T is an ideal in A(G) for which supp.J C
(suppZ)°. By the regularity of A(G) and [14, (39.15)] (or see [5, (3.2)]), there is a function
u € A(G) such that u|gpp 7 = 1 and suppu C (J;—; Q. By Corollary 1.4, above, u € Z’, hence
u=7y_ t*xu asdesired. O

2. Construction of Feichtinger’s Segal algebra

Let G be a locally compact group. In this section, we reconstruct Feichtinger’s Segal algebra,
which was done explicitly for abelian G in [7] and [24, §6.2] and, implicitly for general G
in [6]. The construction we give below is superficially different than the one of Feichtinger, but
conceptually more useful to our task.

Let Z be a non-zero closed ideal in A(G) which has compact support, as defined in Section 1.4.
We let £ (G) be the usual £!-space, indexed over G, which will be identified with the closed
linear span of the Dirac measures {§;: s € G}. We provide £1(G) with the maximal operator
space structure. We define

qg7:£"(G)®T — A(G) by qﬂx@u):x*u:Zoess*u
seG

where x =) as8s and s % u(r) = u(s~'r) for t in G. We let

So(G) =rangr =€ (G) ® T/ kerqr.
We make Sp(G) into an operator space by giving it the quotient operator space structure. Let
us note the following description of So(G), which is exactly that of [7], whenn =1 and 7 =
Ak (G), where

Ak (G)={u € A(G): suppu C K}

for K a compact subset of G with non-empty interior. The matrices T,()), for an operator
space V, are described in Section 1.3 above.

Lemma 2.1. We have foranyn=1,2, ..., oo that
o0
Tx(So(G)) = :Z[sk * ul(f)] sk €G, [ ] € T, (Z) with Z I [} (k) ”T,,(A) < —i—oo}. 2.1
k=1

The norm on T, (So(G)) =T, (rangq7) is given by

1nf{ ; [,

i

o
o [uif) Z Sk *u as above ;.
k=1

Proof. First, let n = 1. We observe that there is an isometric identification £1(G) ® 7 =
NG)RY T, by virtue of the fact that £'(G) has maximal operator space structure; see [4, 8.2.4].
Now if t € £1(G) ®” T and ¢ > 0, we can write
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s 00
t= Z(des&s) & u(k), where Z(Z |0‘ks|> Hu(k) ”A < ”t”y +e.

k=1 “seG k=1 “seG

We see the sum can easily be rearranged in the form r =) _;68, ® Oyl ogsu®). (This
is essentially the proof that £!(G) ®” T is isometrically isomorphic to the Z-valued ¢!-space,
¢Y(G; T).) Thus we see that equations for # in So(G) can be arranged as suggested in (2.1), and
any such equation describes an element of So(G) = rangz. The formula for the norm follows
immediately from the fact that So(G) is a quotient of £! (G) ®” T.

Now if n > 1, we make identifications

T,.((' (G RI) =T, & (('(G)®T) =1 (G) & (T, ®T) =£'(G) ® Tu(D).
The proof then follows the n = 1 case, given above. 0O

We now state some of the remarkable properties of So(G).

Theorem 2.2.

(1) The space So(G) is a (contractive) operator Segal algebra in A(G).

(i1) So(G) is the smallest Segal algebra SA(G) in A(G) which is closed under left translations
and on which left translations are isometric, i.e. s x u € SA(G) for each s in G and u in
SA(G) with ||s x u|lsa = llullsa. Moreover, for each u € Sp(G), s +— s xu:G — So(G) is
continuous, and for each s in G, u +> s xu :So(G) — So(G) is a complete isometry.

(iii) For any closed ideals T, J of A(G), each having compact support, the operator space
structure on So(G) qua ranqz, or on So(G) qua ranq g, are completely isomorphic.

Proof. (i) As in the construction above, we fix a non-zero closed ideal in A(G) with compact
support.

We note that it is easy to see, using Lemma 2.1 above, and Proposition 1.1, that So(G) imbeds
completely contractively into A(G). Moreover, using the n = 1 case of the lemma, it is easy to
see that So(G) is a Banach A(G)-module. Unfortunately, it is somewhat involved to show that
So(G) is a completely contractive A(G)-module.

Let for v in A(G), M, :A(G) — A(G) be the multiplication map. Using (1.1) and (1.2), it
suffices to show that for any [v;;] € M, (A(G)) we have that

[M5,], €CBT,(S0(6)). $0(G)  with | [, ], |y < 101y o
By Proposition 1.1 it suffices to show for each m that

T ([M;].): T (Ta(S0(G))) = T (So(G))

v,-j
satisfies

[T (M5, 1)1 < | [UU]”M,,(A)' (2.2)

v j
We note that there is a natural identification

T (Tn (SO(G))) = Thm (SO(G))
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of which we take advantage. However, we will prefer, for computational convenience, to label
elements of this space by doubly indexed matrices [u;}, pq], where i, j =1,...,n and p,q =
1,...,m.

By Lemma 2.1, each element [u;; pq] of Ty, (So(G)) admits, for any & > 0, the form

[wijpgl = Y [sexul® = T(cm(Z&k@ ff)pq])

k=1 k=1

where 37,7, ||[“l] pq]”Tnm(A) (2t 11T (ran g ) + €. We see that

T ([M5] [wl”,q]—ZT . sk*uff)pq])

m
_Z|:Sk* Z s¢ ! vjiuij, pq:|

i,j=1

=T, (q;[)(Z&k ® [ Z (5! *vﬁ)uu,pq])

i,j=1
00
= Tm (CII) (Zésk ® Tm ([M:;I*v,-j]*)[u;?ﬂ)Pq]> .
k=1

Using Proposition 1.1, (1.2), and the fact that translation is a complete isometry on A(G), we
thus obtain

Sk

(k)
Ak *v,/] )[ui./apq] N
Tum (61 QL)

N

gk IIM8

T (M1, 1T ]

T (A)

H [sk’l * Uij] “M,,,(A) ” [uz(f,)pq] Toum (A)

(H (i, pg ]|

Tym (ran (II) + 8)

Thus, since ¢ is arbitrary, we obtain that

”Tm([ v,,] Mitij, pq)

and hence we obtain (2.2).

(i1) It is immediate from the construction of So(G) that it is closed under left translations.
We note that the action of G on Sp(G) is continuous, and is one of isometries, in fact complete
isometries. This follows by a straightforward application of Lemma 2.1 and Proposition 1.1.

Any Segal algebra SA(G) in A(G) is an ideal with empty hull, and thus, by Corollary 1.4,
necessarily contains A¢(G). Hence for any non-zero compactly supported ideal Z of A(G), we

SRS | L701 YN |77 | P
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obtain that Z C SA(G). Thus, if translations are pointwise continuous and isometric on SA(G),
we see by Lemma 2.1, in the case n = 1, that SA(G) D So(G).

(iii) It follows from (ii), above, that So(G) is independent if the choice of ideal Z. Let us
suppose that Z and J are two closed non-zero ideals of A(G) having compact supports. By
replacing Z by Z N J for an appropriate choice of s, if necessary, we may suppose Z C J. Then
the injection ¢ : £1(G) ® T — ¢! (G) ® J is a complete contraction. It is clear that q7ot=4qf,
so ¢ induces a completely contractive map 7 :rangz — ranq g, which is the identity map. Thus,
by Proposition 1.1, Too(7) : Too(rangz) — Too(rangy) is a contraction. Let us see that Too (7)
is surjective. Let u = Z?:] f; *u; be as in Corollary 1.5. We note that if [w;;] € Too(rang 7), has

form [w;; 1= po [sk * wl.(;.{)] as in (2.1), then we have

n

[wij] = i[sk * (uwl(]k))] = i Z[Sk * (tz * uzwg‘))]

k=1 k=1 I=1

= Too(q1) <Z DS ® w17 w,fjf))]) (23)

k=1 I=1

which is an element of T, (rang7). Hence Too (1) is surjective, and thus, by the open mapping
theorem, an isomorphism of Banach spaces. We then appeal to Corollary 1.2. O

Let us note that Theorem 2.2, above, holds under more general assumptions. Though the
assumptions we give below seem less natural, they are indispensable for actually working with
So(G). Let Z be a non-zero compactly supported ideal in A(G), which is not necessarily closed,
but comes equipped with an operator space structure by which it is a completely contractive
Banach A(G)-module, and the inclusion map Z < A(G) is completely bounded. We define
q7:(G) ® T — A(G), and its quotient space ran g7, with its quotient operator space structure,
as before.

Corollary 2.3. With T as above, ran g1 is an operator Segal algebra in A(G) which is completely
isomorphic with ranqz, where 1 is the closure of T in A(G). Hence ranqz = So(G), completely
isomorphically.

Proof. We first note that the proofs of Lemma 2.1, and then of (i) and (ii) of the theorem above,
can be applied verbatim; though we should note that the inclusion ran g7 < A(G) is completely
bounded, instead of completely contractive. Thus we see that ran g7 is an operator Segal algebra
in Sp(G) on which G acts continuously and isomorphically by translations. Hence rangz =
rangz. Moreover the proof of part (iii) can be applied up to seeing that Too (7) : Too (rangz) —
Too(rangz) is bounded. To see obtain surjectivity, we note for any u in Z that M,, : A(G) — T is
completely bounded, and then (2.3), where [w;;] € Too(rangz), has the form

[wij]= Too(q7) (Z ngktz ® TOO(]WW)[Z‘I_1 * wl(]k)])

k=1 I=1

where each Too (M,,)[1; ' 5?1 € Too(D). O
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We recall that a Segal algebra S!(G) in L!(G) is called symmetric if for any s in G and f in
S1(G) we have

s fllst =Nfllst =11f *slst

where f x s(t) = A(s)~! f (ts~1) for almost every ¢ in G. This is a necessary and sufficient
condition to make S!'(G) a two-sided ideal in L' (G). S'(G) is called pseudo-symmetric if the
anti-action s — f s is continuous on G for any fixed f in S'(G). We note that this is equivalent
to having the action of right translation

st>s-f, wheres- f(t) = f(ts) for almost every ¢ 2.4

continuous on G for any fixed f in S!(G). We also recall, by well-known technique (see [16,
pp. 26, 271, for example), that any Banach space V is an contractive essential left/right L' (G)-
module if and only if there is a continuous action/anti-action of G on V by linear isometries.
Furthermore, if V is an operator space, V is a completely contractive L' (G)-module, if and only
if the associated action of G on V is one by complete isometries.

It will be useful, below, to recall the Lebesgue—Fourier algebra

LA(G) = A(G)NLY(G) (2.5)

studied in [9,11,12]. This is simultaneously a Segal algebra in A(G) and in L! (G). In [9] it was
shown that LA(G) is also a contractive operator Segal algebra in either context.

Corollary 2.4.

(i) So(G) is a pseudo-symmetric operator Segal algebra in LY(G). It is symmetric only if G is
unimodular.
(1) Let I be a fixed ideal in A(G) satisfying the assumptions of Corollary 2.3. Let

g7 L' (G)®T — A(G)

be given, on elementary tensors, by q/I( f ®u) = f *xu. Then ran q/I, with its quotient oper-
ator space structure, is completely isomorphic to So(G).

Proof. (i) If Z is a closed compactly supported pointwise ideal in LA(G). Then Z imbeds com-
pletely contractively into L' (G), and is a completely contractive A(G)-module. Thus, it follows
Corollary 2.3 above, that rangz, with its quotient operator space structure, imbeds completely
contractively into LY(G). It then follows, part (ii) of Theorem 2.2, that So(G) is an operator Segal
algebra in L!(G); and the same proof of can be trivially adapted to see G acts continuously and
completely isometrically on So(G) by right translation. It is clear that s - u = A(s)u * s~ for all
u in So(G) and s in G, and hence So(G) is a symmetric Segal algebra in L'(G), if and only if G
is unimodular.

(ii) Let (ey) be the bounded approximate identity for LYG) given by normalised indicator
functions of relatively compact neighbourhoods of the identity, e. If [u;;] € Too(Z), then for s in
G we have that

[s % u;j]= lim [s x ey * u;j] € Too(rangy).
UN\e
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Thus we see from Lemma 2.1, that So(G) C ran q/z, completely boundedly. To obtain the con-
verse inclusion, we note, similarly as in the proof of Lemma 2.1, that

Too(LN(G) ®T) ZLN(G) & Too(Z) = L' (G) ®" Too(D).

Hence every element of ran g7 is of the form

o o
Y [fexu?] where >0 fillps [ 1 a) < +00- (2.6)
k=1 k=1

Now if [u;j] € Too(Z) and f € L'(G), then

[f *uijl= / F)Is *uij] € Too(So(G))
G

since the integral may be realised as a Bochner integral in To (So(G)), by the continuity of s —
[s *u;j]: G — Too(So(G)). Thus (2.6) shows that ran q’I C So(G), completely boundedly. O

The next result shows the only occasions for which we know that So(G) = LA(G), and we
conjecture these are all such occasions. For this result, we will consider So(G) as a Segal algebra
in A(G).

Corollary 2.5. If K is an open compact subgroup, with T a transversal for left cosets, then there
is a natural completely isomorphic algebra homomorphism

So(G) = ¢(T) & A(K)

where £1(T) has pointwise multiplication. In particular,

(i) So(G) = £Y(G), completely isomorphically, if G is discrete, and
(i) So(G) = A(G), completely isomorphically, if G is compact.

Proof. We first note that A(K) = Ak (G), completely isometrically. Second, for s,¢ in G,
s % Ag(G) = Ayx(G) and t * Ax(G) = A;x (G) are either identical or disjoint, depending
on whether. st € K or not. Thus we can see that qAK(G)ll'(T)®AK(G) ANT) & Ak (G) —
ranga . (G) is a complete isomorphism. Indeed, it follows from Lemma 2.1 that

Too (Gak @) |0 (1@ ) Too (€' (T) ® A(K)) = Too(S0(G))
is an bijection, hence an isomorphism. 0O

It is useful to observe the more general fact below.

Corollary 2.6. If H is an open subgroup of G, with T a transversal for left cosets, then there is
a natural completely isomorphic algebra homomorphism

So(G) = £(T) & So(H)

where (T has pointwise multiplication.
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Proof. Let 7 be a non-empty closed compactly supported ideal of A(G) and suppZ C H. Then
we may consider Z to be an ideal in A(H) = Ay (G), and we have that

0 =qzlp ezt (H) & T — So(H)
is a complete surjection. The bijection (¢, s) — ts:T x H — G induces an isomorphism
eNT) & e (H) =€1(T) @ £ (H) = (T x H) = £ (G).
Then we obtain the following commuting diagram:

~

U H)®T NG)RT
id®qg \L l(ll
n 8t Qui—t*u
¢N(T) ® So(H) So(G)

We obtain, as in the proof of the result above, that the bottom arrow represents a complete iso-
morphism. O

3. Functorial properties
3.1. Tensor products

Let us first note the primary motivation for desiring an operator space structure on So(G).
This is an analogue of a result from [3] which states that

AG)® A(H) 2 A(G x H)

completely isometrically, via the natural morphism which identifies # ® v with the function
(s, 1) = u(s)v(r). Alternatively we may view this as an analogue of the classical result that

L'(G)&L(H)=L"(G)®" L"(H)=L"(G x H)

where the projective and operator projective tensor products agree since L' (G) (or L' (H)) is a
maximal operator space.

Theorem 3.1. Let G and H be locally compact groups. Then there is a natural complete isomor-
phism So(G) ® So(H) = So(G x H).

Proof. By [15, (7.3) and (7.4)], there are almost connected open subgroups Go of G, and Hy
of H.LetZ and J be compactly supported ideals of A(Gg) and A(Hp), respectively.

The dual spaces A(Gg)* = VN(Gg) and A(Hp)* = VN(H)) are injective von Neumann alge-
bras and hence injective operator spaces; see [22, pp. 227-228], for example. Thus, by comments
in [4, p. 130], the inclusion maps induce a complete isometry I®J — A(Go)®A(Hp). Thus,
via the completely isometric injections

I&T < A(Go)®A(Hy) = A(Goy x Hy) — A(G x H)
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we may regard Z®J as a compactly supported closed ideal of A(G x H). Now we have a
completely isometric identification

J:("G)BT)& (("(H) & T) — NG x H)® (TS T).

Using finite sums of elementary tensors we see that g7 ® g7 = g1 7 © J. Hence ran(gz ®
q.7), with its quotient operator space structure, must be completely (isometrically) isomorphic
to ranqzg, 7, with its quotient operator space structure. By projectivity of the operator projective
tensor product, see [4, 7.1.7], we have that

ran(¢z ® q.7) = So(G) & So(H).
By Corollary 2.3 we have that rangzg 7 = So(G x H). O
If G and H are abelian, the following recovers one of the main results of Feichtinger [7].

Corollary 3.2. If either G or H admits an open abelian subgroup, then we have a natural iso-
morphism So(G) ®Y So(H) = So(G x H).

Proof. If either G or H is abelian, then the proof above can be followed almost verbatim, with
the projective tensor product ®” playing the role of the operator projective tensor product &.
The reason we require extra hypotheses here is that they are sufficient (and almost necessary) to
obtain that A(G) ®" A(H) = A(G x H), isomorphically, as proved in [19], for example. Thus
we obtain that Z ®" J can be realised as an ideal in A(G x H).

If G, say, has an open abelian subgroup A, with transversal for left cosets T, then by Corol-
lary 2.6 and the reasoning above, we obtain isomorphic identifications

So(G) ®” So(H) = €'(T) ®” So(A) ®” So(H)
= ¢'(T x {en}) ® So(A x H) = So(G x H)

where we obtain the last identification by realising 7 X {ey} as a transversal for the left cosets
of AXHinGxH. O

We note that if G and H are both compact, neither having an open abelian subgroup, then the
above result fails by Corollary 2.5(ii) and [19]. We conjecture that our operator space structure on
So(G) is the maximal operator space structure exactly when G admits an open abelian subgroup.
This would imply the result above. However, it is clear, only when G has a compact abelian
open subgroup, that our operator space structure on So(G) is the maximal one. Indeed if G
is abelian, then for an arbitrary closed ideal Z of A(G), i.e. of L! (é), it is not clear that the
subspace operator space structure is the maximal one, whence we have no means to deduce that
So(G) =M G)RT / kergz is a maximal operator space. For results on subspaces of maximal
operator spaces, see [21], for example.

3.2. Restriction

We recall from [13,26] that if H is a closed subgroup of G, then the restriction map u >
u|lg:A(G) — A(H) is a quotient map. In fact, it is a complete quotient map since its adjoint
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map is an injective *-homomorphism from VN(H) onto the von Neumann algebra generated by
{L(s): s € H} in VN(G).

The following result is due to Feichtinger [7], in the abelian case. However, most of his tech-
niques rely on commutativity of G, and cannot be adapted to show the general case, even with
no considerations for the operator space structure.

Theorem 3.3. If H is a closed subgroup in G, then the restriction map
urulg:So(G) — So(H)
is completely surjective.

Proof. First we must verify that if u € So(G), then u|y € So(H). Let T be a transversal for the
right cosets of H. The bijection (¢, s) > st: T x H — G induces an isomorphism

T & N(H) =0M(T) @ ¢ (H) = ¢N(T x H) = ¢'(G).
Now let Z = Ak (G), where K is a compact neighbourhood of the identity in G. If t € T, then
(tK)ﬂHCs,(KflKﬂH), for some s, in H. 3.1

Indeed, if ¢ K) N H # &, thenthereisk € K sotk € H,sot € Hk~ ' c HK~!, and thus there is
s;in H sor € s;K~!, whence tk € s; K1 K. Now, as in the proof of Lemma 2.1, any u in So(G)
can be written in the form

u:ZZs*t*us,, where ZZ””””A<+OO

teT seH teT seH

and each ug; € Ax (G). We then have that for each ¢ in T, using (3.1), that

Z(s*t*uﬂ)lyz ZS*Sz*((Sfl *t*”51)|H)

seH seH

where, (s, st % ug) | € K= Ag—1 gy (H) and || (s, st scuge) |l a < llitge |- It then follows
that u|z, being a ||-||ran ¢ -sSummable series of elements from So(H), is itself in So(H).

Now let us see that restriction is completely surjective. Let Z be as above so that (suppZ)° N
H # &. Note that 7| i, with the operator space structure given by its being a quotient of 7 via the
restriction map, is a completely contractive A(H )-module. Indeed, this follows from the fact that
A(H) is a complete quotient of A(G). Since Y(H)isa (completely) complemented subspace of
21(G), we have that £'(H) ® T is a closed subspace of 21(G) & Z. We have that the following
diagram commutes:

1 N Too (id®(ur>ulp)) | A
Too (£ (H) ®T) Too (¢ (H) ® L H)

\LToo(qIH)
[uijl—>[uijl 0]

Too (So(G)) Too(So(H))

Too @z 11,67) l
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where g7 |y is a complete surjection by Corollary 2.3, so T (g7 |H) is a surjection by Corol-
lary 1.2. Thus the restriction map u — u|g : So(G) — So(H) is completely surjective. O

3.3. Multipliers on L2(G) ®" L*(G)

The aim of this section is to develop some techniques for use in the next section on the aver-
aging operation. Let

T(G) =L2(G) ® L*(G)

where L2(G) denotes the conjugate space of L2(G). We recall that T(G)* = B(L?(G)) via the
dual pairing ( f®g,T)=(Tg|f). Thus T(G) is an operator space with the predual operator
space structure.

We may regard T(G) as a space of equivalence classes of functions on G x G: if w =
payal) fr ® gk, where { filge, and {gr}72, are each summable sequences from L%(G), then
w(s,t) = Z,fil fi(s)gi (¢) for almost every s and almost every 7 in G. A functionw:G x G — C
is called a multiplier of T(G) if for every w in T(G), myw, defined for almost every s and al-
most every 7 in G by myw(s,t) = w(s, t)w(s, t), determines an element of T(G). We let MT(G)
denote the space of all multipliers w such that m,, : T(G) — T(G) is a bounded map. We sum-
marise below, some results from [25]. We note that there are some trivial differences between our
notations used here, and those in [25]; the result is stated below to be consistent with our present
notation. For a different perspective, we also refer the reader to [20].

Theorem 3.4.

(i) [25, Theorem 3.3] For each w in MT(G), my, : T(G) — T(G) is a completely bounded
map with |myllcBrG)) = ImwllBr@G))- Thus the space MT(G) = {my,: w € MT(G)} is
a closed subalgebra of CB(T(G)), and hence a completely contractive Banach algebra.

(ii) [25, Corollary 4.3 and Theorem 5.3] If u € B(G), the map yu:G x G — C, given by
yu(s,t) = u(st™V), is an element of MT(G). Moreover, y : B(G) — MT(G) is a completely
contractive homomorphism.

We let Pg :T(G) — A(G) be given by
Po(f®8)=(r()glf)=F*g (3:2)
where g(s) = g(s’l) for almost every s. The adjoint map, Pé :VN(G) = B(L2(G)), is the

inclusion map, hence a complete isometry, whence Pg is a complete contraction. We note for w
in T(G) that

PGa)(s)zfa)(t,s_lt)dt

G

for each s in g. Thus if u € B(G), then

PG (my,w)(s) = / u(t(s_lt)_l)a)(t, s_lt) dt = u(s)Pgw(s).

G
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We now introduce a class of ideals in A(G) which will prove useful. Let K be a compact

subset of G of positive measure. Let T(K) = L2(K) ®Y L2(K), where we regard L%(K) as a
subspace of L(G) in the natural way. We define

M(K) = Pg(T(K))

and endow M (K) with the quotient operator space structure so it is completely isometrically
isomorphic with T(K)/ker(Pg|r(k)). Clearly, M(K) C A(G), and has as a dense subspace
span{f x g: f,g € L*(K)}.

Proposition 3.5. The space M(K) is a completely contractive B(G)-module. Thus it is an ideal
in A(G) with supp M(K) C KK, and equipped with an operator space structure by which it
is a completely contractive A(G)-module.

We remark that there is no reason to suspect that M(K) is a closed ideal in A(G) for a general
compact set K.

Proof. Since L*(K) is a complemented subspace of L%(G), T(K) identifies isometrically as a
closed subspace of T(G). As such, T(K) is a MT(G)-submodule of T(G). Also, for u in B(G)
and w in T(K) we have u Pgw = Pg(my,w), so M(K) is a B(G)-module. We thus have that
the following diagram commutes:

y®id “ WRWH> My
B(G) @ T(K) ———— MT(G) & T(K) T(K)
id® PG 1K) l Pgltk)
B(G) ®x M(K) e M(K)

Since id® Pg (k) is a complete quotient map, and the maps y ®id, w ® w = my,w and Pg|1(k)
are complete contractions, u ® v — uv must be a complete contraction too.

Thus it is clear that M (K) is an ideal in A(G) and a completely contractive A(G)-module. It
is straightforward to verify that supp M(K) c K~'K. O

Let us note that we may obtain a weak version of a “tensor product factorisation” result of [7].
Let K be a compact subset of G of non-empty interior, and define g% : ¢! (G) ®” L>(K) — L*(G)
by q%( (8s @ f) =5 f. Let W2(G) =ran q%( and norm it as the quotient space. It is straight-
forward to verify that for any other compact set K’, having non-empty interior, that ran q%(, =
ran q[2<, and that the quotient norms are equivalent. Let Pé ‘W2(G) ®" W2(G) — A(G) be given
by P, (f ® g) = f * &. It can be checked, similarly as in the proof of the corollary above, that
ran P(;, with its quotient norm, is a Segal algebra in A(G) on which G acts isometrically by left
translations. Also, ran Pé; C So(G), and thus, by Theorem 2.2(ii), we obtain ran P, = So(G).

However, unlike in the commutative case, we do not have that either of the maps from
So(G) ® So(G) to Sp(G), given on elementary tensors by u @ v > u * v or u @ v > u * U,
are surjective. Indeed, this fails for compact groups which do not admit an abelian subgroup of
finite index, a fact which follows from [17, Proposition 2.5], in light of Corollary 2.5 and the fact
that v — 0 is an isometry on A(G). It would be interesting to know when either of the afore-
mentioned maps, extended to So(G) ® So(G), surjects onto So(G). This fails in general. Recent
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work of the author, with B.E. Forrest and E. Samei [10], has shown that if G is compact, and
hence So(G) = A(G), then each such map is surjective only when G admits an abelian subgroup
of finite index.

3.4. Averaging over a normal subgroup

Let N be a closed normal subgroup of G and 7y : L'(G) — L'(G/N) be given for f in
L!(G) and almost every sN € G/N, accepting a mild abuse of notation, by

n(f)(sN) = / f(sn)dn.
N
This operator is a complete quotient map as observed in [9]. It was shown in [7], for an abelian G,
that Ty (So(G)) = So(G/N). We obtain a generalisation of that result.

Theorem 3.6. We have for any locally compact group G with closed normal subgroup N that
N (So(G)) =So(G/N), and T :So(G) — So(G/N) is a complete surjection.

Proof. We divide the proof into three stages.
@ tyn(M(K)) C A(G/N) and Ty : M(K) — A(G/N) is completely bounded.
Let us first show that 7y (L2(K)) C L2(G/N) and that Ty : L*(K) — L*(G/N) is bounded.

Let ¢ : G — C be a continuous function of compact support such that ¢|x = 1. Then for any f
in L2(K) we have, using Holder’s inequality and the Weyl integral formula, that

2
dsN

I (D26 /n) = f ‘ / @(sn) f (sn) dn

G/N N

< f /|<p(sn’)|2dn’/|f(sn)|2dndsN
N

G/N N

seG

2
<suprN(|go|2)<sN>/|f(s)| ds.
G
We note that sup, s v (|@l?)(sN) < oo since Ty (|¢|?) is itself continuous and of compact sup-
port on G/N, as can be checked using the uniform continuity of |¢|>. Thus

Itn B2 k). L26/n)) < Sug v (lel?) (sN)V2.
NS

It is shown in [18, p. 187] that for any compactly supported f € L!(G)
w(f)= [AG/NTN(Ava)]V~

Now let Oy : L>(K) — L2(G/N) be given by
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On(f) = Ag/nTn(AG f).

Then we have that 6y is bounded with
1

10w 302050126/ < SUp Ac/n (SN T a2 a0y 1260 SUP
BU2(K).L2(G/N) S SUP A/ BUAK).LAGIND P2 AG (1)

Now if f, g € L2(K), then

w(fx@ =tw(f) xn (@) = (f) * [On ()] € A(G/N).

Hence it follows that Ty (M(K)) C A(G/N).

We now wish to establish that Ty : M(K) — A(G/N) is completely bounded. As in [4, Sec-
tion 3.4], we assign L2(K) the row space operator space structure, denoted L2(K); and L?(K)
the column operator space structure space, denoted L?(K).. Then we have a completely isomet-
ric equality

T(G) =L*(K); ® L*(K ).
by [4, 9.3.2 and 9.3.4]. Then, by [4, 3.4.1 and 7.1.3], we have that
v ® Oy :L2(K); ® L*(K)e — L2(G/N); ® L*(G/N),

is completely bounded, thus is a completely bounded map on T(K). Hence we see that the
following diagram commutes:

TN®ON

T(K) — "~ T(G/N)

PG 1K) \L i PG/N
™

M(K) A(G/N)

where Pg is defined in (3.2), and Pg,n is defined analogously. Since Pglr(k) is a complete
quotient, and 7y ® 6y and Pg,y are completely bounded, Ty : M(K) — A(G/N) must be
completely bounded too.

D) wn (M(K)), with its quotient operator space structure, i.e. naturally identified with the quo-
tient space M(K)/ker(ty|m(k)), is a completely contractive A(G /N )-module.

Let 7y : G — G/ N denote the quotient map. By [5, (2.26)] the function u > u o 7y defines a
complete isometry from B(G/N) to B(G : N), the closed subspace of B(G) of functions which
are constant on cosets of N. Now if u € B(G/N) and v € M(K), then for any s in G we have

u(sN)ty(u)(sN) = / uomny(sn)v(sn)dn =1ty onyv)(sN).
N

Hence uty (v) = t(u o myv) € T (M(K)), by Proposition 3.5.
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We now establish that Ty (M(K)) is a completely contractive B(G/N)-module, hence a
completely contractive A(G/N)-module. Letting ¢:B(G : N) — B(G/N) be the inverse of
u — u oy, we obtain the following commuting diagram:

URQU—>uv

B(G:N) @ M(K) M(K)
TN IM(K) l J/fNIM(k)
B(G/N) ® ty(M(K)) kinild A(G/N)

Since ¢ ® Ty | M (k) is a complete contraction, and # ® v — uv and Ty| A (k) are complete con-
tractions, we obtain that # ® v — v is thus a complete contraction too.

(ID) The finale.

We recall from Corollary 2.4(ii), that the map 'y, :LY(G) & M(K) — So(G), given on
elementary tensors by q}\/l( ) f ®u = f*u is a complete surjection. Similarly, appealing also to
(I) above, we have that q;N(M(K)) :LI(G/N)®1'N (M(K)) = So(G/N) is a complete surjec-
tion. It is then clear that the following diagram commutes:

LY(G) & M(K) YEN LGN &ty (M(K))
D) l lqéwu\/t(x))
S0(G) i LY(G/N)

In particular ty(So(G)) C ranq;N(M(K)) = So(G/N). Moreover, since q}\/((K) and 7§y ® Ty,
as above, and q;N(M(K)) :LY(G/N) & ty(M(K)) = So(G/N) are complete surjections, then
™7 :S0(G) — Sp(G/N) is completely bounded. Amplifying the diagram by T, and appealing
to Corollary 1.2, as in the end of the proof of Theorem 3.3, we see that 7y : So(G) — So(G/N)
is completely surjective. O

We remark that it follows from the above theorem that T (Ac(G)) C Ac(G/N). We note that
it was proved in [9] that Ty (LA(G)) = L! (G/N). We also note that it was shown by Lohoué
[18] that iy : Ak (G) — A(G/N) is a bounded map, with bound depending on K. This fact can
be deduced from our result, but Lohoué’s proof is much simpler, though it is not obvious how to
adapt his proof to show that 7y € CB(Ag(G), A(G/N)).

3.5. An isomorphism theorem

Let G and H be locally compact groups. Wendel [28] proved that there is an isometric isomor-
phism between the convolution algebras LY(G)and L!(H) ifand only if G and H are isomorphic
topological groups [28]. Also, Walter [27] proved that A(G) and A(H) are isometrically isomor-
phic if and only if G and H are isomorphic topological groups. Since we lack fixed norms on
our algebras So(G) and So(H), it is not reasonable to expect and “isometric isomorphism” the-
orem, in the spirit of Wendel’s and Walter’s theorems. In fact, if G and H are both discrete
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groups having the same cardinality, then Corollary 2.5 tells us there is a multiplicative isomor-
phism identifying So(G) = So(H). Similarly, if G and H are finite abelian groups, then there is
a convolutive isomorphism identifying So(G) = So(H). To obtain a satisfactory result, we must
simultaneously exploit the facts So(G) and So(H) are pointwise and convolutive algebras.

Theorem 3.7. Let G and H be locally compact groups and @ :So(G) — So(H) be a bounded
linear bijection which satisfies

D (uv) =dudv and P u*xv)=>ux*xPv
for every u, v in So(G). There is a homeomorphic isomorphism o : G — H such that
Pu=uou«

for each u in So(G).

Proof. We recall that A(G) has Gelfand spectrum G, implemented by evaluation functionals.
Since So(G) is a Segal algebra in A(G), it follows from [2, Theorem 2.1] that So(G) has Gelfand
spectrum G too. The same holds for So(H). Thus we may define «: H — G by letting for &
in H, a(h) be the element of G which satisfies u (o (h)) = @u(h) for each u € So(G). Then « is
continuous. Indeed, if not, we may find a net 4; — & in H and a neighbourhood U of « (%), such
that «(h;) ¢ U for each i. Using regularity we may find u in So(G) such that u(«(h)) =1 and
suppu C U. But then we would obtain

lim ®u(h;) = limu(a(h;)) = 0% 1 = u(a(h)) = du(h)

which contradicts that @u is continuous, in particular that @u € So(H). We may similarly obtain
a continuous map B:G — H satisfying v(B(s)) = @ v(s) forall s € G and v in So(H). We
clearly have that 8 =« ', hence « is a homeomorphism.

It remains to see that « is a group homomorphism. Let U be a compact neighbourhood basis
of the identity e in G. For each U in U find uy in So(G) such that

suppuy C U and / |uU(s)|ds =1.
G
Then (uy) is a bounded approximate identity for L' (G), hence a convolutive approximate unit
for So(G). Since @ is a surjective convolutive homomorphism, (@u ;) is a convolutive approxi-

mate identity for So(H). Let i1, hy in H and suppose that a(h)a(hs) * a(hl_lhz). We could
then find v € So(G) such that

v(a(h)'a(hz))=1 and v(s)=0 foralls inaneighbourhood ofa(hflhz).
Then we would have that
v(ath) ™ ah) =alhn) «v(ath) =limath) «up * v(ah)

zlilr/nd)(a(hl) XUy * v)(hz)
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- 1%rl¢(a(h1) «uy) % ®v(hy)
= hlljn/ uU(a(hl)fla(r))v(a(rflhz)) dr
H

=0
where we obtain the last equality from the fact that
supp(a(hy) *u) oa C {r € H: ath) la(r) € U} =a Ha(h)U)

and the supposition that v(« (r~'hy)) =0 for all r in e~ Y(a(h))U), for a suitably small choice
of U. This contradicts that v(a(h;)"'a(h2)) = 1, whence such a v cannot be chosen, and we
thus conclude that a (k) a(hy) = a(hl_lhz). Substituting ey = h1, we see that a(ey) = eg

and then, substituting ey for Ay, we obtain that a(hfl) =a(hy)~! foreach iy in H. Thus « is a
group homomorphism. 0O

Our theorem above is not special to the class of algebras So(G). In fact it can be applied to any
class of regular Banach algebras with spectrum G, each of which is a Segal algebra of L!(G).
Examples of such are LA(G) from (2.5) and the Wiener algebra Wo(G) as defined in [6].
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1. Introduction

Consider a bounded open interval on the real line, say, (0, 1). Let L? = L*(0,1). Denote
by HO1 = HO1 0,1) and H? = Hg(O, 1) the Sobolev spaces of order one and two satisfying the
homogeneous boundary conditions. Denote by H k¥ the dual space of H(’)‘ . (+,-) will denote the

L2-inner product and (-,-) denotes the dual pairing. The norms on L2, Hé‘ and H, k will be
denoted respectively by || - ||, || - |lx and || - ||—x. Consider the linear operator

Au :aafu - yafu,
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and the nonlinear operator

1

B(u) = ,3(/ |axu|2dx)a§u.

0

The mathematical model for the nonlinear penal vibration is governed by the following partial
differential equation:

1
Ou; = <a +B / |ayut|2dy> O2ur — vy fu, + F iy, up),
0

u; (0) =u,(1)=0, Oxur (0) = dyu; (1) =0,
uo(x) = ¢o(x), drup(x) = ¢1(x), (D

where i, denotes the derivative of u with respect to the variable . A detailed study of the model
can be found in the book by Dowell [14]. The equation was also proposed by Woinowsky-Krieger
in [22] as a model for the transversal deflection of an extensible beam of natural length 1. An
equation in two space variables similar to (1) was suggested in [10] as a model of nonlinear
oscillations of a plate in a supersonic flow of gas. It has also been studied by many other people,
see [2,4,15,16] and references therein.

Let W;,t > 0, be a Wiener process taking values in a Hilbert space. Without loss of generality,
we may assume that W, is /2-valued Wiener process which admits the following representation:

o
W= Mpfex.

k=1

where Ag, k > 1, is a sequence of non-negative numbers such that Z,fil A,% < 00, ,3,", k>1,isa
sequence of independent standard Brownian motions and {ex, k > 1} is the canonical orthonor-
mal basis of /2.

Taking into account the random fluctuations, Chow and Menaldi [9] considered the stochastic
nonlinear partial differential equation for vibration of elastic panels:

1
O ut = <Ol + ﬂ/‘i)yuﬂzdy> Ouf — ydjul +eo (uf )W, + F(if, uf),
0
w0y =uf(1)=0,  8,us(0)=2a,ué(1)=0,
ub(x) =do(x) € HY,  dub(x) =¢d1(x) € L?, 2)

where for every u € H02, o (u) stands for a map from [? into HO2 which will be specified later, and
F(-,-) denotes a map from L? x Hg into L2, It is proved in [9] that under reasonable conditions
on o, (2) has a unique solution with the property:

u® € C([0,T]; Hy) and if € C([0,T]; L?).
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A general formulation of the equation in an abstract Hilbert space was later studied by Brzezniak,
Maslowski and Seidler [4], where existence, uniqueness and asymptotic stability of the solution
were discussed.

The aim of this paper is to establish a large deviation principle (LDP) for the vector process
vf = (uf, itf) on the product space C([0, T; H3) x C([0, T]; L?) as & — 0.

The large deviation problem for stochastic partial differential equations (SPDEs) has been
studied by many people, but mainly for stochastic parabolic equations. For example, an LDP
for stochastic reaction equations with nonlinear reaction term was established by Cerrai and
Rockner [6]. An LDP for stochastic Burgers’-type SPDEs was considered by Cardon-Weber [5].
A uniform LDP for parabolic SPDEs was proved by Chenal and Millet [7]. In [19], Rovira and
Sanz-Sole proved an LDP for a class of nonlinear hyperbolic SPDEs. An LDP was obtained by
Chow [8] for some parabolic SPDEs. An LDP for stochastic reaction equations was established
by Sowers [20]. A small time large deviation principle for stochastic parabolic equations was
obtained by the author [23]. For the general theory of large deviations, readers are referred to the
monograph [12]. For SPDEs in general, we refer readers to [18].

Because of the different nature of nonlinearity for different types of equations, the large de-
viations for SPDEs has to be dealt with on individual bases. There are two main issues which
distinguish the current work from the previous ones. The first is the cubic nonlinear term B(u)
in Eq. (2) and the second is the second-order differentiation in ¢ (not like the parabolic cases).
Note that even the existence and uniqueness of the solution of this kind of equation was newly
established. Although the second-order (in #) Eq. (2) can also be written as a system of parabolic
equations as it was done in [4], but by doing so the operator (differential) becomes degenerate.
The properties of the corresponding semigroups are therefore not good enough for the large devi-
ation estimates, not like the parabolic cases in the existing literature. To tackle the first issue, our
idea is to prove that the probability that the energy of the solution is big is exponentially small.
To this end, a remarkable result of Davis [11], Barlow and Yor in [3] on the moment estimates
of martingales plays a key role. To treat the second-order differentiation in ¢, we fully exploit the
energy equality proved by Chow, Menaldi [9] and Pardoux [17], and establish some exponential
integrability of Hilbert space-valued martingales. To achieve this, some exponential martingales
are specially constructed.

The rest of the paper is organized as follows. In Section 2, the precise result is stated. In
Section 3, the skeleton equation is studied. It is proved that the solution is a continuous map
from the level set into the space C ([0, T']; H02) x C([0, T1; L?). Section 4 is devoted to the proof
of the large deviation principle. The long proof is split into several lemmas for clarity.

We end this introduction with a remark.

Remark 1.1. The main result in this paper is stated in the setting of one space dimension. This
is just for simplicity. Our approach works equally well in high space dimensions and also in the

general setting formulated in [4].

Throughout the paper, the generic constants may be different from line to line. If it is essential,
the dependence of a constant on the parameters will be written explicitly.

2. Statement of the main result

We now state the precise conditions on o. Let ox(-),k > 1, be a sequence of mappings
from Hg into H(% and F(-,-) a mapping from L? x HO2 into L. Introduce
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(A.1) ltrace o (w)|” = > 23 o) |5 < (1 + ul)3).
k=1
(A2) Z ||ak (n) ||2 is bounded on bounded subsets of Hg .
k=1
(A3) |trace(o ) — o ) |* = > 230w @) — ox W) |* < e(llu - v]?).
k=1
(A4) | Fv,u)| < (1 + Ioll + lulla).
(A.5) |F(ui,u1) = Fua, u) || < c(llvi = vall + luy — uzll2).

Throughout this paper, we assume (A.1)—(A.5) are in place. The time interval we consider is fixed
as [0, T]. We notice that the Cameron—Martin space H corresponding to the Wiener process W;
is given by

o o0 T
H=1h =) hjes: Z/(ﬁf)zds <oo}.
k=1 k:lo

For h € H, let u? denote the solution of the following deterministic PDE, the so called skele-
ton equation:

o0
di} = Auy dt + B(uf)dt + " aeoy (uf)hf dt, +F (if', u}) dt,
k=1
ulh = ¢o € Hg, ih=¢ e L’ (3)

For hy =Y 72, Achfer € H € C(10, T1;1%), define

I(h)=

N =

i /T () dr.

k=1

Set I(h) = oo if h € C([0, T'1; {%) \ 'H. Notice that I () is the rate function for the large deviations
of the /?-valued Brownian motion

00
W, = Z)»kﬂtkek.

k=1

This is clear by considering the finite-dimensional version: W¢ = Z;L] McBley.
For f € C([0,T1; HY) x C([0, T1; L?), introduce

Li={heH; f@t)= (ui’uh)}
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Define

il’lfheﬁf Ith) ifLr#9,

R(f):{-|—oo ifLr=0.

Theorem 1. Assume (A.1)-(A.5). Let . be the law of (u®,u®) on the product space
C(0,T]; HOZ) x C([0, T, LZ). Then {u, ¢ > 0} satisfies a large deviation principle with rate
function R(f), i.e.,

(1) for every closed subset C C C([0, TT; HOZ) x C([0,T]; L?),

limsup &?log ue (C) < — inf R(f); “)
feC

e—0

(2) for every open subset G C C([0, T]; HOZ) x C([0,T]; LZ),
liminfe?log e (G) > — inf R(f). (5)
e—0 feG
3. The skeleton equation

The purpose of this section is to study the skeleton equation. For & € H, recall that ulf’ denote
the solution of the following deterministic PDE, the so called skeleton equation:

o0
dit} = Au) dt + B(ul) dt + " doy (u))hf dt + F (] u}') dt.

k=1
ubh =¢oe H,  ih=¢1el’ (6)
For a > 0, we aim to show that the mapping v = ", i) from ({h;I(h) < al, |l - lloo)
into C([0, T']; HOZ) x C([0,T]; H) is continuous, where | - || denotes the uniform norm on

C([0,T1; 1%).

Proposition 2. The map: v" = u”,i") from ({h; 1(h) < a}, || - o) into C([0,T1; H}) x
C([0, T; H) is continuous.

Proof. Let h" € {h; I (h) < a} with lim,,—, o0 SUpg, <7 1} — h¢ll;2 = 0. Define

11(.. B 2
e(r,u>=5{||ut||2+a||axut||2+5||axu,||4+y||a§ut|| } (7)

By the energy equality proved in [9, Theorem 3.1] and (A.1), we have

t

00 t
e(t.u") = e(0,u") +Zxk/(uf,ak(uf))h§ds +/(F(a(;,u§),af;)ds
k=1 0

0
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1

(0. /nuh||(Dk|ok H) () o

k=1

+e / Ja 1+ ]+ ) s

1

e [l ) (207 o

t
+cr +c/e(s,uh)ds
0

o0

<er +e(0,u") —i—c/te(s,uh)((Z(fzf)z)% + 1) ds.

0 k=1

(®)

When £ is fixed, it is easy to check that supy, < e(?, u") < co. Thus, applying Gronwall’s

inequality, we get

sup sup e(t, uh) =M < oo.
helh;1(h<a) 0KIST

Observe that
1AGll 2 < (v +)lI$lla. ¢ € H,

1B(¢) — B | < B0 10:0 + x 11106 — vl
+ Bl v II*|07¢ — oF ¢. v € HY.

Thus, (9) implies that there exist constants C1 and C» such that

sup sup ||Au || L, <C,
he{h;1(h)<a) 0<I<T

and

[B(a") = B(wi) ]| < Caffu”

Regarded as an equation in H, -2, one has

hi, hy € {h; 1(h) <a}.

t t

t
:¢1+/Au§‘ds+/ ds+2xk/ hkds+/ (@, u") ds.
0

0 0 0

By (9), (A.1) and (A.4), we have

©)

(10)

(1)

12)

(13)

(14)
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00 t
> e [ low(u) |1 a
k=1 %

1 1

< / (Smenr) () o

sft L+ |l ], (i )dl c/e(l,uh)(i(i}f)z)%dl

M2

k

Ol— -

K k=1 s k=1
< Cralt —9)7, (15)
and
t t
/||F(u§‘,u§’)|| dl <c/(1 +e(l,u"))dl < Cualt —s), (16)
s K]

for some constant Cys, ,. Combining this with (12) and (13), we see that there exists a constant C3
so that

1
sup  [lu) —ul||_, < Cslt —s|2. (17)
helh;Iz(h)<a}

Introduce

(15317 + alldvn I + v |20 ).

N =

e (t,v) =

Set v} = uﬁ'” — ul. Write

)
k,n
h? = Zkkh, e.
k=1

Note that SUP)<<T e(t,v) dominates the norm of (v;, v;) in the space of C([0, T]; Hg) X
C([0, T]; H). Applying the energy inequality in [9, Lemma 3.1], we have

ec(t) = [[(Blul) = BO).80)ds + [ (P ) = F(adul). i7) s
+ikk/( o (g )" = o () ) ds. (18)

In virtue of (13),

(Bl) — B). 7)) < |Bl) = B 7] < cer(5.07).
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for some constant c. By the Lipschitz condition and the Sobolev imbedding,
<hy o hy -ho oy 1|2 hy2
|(F(us ugn) — F (i, ug), v?)\ < c(“v;' || + lluf — ul3) < cep (s, v"). (19)

Let s,,, = [ms]/m. Write

t

Zxk/ () RE — o (uMi¥) ds = ¢!+ 2+ ¢} + ¢, (20)
0
where

00 t

Ch= ke | (0 (or(ugr) — on(uy))irs") ds,
k=1 0
00 t

Ch= Y n [ (it = ()" — i) s
k=1 0
00 t

Co=> [ (95, o)) — on(uy, ) (g™ — ) ds,
k=1 0

o
=3 [ ol ) 37 — .
k=1 0

We now estimate each of the terms. Keeping (A.3) in mind, we have

< / 21 3t - o) ) (3t o

k=1
o
/nv e~ 1, 304 )
k=1

1

<c/eL(s,v )(i(k’;'”) >7ds. 1)

0 k=1

In view of (17) and (A.1),

ds

v
=

|c2|</||v i o St ||)(i it -
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L

<ot / (30 - i) o

k=1
<Ca,Mﬁ, (22)
where M is defined as in (9). Since ||L't? || is dominated by /e(s, u"), (9) implies that
sup  [lul —u"| < Clt - sl (23)
hel{h;I(h)<a}
This together with (A.3) implies that
t o 2 o %
21 i ( St -, ) (3ot ty) a
o k=1 k=1
t 00 %
<o [ -t D Tt o
o k=1
1
<CaM—- (24)
m
Now
oo [mil-1
| S 3 6 D02, ) 657 )
k:l l:l m m m m m m
o0
S O ) 0, )|
k:l m m m
[mt]—1 00 5 %
SITTPw Rl ) (e - hw—(h'z"—hkl)))
=1 m k=1 m m m
o0 2 o0 ) %
it e ) (30 ) - 0t - )
" k=1 k=1 "
<cmm sup |B) —he,o, (25)

0<t<T

where we have used (9) and the assumption (A.2). Putting together (18)—(25) we arrive at

0<t<T

t
1
er(t,v )<c<7 +cmm sup |h} ht”lz)—f-c()/eL(s,v")ds



184 T. Zhang / Journal of Functional Analysis 248 (2007) 175-201

1

—I—c/eL(s,v”)(i(fzf’")z)ids. (26)

0 k=1

Applying the Gronwall’s inequality, we get

1

T 1
l o0
ozltlgTeL(t’vn) S <T+CmMo<SupT”h h,||lz>exp<cT+cof<Z hk" ) )

\t\ k=1

1
<o (TﬂmMo&p iz = hule). @7

Given ¢ > 0. We first choose m such that ca% < % Then for such a m, there exists N so that for
n=N,

Cacmm_sup_ [ —hy] <3 (28)
0

SSAS

Therefore, forn > N,

n
sup ep (1, u" —u") <e,
0T

which finishes the proof of the proposition. O

Corollary 3. The rate function R(-) defined in Section 2 is a good rate function, i.e., for every
a >0, {g; R(g) <a} is compact.

Proof. Notice that

{g: R(g) <a}={(u".i"); 1(h) <a}.

So the corollary is a consequence of Proposition 2 and the fact that {/; I (h) < a} is compact in
C(0.T1;1%). O

4. Large deviations
Consider

t
duf = (oz+,3/|8 uf | dy)azugdt yotu dt+82kkok dpf + / (5, ut)ds,
0

k=1
W) =uf(1)=0,  u(0)=d,us(1)=0,
ub(x) =¢o(x) € HE,  dub(x) = ¢1(x) € L. (29)

In this section, we will establish the large deviation principle. We first prepare a number of
preliminary results. Let e(z, u®) be defined as in (7) in Section 3.
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Lemma 4. It holds that

lim limsup e’ logP( sup e(r,u’) > M) = —00. (30)

M—00 o0 0<i<T
Proof. By the energy equality [9, (3.14)],

e(t,uf) =e(0,u’ +stk / ut)) dpk
1 > t
+582/Zxk|}ak )| ds+/(a§,F(a§,u§))ds. 31
0 k=1

0

Recall that it is proved in [3,11] that there exists a universal constant ¢ such that, for any p > 2
and any continuous martingale (M;) with My = 0, one has

| M|, < cp w7

» (32)
where M} = supg<,<, [Msl, and || - ||, stands for the L”(§2)-norm. Using (32) and (A.1), we
have for p > 2,

(E[ sup e(t,us)p])%

0<r<!

+c(E|: (1 il P+ ]2 ds ,,_)%
+ecp%(E[ O/lixg(ui’%(ui))% %D%

k=1
l ! !
1
<CT+C§82/ );)ds-i-é‘CpZ( |:
0 0

S— _

o2 2
s " (U + (w5 l2)

)4 1
2 P
Ky
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f s, ),,dsm,(/’ uu<+nuu>%]>%ds)7

)%ds

1

Wz( (e[5h07 + 50+ 1 ||>D%ds)z
<er(ehetve) / (E[e(s.u*)" ) ds + ecp? ( / (E[e(s.u%)")

<

%
ds) , (33)

where we have used the inequality

E[I£I"])" ds

()

3
oY _
—

in several places for an appropriate m. Therefore,

!
2
(E[ sup e(t’“)])]<CT+(8 cp+cet + 2 / su)p])%ds.
0<r<! 5

By Gronwall’s inequality, there exist constants ¢ and c¢; so that

E[ sup e(, ug)‘"] < e r”, (34)
0<I<T

This implies, by Chebyshev inequality,

P( sup e(t,us)>M) M~ Pcle c2e?p?
0<i<T

Letting p = -, we get

1
8210gP( sup e(t, us) > M) < log<—) +log(c1) + 2
0<I<T M
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which yields

lim limsupe logP( sup e(t,u€)>M>=—oo. ] (35)
M—00 ¢ 0 0<I<T

We need a result of exponential integrability for a Hilbert space-valued martingale.

Proposition 5. Let fi.(s), k > 1, be a sequence of adapted L*-valued stochastic processes. As-
sume that there exists a constant K such that

o0
Z” Jie(s) H2 < K almost surely for all s > 0.

Define
o
= Z / fils)dpf.
k=1 0
Then there exists a constant 8y > 0 such that
1M, — My |)?
sup E|exp| fop———— | | < o0. (36)
t#£s |t - S|

Proof. For simplicity, denote L> by H. Without loss of generality, we may assume s = 0. Oth-
erwise consider Y, = M., — M. For g € CX(H), by Ito’s formula,

exp(g(M,)) = exp(g(Mo)) + Y f exp(g (M) (8 (My). fi(s)) dBt

k=1

Z/CXP (M) ((8'(My) ® g'(My) + 8" (My)) fi(9), fi(s))ds.  (37)

k=1

N =

_I_

Put
1 o
=52 (¢ M) ® 8/ (My) + 8" (M) fics), fi(s))- (38)
k=1

By integration by parts formula and (37), it is easy to verify that

t

Nfzexp<g(Mz)—g(O)—/hst)

0
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is a non-negative local martingale. Now, for A > 0 (which will be specified later), let g, (x) =

(14 Alx[2,)?. Then

_1
gf\(x):)x(1+)»|x|%_1) 2y,
" 2 2 -3 2 -3
g ) ==A"(14+Alxly) 2x@x+A(1+Alxly) *1a,

where /g stands for the identity operator. It is easy to see that

1 1
sup|gi ()| <Az, sup|gl(x)] <Az,
X X
where || - || stands for the operator norm. Define hf as in (38) replacing g by g,. Then,

Q- 1
1} < 32 20 w)|” < 52K,
k=1

For any r > 0 and every A > 0, we have

p(”%” >r>

= p(gA(Mt) > (1 +m2)%>

' '
=P(g,\(Mt)—g;L(O)—/h?ds-l—gx(())%—/h?ds2 (l-l—ktrz)%)

0 0
; 1
1
< P(gth) — ,(0) - f Wrds > (1+4r%)? — ,.(0) — §m>
0
1 1
< E[N#] exp(—(l +atr%)2 + g, (0) + EAKt)
ni 1
< exp —(1 + Atr )2 + 2,(0) + EAKt ,
where the fact £ [thk] < 1 has been used. Choosing A = 1812, we get that

P(”M’” > r) < exp(—(s%rz +1+ 11{5#) =exp<—5(i — 11{)#).
Ji h 2 YR

Take § > 0 small enough so that §* := 5(1/842 — %K) > (. We arrive at

”Ah” > * 2
P >r | <exp(—8§r-+1),
(ﬁ p( )

(39)

(40)

(41)
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where §* is independent of ¢. We can now easily deduce (36). Fix 8¢ < 8* and let & = || M, ||/+/1.

‘We have
M,
E|exp| 8o n = E[exp( 505

<1+ 268

exp 80r dP E>r)

exp(80r2) PE >r)rdr

<1428 exp(80r2) e><p(—8*r2 + l)r dr < +o0 (42)

0\8 0\8

which completes the proof of the proposition. O

Lemma 6. For every 61 >0, M > 0,

lim limsupezlogP< sup ”u — H _, =81, sup e(t,ue)gM)z—oo. (43)

TR 60 ls—1|< & 5.0 <T 0<I<T

Proof. In view of (10), (11) and (A4), [[Aui|l—2, |Bu$)|l and ||F @S, uf)| are uniformly
bounded by a constant (depending only on M) on the set {w, 7 < T; supyg,<7e(t,u &y < M}.

Regarded as an equation in H, 2,

t t t

‘
uf=¢>1+/Au§ds+/B(u§)ds+€Zkk'/ok(u§)d,3sk+/F(L't§,u§)ds. (44)
0

0 0 k=1 ¢

Therefore, on {w; SUP)</<T e(t,u®) < M},

e . 1
sup  fa; —as|_, <em—+e  sup N, = Nsll, (45)
ls—1|< & s, <T Mo st sa<T
where

00 t

k

N; =X:)»k/0k(uf)dﬁY
k=1 0

Thus for sufficiently big m,

P( sup g — a7 ||, =81, sup e(r,u) gM)

ls—t1< L 51T 0T
1 I3
SPle  sup |INe =Nyl > 581 sup e(t,u’) <M.
ls—t|< L s, e<T 0T
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So it remains to show

1
lim limsupzz2 10gP<8 sup IN; — Ng|| = 581, sup e(t,ug) < M) =—00. (46)

—> 00
" e—0 ls—t|< L5, <T 0<I<T

Notice that by (A.1) there exists a constant K, such that

{a); sup e(t,u’) <M] C {a); sup Z)‘k”Uk < M}. (47)
0<<T 0<i<T
Define
0
t:inf{s}O, Z)LkHok >KM}.
k=1

It follows from (47) that

{o; sup e(r,u®)<M}cC{z>T}
0<i<T

Therefore,

1
P<8 sup INe — Nsll = =81, sup e(t,u’) < M)
ls—t|< ks <T 2 o<t

1
< P<3 sup [Ntz — Nyacll 2 581>-
ls—t|< L s, e<T

So, to prove (46), we may drop the event {sup,<,<7 e(,u®) < M} and assume in the rest of the
proof that

sup A% | o (u <Kpy. (48)
0<z<Tkz; tlox(

Applying Proposition 5, there exists a constant A7 > 0 such that

N, — Ny |I?
sup E[exp(AM”tin>] < 00. (49)

t#s,5,t<T [t — 5]

Introduce

T T NN
D://exp )»Mu dsdt.
|t — s
0 0
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Then we have E[D] < co. Now by Garsia lemma (see [21]) we have

|7 —s]

[N: — N5l < S log 2 dpw), (50)
/\/AM M2
0

where p(u) = u?. For any § < %, say 6 = %, (50) implies that there exists a constant ¢ such that

8¢ 1
N; — Ny|| < —=K/log D + 1)|t — s]|%.
| V¢ sl m(\/ g )| |

Consequently,

1

8c 1\*%

su Ny — Ng|| < —K/logD+ 1| — | .
p | Ny — Ngll m(\/ g )(m)

ls—t1<L s 1<T

m’?

Therefore,

1 1681 /A 1
P<8 sup ||Nt—Ns||>§51><P<\/10gD>——l—M—l—1>
m

ls—11< L s e<T 2¢e 8¢ (Ly;
181 /oy 1 2
<P<D>exp<——1—M—l_1> )
2 ¢ 8¢ (L)Z
m
18 vVAy 1 2
<E[Dlexp{—(-2¥X M2 ___ 4
2 e 8¢ (Lya
m
This yields
. . 2 1
lim limsupe“P| e sup IN; — Ng|| > =8; ) = —o0,
m—0oo . .0 Is—tlél,s,lgT 2

m

which completes the proof. O

Lemma 7. Let f;,5 >0 bea Hy 2 valued adapted stochastic process such that

sup || fyll -2 < 1.
0<s<T

Set

M=% / (fo. o0 (u)) dBE. (51)
0
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Then there exist positive constants c1 > 0, co > 0 and cpy such that for n1 > 0,

2
C
P( sup |M;|>mn1, sup e(t,ug)gM)gclexp<— 21 ) (52)
0<t<T 0<t<T c 1

Proof. Notice that M,, r > 0 is a martingale whose bracket satisfies

t
t_zu/nw o)) ds
0
t 00
</||m|2_2212|\0k(u§)||§ds
0 k=1

t
<C/||fs||2_2(1+ us|3) ds
0

t

<c8? / e(s, uf)ds. (53)
0
Thus, on {w, supg <7 e(t, u &Yy < M}, (M); < cyy8? =: b. By the martingale representation the-
orem, there exists a standard Brownian motion By, s > 0 such that M, = By, We have

ia), sup |M;|>n1, sup e(t,ug)gM}
0<t<T 0<t<T

:{a), sup |Bmy,| > n1, sup e(t u) M}
0T 0<t<T

C{w; sup |By|>n1, sup e(t u® M}
0<u<h 0<t<T

={a); Vb sup |Bu|>ni, sup e(t,u"’")gM},
0<u<1 0<I<T

where B is another Brownian motion by the scaling invariance property. It is well known that
there exists a constant ¢ > 0 such that ¢ := E[exp(ca SUPo<u<1 | By, |2)] < 00. Thus,

P( sup |[M;|>ni, sup e(t,u’) < M) < P( sup |B,| > i)
0<I<T 0<t<T 0<u<l Vb

2
~ c
éE[exp(cz sup |Bu|2)]exp(—2—n]>
0<u<1 b

=cC1€X _C277%
- P CMCS% ’

proving the lemma. 0O
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Recall
1, . 2
er(t,v) = {1 + elldcoill® +y | o7v |7} (54)
Theorem 8. For every n >0, R > 0, h € H, there exists § > 0 such that

limsupszlogP( sup er(t,uf —u")=n, sup |leW —hlle < 5) < —R. (55)
e—0 0<I<T 0<I<T

Proof. As an equation in H, 72, we have

t

b'tf—lftf‘:/ (uf —u ds+/ ))ds

0 0
o0
+82,\k/ak )dpt —Z,\k/ M)k ds
k=1 0
t
+ f (F(ic. uf) — F (i, u")) ds. (56)

0
For simplicity, denote v; := uj — uﬁ By the energy inequality (3.10) in [9], we have

t

eL(t,m:/(B(uﬁ)_B( ). 50)ds + 3¢ /ZAkHUk )P s

0
00 t
+Zkk/(vs»86k dﬂ —Z)»k/ vs,ok )hkds
k=1 0 0
t
4 / (F (il uf) — F(i", u"). 0y ds. (57)
0

Let M > supg, <7 e(t, u™). In view of (11) and (A.1), on the event {w, supo< <t €e(t, u®) < M},
| B(u5) = B() | < Can(ug — uf],).
= 2
> itllow ()] < Cur-
k=1

By the Lipschitz condition, (A.5) and the Sobolev imbedding,

(PG a) = P2 8] < cers. ).
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So it follows from (57) that on {w, supy, <7 €(t, u®) < M},

t

eL(t,v)gCM/EL(S,U)dS—l—%chMT—k|Mt5|7 (58)
0
where
00 ! 00 t
M= [ (ineon(u)) gt = Y [ (i)t as. 9
k=19 k=1

Let s, = [ms]/m and write

MP =N+ NPT NP N

where
00 t
NS =" [ (05 on (f) — o () i dis,
k=1
00 t
N2 = [ (i = o)) e B — it )
k=1 0
00 t
N2 = 3 [ (00 0) = o ) e gl — i),
k=1 0
00 t
Nf'”:Zkk/(ijsm,ok( )) (e dpt — it ds)
k=1
Now,

rwlm;</nvsu(zx2uok ) ) (3 >2)%ds

k=1

1

o / st - hng(i@ff)%

k=1

c/eL(s v)<z ) (60)

0 k=1
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So we deduce from (58) that on {w, SUPo<<T e(t,u) < M},
! oo , 3 i 4
k 2 i,
er(t,v) < CM/eL(s, v)(l + <Z(hs) ) ) ds + 7€ emT + Z|N; m. (61)

0 k=1 i=2

By Gronwall’s inequality we obtain that on {w, supy<, <7 e(t, u®) < M},

4
1 .
er(t,v) <eMT EeszT—i—Z sup |Nt”"|
S 0<I<T

which implies that there exists a constant £1 > 0 such that for ¢ < g1,

P( sup eL(t, uf — uh) >n, sup e(t, us) <M, ||eW = h]oo < 6)
0<I<T 0<t<T

4

; 1

<P Z sup |N;/™| > Ee_CMTn, sup e(r,u’) <M, eW —hlleo<8). (62)
S o<i<T 0<I<T

Now,
4 . 1
P Z sup |N,”m|>—e*CMT17, sup e(t,u’) <M, sup [eW —hlloc <$
S 0<i<T 2 0<I<T 0<i<T

1
<P( sup |N,4’m|>—e_CMTn, sup e(t,u®) <M, sup ||eW—h||oo<8) (63)
0<I<T 6 0<I<T 0<I<T

+P( sup |Nt2’m]>ée_CMTn, sup e(t,u8)<M>

0<r<T 0T
1
+ P< sup |N,3’m| >—e~MTy  sup e(t,u’) < M>. (64)
0<I<T 6 0<I<T

Furthermore, for §; > 0,

1
P( sup ‘N,z’m| > —e My sup e(t,u®) < M)
0<I<T 6 0<I<T

1 . .
< P< sup |Nt2m| > —e_CMTn, sup e(t, ug) <M, sup |lvr—vgll—2 < 81)
0<i<T 6 0<I<T —s|< L

+P< sup ||0; — Ugll_2 > 81, sup e(t,u8)<M>. (65)
li=s1<5; OsIsT
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By the Girsanov theorem, we know that W, — éh,, t > 0 is a Wiener process under the probability
measure P* given by

Through a change of measure and applying Lemma 7, we can show that there exist constants cy,
¢> such that

1 ..
P( sup |[N"| > ZE_CMTU, sup e(r,u) <M, sup |l —isl—2 < 51)
0<t<T 0T lt—s|< L

2
2
<C1 eXp(—m> (66)

Notice that on {w; SUP)</<T e(t,u®) < M},
o0

o0
D20 0 (u5) = or (1)) < b, 12 D27 o () — o a5, )12
k=1

k=1

< cllig, 12(uf = uf )

2 1 2
)gCM<—) . 67)
m

Using this and following the same proof of Lemma 7, we can show that

s

)
< g, I ( f

Sm

il dl

P( sup |N,3’m|>le*CMT77, sup e(t,u8)<M>

0<i<T 6 0<I<T
2
on
<crexp| ———— ). (68)
p( cMTeZ(%)Z)

Now given R > 0, n > 0. According to Lemma 4, we can choose M large enough and ¢, > 0
such that for ¢ < g5,

R R
P(Ozltllg)Te(t, u®) > M) < exp<—8—2>. (69)

Next, we choose &1 , according to (66), so that for ¢ < &3

1 . .
P( sup |N,2’m| >—¢ " MTy  sup e(t,u®) <M, sup o, — v5ll—2 < 81>
0<I<T 4 0<t<T —sl< L

R
S exp <—8—2) (70)



T. Zhang / Journal of Functional Analysis 248 (2007) 175-201 197

where €3 is a positive number . For such a §; > 0, by Lemma 6 and (68) there exist an integer m
and g4 > 0 so that for ¢ < &4,

R

P( sup ||0; — Usll—2 > 81, sup e(t, ug) < M) < exp(——z), (71)
le—s|< L 0<r<T €
3,m 1 muT e R

P( sup [N)™|>—e Ty, sup e(r,u®) <M ) <exp - - (72)
0<i<T 6 0<i<T 3

When such an m is fixed,

[mt]—1
N Z,\k Z b1 Uk(u;))[(sﬁ% h’,‘#) (sﬂ%—h;)]
=0
+Zkk Dt 0k (45 ) [ (£ = 1) = (Bl — hh)]- (73)

m

Therefore,

(m1]—1 00 5 ) 1/2
N < ; ||z>;n||(;uok(ul || (in[( b =) — (B — 0 )])

m

1/2

leW — hlloo

g (2l ||2) (Zki[(eﬂf )~ ety T
k=1 k=1 " "
[mi]—1 00 ,
< w(Zuok(u, ||)

0

=

+ i ||(Z||ak i )| ) leW — hlloc. (74)

By the assumption (A.2), we know that on the event {w, supy, <7 e(t, u®) < M},

e e]

sup Y [ow(uS)[* and  sup i
0<s<T 4 0<s<T

are uniformly bounded by some constant cj;. Thus, we see from (74) that there exists § > 0 such
that the event

1
{ sup |N4m|> —e~ Ty sup e(t,u®) <M, sup ||eW—h||oo<8}
0<I<T 6 0<i<T 0<I<T
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is empty. Combining this with (62) and (69)—(72) we obtain that for sufficiently small ¢,
pty. g y

5 h R
P( sup er(t,u® —u") >n, sup ||8W—h||<8)<56xp - )
0<i<T 0<1<T €

This completes the proof. O

After we established the key results, Proposition 2 and Theorem 8, there exists now a well-
known method (see [1,13]) to deduce the large deviation principle. For completeness, we include
a proof.

Theorem 9. {1, ¢ > 0} satisfies a large deviation principle with rate function R(f).

Proof. Denote by d(-,-) the distance in the metric space C ([0, T']; HOZ) x C([0,T]; L2). First,
fix any closed subset C C C([0, T']; HOZ) x C([0, T1; L?) and choose a < infgec R(g). Define

Ko ={geC([0, T]; HY) x C([0, T1; L?) | R(g) < a),
Co={feH|I(f)<a}.

Then

K,={(' i’); fecC.}, K.nC=9,

where (17, 11/) denotes the solution of the skeleton equation in Section 2 with & replaced by f.
For any g € K, there exists an open neighborhood of g, V, such that

V,NnC=4.
One can choose pg > 0, such that
Gy ={heC([0,T1; H}) x C(10, T1; L), d(h,8) < pg} C V.

For any f, € C, such that g = (u’s,1i/¢) and R > a, by Theorem 8 one can find two constants
gg > 0, ag > 0 such that for any ¢ < &,

R
P(sW € Fy. (u,1i°) € G$) < exp<—8—2>,
where F, ={f € C([0,T], ;|1 f - felloo < ag}. Therefore,

P(eW € Fy. (u i) € VE) < P(eW € Fy. (u, i) € GS) < exp(_gfz). 75)
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Since (Fg)gek, forms a cover for the compact set C, of C([0, T'], 12), there exist g1,---,81 €K,
such that

l
F=|JFy>Ca
i=1

Therefore, we have

P(eWeF, (u*,u°)eC)=P U[{sw € Fo}U{(uf,if) € C}])

[{eW € Fgy U {(u®, i )eVC}]>

It follows that

limsup e?log 1, (C) < limsupe®log[P(eW € F€) + P(eW € F, (uf, i°) € C)]

£—0 e—0
<(- nf 1()) v (=R)
—

where we have used the fact that ¢ W satisfies a large deviation principle with rate function 7 (-).
Let a — infzec R(g) to get

lirnsupaz2 log e (C) < — inf R(g).
geC

e—0

Let G C C([0,T]; Hg) x C([0, T]; L?) be an open set, take g € G with R(g) < co. Then there
exists f € H such that

g=lil),  R@=I10.
Choose p > 0, such that
{hec(l0,T1; HE) x C([0,T1; L?) | d(h, ) < p} CG.

For any R > R(g), by Theorem 8, o > 0, g9 > 0, such that for any ¢ € (0, &9),

P((ut. i), (uf iT)) > p. |eW — flloo <@) < exp(_8§2>_
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Therefore,

P((u i) € G) > P(d((u".i%). 8) < p)
> P(d((uf,uf), (u,07)) < p, 1eW = flloo <)
P(
(

> P(leW — flloo <a) — P(d((uf, 4°), (u”,il)) > p, lleW — flloo < @)

R
>P ||8W—f||oo<oz)—exp —a)

But

8li_r)I})8210gP(II8W — flloo <) =—inf{I(p), l¢ — fllo <a}
= —1(f)
and since R > R(g),

lim e?log P((u®, i) € G) = —1(f) = —R(g).

e—0

Since g is the arbitrary,
lim e?log P((uf, i) € G) > — inf I(g).
Jlime“log P((u’ i) € G) > = inf I (&)
This completes the proof of the theorem. O
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Abstract

Starting with a unit-preserving normal completely positive map L: M — M acting on a von Neumann
algebra—or more generally a dual operator system—we show that there is a unique reversible system
a:N — N (i.e., a complete order automorphism « of a dual operator system N) that captures all of the
asymptotic behavior of L, called the asymptotic lift of L. This provides a noncommutative generalization
of the Frobenius theorems that describe the asymptotic behavior of the sequence of powers of a stochastic
n x n matrix. In cases where M is a von Neumann algebra, the asymptotic lift is shown to be a W*-
dynamical system (N, Z), and we identify (N, Z) as the tail flow of the minimal dilation of L. We are also
able to identify the Poisson boundary of L as the fixed algebra N%. In general, we show the action of the
asymptotic lift is trivial iff L is slowly oscillating in the sense that

”,ooL”Jr] —poL"|=0, peM,.

lim
n—>oo

Hence « is often a nontrivial automorphism of N. The asymptotic lift of a variety of examples is calculated.
© 2006 Elsevier Inc. All rights reserved.

Keywords: Completely positive map; von Neumann algebra; Asymptotics

1. Introduction

Throughout this paper we use the term UCP map to denote a normal unit-preserving com-
pletely positive map L:M; — M; of one dual operator system into another. While we are
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1 Supported by NSF grant DMS-0100487.
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primarily concerned with the dynamical properties of UCP maps L: M — M that act on a
von Neumann algebra M, it is appropriate to broaden that category to include UCP self-maps
of more general dual operator systems.

Stochastic n x n matrices P = (p;;) describe the transition probabilities of n-state Markov
chains. The asymptotic properties of the sequence of powers of the transition matrix govern
the long-term statistical behavior of the process after initial transient fluctuations have died out
[6, pp. 170-185]. A stochastic n x n matrix P = (p;;) gives rise to a UCP map of the commuta-
tive von Neumann algebra C" by way of

n
(Px)i=ZPijxj, 1<i<n, x=(x1,...,x,) €C",
j=1

and the classical Perron—Frobenius theory provides an effective description of the asymptotic
behavior of the sequence P, P2, p3, ... (see Section 9).

Recently, several emerging areas of mathematics have opened a vista of potential applications
for noncommutative generalizations of the Frobenius theorems. The most obvious examples are
quantum probability, noncommutative dynamics [2], and quantum computing [15]. Such con-
siderations led us to initiate a study of “almost periodic” UCP maps on von Neumann algebras
in [3]. Broadly speaking, those results allowed us to relate the asymptotic behavior of the powers
of certain UCP maps on von Neumann algebras to the asymptotic behavior of *-automorphisms
of other naturally associated von Neumann algebras.

However, the hypothesis of almost periodicity is very restrictive. For example, it forces the
spectrum of the UCP map to have a discrete component consisting of eigenvalues on the unit
circle. While this discrete spectrum appeared to be essential for the results of [3], it is missing in
many important examples. Nevertheless, in all of the examples that we were able to penetrate,
there was a “hidden” W*-dynamical system that shared the same asymptotic behavior. That
led us to suspect that a different formulation might be possible, in which the almost periodic
hypothesis is eliminated entirely. This turned out to be true, but the new results require a complete
reformulation in terms of UCP maps on dual operator systems.

The main results of this paper are Theorems 3.2, 5.1, 6.1, 7.1. While these general results
are not as sharp as those of [3] when restricted to the case of almost periodic maps, we believe
that is compensated for by the simplicity and full generality of the new setting. There are natural
variations of all of the above results for one-parameter semigroups of normal completely positive
maps that will be taken up elsewhere. We also note that a very recent paper of Stgrmer [21]
complements the results of [3].

2. Reversible lifts of UCP maps

Recall that an operator system is a norm-closed self-adjoint linear subspace M of the algebra
B(H) of all bounded operators on a Hilbert space H, such that the identity operator 1 belongs
to M. A dual operator system is an operator system that is closed in the weak*-topology of B(H).
We write M, for the predual of such an operator system M, namely the norm-closed linear sub-
space of the dual of M consisting of all restrictions to M of normal linear functionals on B(H);
and since M can be naturally identified with the dual of M., we refer to the M, -topology as the
weak*-topology of M. A normal linear map of dual operator systems is a linear map L: M — N
that is continuous relative to the respective weak*-topologies. Of course, such a map is the adjoint
of a unique bounded linear map of preduals, namely p € Ny +— po L € M,.
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While there is an abstract characterization of operator systems [5, Theorem 4.4], we shall
not require the details of it here. Only rarely do we require a realization M C B(H) of M as a
concrete dual operator system; but when we do, we require that the realization have the above
properties—namely that M is a weak*-closed concrete operator system in 3(H) and M, consists
of all restrictions of normal linear functionals of B(H). For the most part, our conventions and
basic terminology follow those of the monographs [7] and [17].

We fix attention on the category whose objects are UCP self-maps

L:M—>M

acting on dual operator systems M, and whose morphisms are equivariant UCP maps. Thus,
a homomorphism from L{: M; — M to Ly : My — M3 is a UCP map

E:M|— M,

satisfying E o L1 = Ly o E. In this case we say that L; is a lifting of L, through E, or simply
a lift of L,. By an automorphism of a dual operator system N we mean a UCP map o«: N — N
having a UCP inverse « ! : N — N.

Definition 2.1. A reversible lift of a UCP map L: M — M is a triple (N, «, E) consisting of
an automorphism «: N — N of another dual operator system N and a UCP map E: N — M
satisfying Eoa =L o E.

A UCP map L: M — M has many reversible lifts, the simplest being the trivial lift (C, id, ¢),
where (:C — M is the inclusion ¢(X) = A - 1j7. We begin by pointing out that all reversible
lifts must satisfy a system of asymptotic inequalities. In the usual way, L: M — M gives rise
to a hierarchy of UCP maps L,: M™ — M™ n=1,2,...,in which M™ = M, (C) ® M is
the n x n matrix system over M and L, =id ® L: M™ — M is the naturally induced UCP
map. Similarly, a reversible lifting (N, «, E) of L : M — M gives rise to a hierarchy of reversible
liftings (N("), oy, Ey) of L, : M® — M@ one for everyn=1,2,....

Proposition 2.2. Let (N, «, E) be a reversible lift of a given UCP map L: M — M. For every

bounded linear functional p on M, the sequence of norms ||p o L¥|| decreases with increasing
k=1,2,..., and we have

lpoEll < lim | poL¥]. (2.1
k—o00

Moreover; the inequalities (2.1) persist throughout the hierarchy of liftings of L,: M™ —
M® g p ranges over the dual ofM(”), n>l.

Proof. Every UCP map is a contraction, hence || p o LK1 < lp o L¥|| for every k > 0. Moreover,
for fixed x € N and k > 0 we can write

E(x) = E(a*(a*(x))) = L*(E(@* (1))).
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Since || E o a~¥|| < 1, we conclude that for every p € M’,

lpoE| = Hsnllp lo(E))|= |sup }poLk(an k(x))| < HpoLk

and (2.1) follows after passing to the limit as k — oco. The same argument applies throughout
the hierarchy of liftings (N ™ id, ® «, id, ®E), after one replaces p with a bounded linear func-
tionalon M® n=1,2,.... O

Remark 2.3 (Nondegeneracy). Let (N, «, E) be a reversible lift of a UCP map L: M — M.
Since E: N — M is normal, it has a pre-adjoint E,: M, — N,, defined by E.(p) =p o E,
p € M. Consider the range

Ei(My)={poE: pe M}

of this map. E.(M,) is a linear subspace of N,, and note that it is invariant under the invertible
isometry o, € B(Ny):

E.(My)oa C E(M,).

Indeed, that is immediate from equivariance and normality of L, since for p € M, we have
poEoa=(pol)oE e M,o E. It follows that the sequence E,(M,) o ", n € Z, defines a
doubly infinite tower of subspaces of N,

- CE(My) oa C Ey(My) C Ei(M,) oo™t C E.(M,) oa™? -

A straightforward application of the Hahn—Banach theorem shows that this tower is norm-dense
in N, if and only if for every y € N one has

E(of"(y)):O, n=0,1,2,... = y=0. (2.2)

A reversible lifting (N, «, E) of L is said to be nondegenerate if condition (2.2) is satisfied.

It is significant that when (2.2) fails, one can always replace (N, o, E) with a nondegener-
ate reversible lifting (N,&, E) using the following device. We may assume that M C B(H) is
realized as a concrete dual operator system. Let H = ¢*(Z) ® H be the Hilbert space of all
square-summable bilateral sequences from H and defineamap6: N — B (H) by

(0()E) () =E(a™"(y)E(m), &eH, nel. (2.3)

N is defined as the weak*-closure of 6 (N). The unitary shift defined on H by U E n)=tm-1),
n € Z, implements a x-automorphism & (X) = UXU* of B(H) such that @(N) = N; indeed,
6(N) is stable under shifts to the left or right because « is an automorphism of N. Note too that:

(UOHUT'E)(n) = E(a™" ' ()e(n) = L(E(@™"(»)))é(n), &€ H, nel.

It follows that the map E: B(H )—> B (H ) that compresses an operator matrix in B(H ) to its
00th component restricts to a UCP map E : N — M satisfying E o@ = L o E. Thus, (N, &, E) is
a reversible lifting of L. It is a homomorphic image of (N, «, E) in the sense that the UCP map
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6:N — N satisfies @ 08 =60 o and E 0§ = E (see Section 4 for a discussion of the category
of reversible liftings of L). Finally, by examining components in the obvious way, one verifies
directly that (N, &, E) is nondegenerate.

3. Asymptotic lifts of UCP maps
In this section we show by a direct construction that there is a reversible lifting with favorable

asymptotic properties and that, after degeneracies have been eliminated, it is unique up to natural
isomorphism.

Definition 3.1. Let L : M — M be a UCP map on a dual operator system. An asymptotic lift of L
is a reversible lifting (N, «, E) of L that satisfies nondegeneracy (2.2), such that the inequali-
ties (2.1) become equalities for normal linear functionals throughout the entire matrix hierarchy

|oo(Gdy ® E)|| = lim |po (id, ® L)*
k— 00

l, peM™ n=12,.... 3.1

We come now to a basic result.

Theorem 3.2. Every UCP map L: M — M of a dual operator system has an asymptotic lift-
ing. If (N1, a1, E1) and (N2, an, Er) are two asymptotic liftings for L, then there is a unique
isomorphism of dual operator systems 6 : N\ — N, such that@ oa; =ay 06 and E; 06 = E|.

The existence assertion of Theorem 3.2 is proved by a direct construction involving inverse
sequences, which are defined as follows:

Definition 3.3. Let L : M — M be a UCP map on a dual operator system. By an inverse sequence
for L we mean a bilateral sequence (x,),cz of elements of M satisfying sup,, ||x,| < oo, and

Xp =L(xp+1), neZz. 3.2)

The set of all inverse sequences for L is denoted Sz, or more simply S when there is no cause
for confusion.

Remark 3.4 (Properties of inverse sequences). The set S of all inverse sequences for L: M — M
is a vector space that is closed under pointwise involution (x,) — (x,), and it contains all
“constant” scalar sequences of the form (..., A-1,A-1,1-1,...), A € C. More generally, the
constant sequences (..., da,a,d, ...) €S correspond bijectively with the space of fixed elements
{a € M: L(a) = a}. Notice too that S is stable under shifting to the right or left; if (x,),ecz
belongs to S then so does (x;, ¢ )nez forevery k =0,+1,42,....

Every element x; of an inverse sequence (x;,) determines all of its predecessors uniquely,
since xx—1 = L(xg) and, more generally, x, = Lk=r (xz) for all » < k. On the other hand, x; does
not determine x;1 uniquely, since there can be many solutions z of the equation L(z) = xi. If
we fix a particular solution z and replace x;4; with z in the (k 4+ 1)st spot, then it may not be
possible to solve the equation z = L(w) for w € M; and in that case there is no inverse sequence
whose (k + 1)st term is the replaced element 7 and whose kth term is x.

More generally, given an element a € M, the question of whether or not there is an inverse
sequence (x,) satisfying xo = a can be subtle.
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Proof of Theorem 3.2. Existence. In order to construct an asymptotic lifting for L, we realize
M C B(H) as a concrete weak*-closed operator system. Let > ® H be the Hilbert space of all
sequences n € Z — &, € H satisfying )", &, | < oo, with its usual inner product.

We can realize the space S of all inverse sequences for L as an operator subspace N C
B(¢?> ® H) by identifying an inverse sequence (x,) € S with the diagonal operator D = diag(x,,)
defined by

(D&)y =x460, nel.

The operator norm of diag(x,) is given by ||diag(x,)|| = sup,, > l|lxx [|. Since L is a normal map,
the relations defined by (3.2) are weak™*-closed, and therefore the space N = {diag(x,): (x,) € S}
is closed in the weak*-topology of B(¢?> ® H). Remark 3.4 implies that N is self-adjoint and
contains the identity operator of B(¢> ® H), hence N acquires the structure of a dual operator
system.

Consider the right-shift « : N — N of diagonal operators

a(diag(xn)) = diag(x,_1).
Letting U be the unitary bilateral shift acting on > @ H by
UE) =81, neZ Ec’QH,
one finds that the associated s-automorphism X — UXU* of B(¢> ® H) implements the action
of ¢ on N. Hence « is a complete automorphism of the concrete operator system N. The natural
inclusion of H in £2(Z) ® H, in which a vector & € H is identified with o ® £ € 2(7) ® H,
gives rise to a normal map X + Py X[y that restricts to a map E : N — M satisfying
E(diag(xn)) =x0, (x,)€8.
One has
E o a(diag(x,)) = E(diag(x,—1)) = x_1 = L(x0) = L o E(diag(xn)),

so that (N, «, E) becomes a reversible lift of L.

It remains to verify (2.2) and (3.1). For (2.2), suppose that X = diag(xy) satisfies E(a (X)) =
x, =0 for n > 0. Since the sequence (x;) belongs to S, this implies that x; = LU (xp) = 0 for
negative j as well, hence (xi) is the zero sequence.

For (3.1), it is enough to verify the system of nontrivial inequalities

lpod,®E)| > lim |po(d, ®@L)|, peM™ n=12,.... (3.3)
k—00

Consider first the case n = 1, and choose p € M,. Foreach k = 1,2, ... we can find an element
up € M satisfying ||ux|| = 1 and lp(L*¥(ur))| = |lp o L¥||. Consider the triangular array sk =
(s’o‘, e s,f), k=1,2,...,of elements of M defined by

(s§s - ovs8) = (LX), L Y, oo, L), ug),  k=1,2,....
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Each component of every one of these sequences belongs to ball M, and sg = xp forevery k > 1.
Moreover, the jth component sf of any one of them is obtained from the (j + 1)st by applying L,

sk=L(s%,)), j=0.1.2,... k-1 (3.4)
Since the infinite Cartesian product ball M x ball M x - - - is compact in its weak™* product topol-
ogy, there is a subnet s¥ of the sequence s* with the property that each of its components (note
that each component is well defined for sufficiently large k') converges weak™® to an element of
ball M. Hence we can define a single infinite sequence xo, x1, X2, ... € ball M by

szlikr/nsf/, j=0,1,2,....

Since L is a normal map, the relations (3.4) imply that x; 1 = L(x;), j =0,1,2,.... If we
continue the sequence into negative integers by setting x; = L/*!(xo) for k < —1, the result is a
sequence (x,) € S satisfying sup,, [|x, || < 1 and E(diag(x,)) = xo. Thus we conclude that

)

lp o Ell = |p(xo)| =1lim|p(L¥ (uz))| =lim| p o L¥ || = Tim ||p o L*
14 k' k—o00

and (3.3) follows.

Notice that this argument can be repeated verbatim to establish (3.3) throughout the matrix
hierarchy for n > 2, since the inverse sequences for id, ® L are bilateral sequences (Xx) whose
components X are n X n matrices in M ™) that satisfy (id, ® L)(Xx4+1) = Xk, k € Z. We conclude
that (N, «, E) is an asymptotic liftof L. O

Turning now to the uniqueness issue for asymptotic lifts, we require the dual formulation
of (3.1)—Lemma 3.6—the proof of which makes use of the following elementary result. Since
we lack an appropriate reference, we sketch a proof of the latter for completeness.

Lemma 3.5. Let X be a Banach space, let K1 D Ky D - - - be a decreasing sequence of nonempty
weak*-compact convex subsets of the dual X' with intersection Koo. Then for every weak*-
continuous linear functional p € X",

sup{|p(0)|: x € K} | sup{|p(¥)|: x € Ko}, asn— oo. (3.5)

Proof. Fix p. The sequence of nonnegative numbers sup{|p(x)|: x € K, } obviously decreases
with n, and its limit £ satisfies

€= supf{|p(0)]: x € Koo}

To prove the opposite inequality choose, for every n = 1,2, ..., an element x, € K,, such that
lo(xn)| = sup{|p(x)|: x € K,}. By compactness of the unit ball of X’, there is a subnet {x,,}
of {x,} that converges weak™ to xoo. The limit point x, must belong to Ko = (), K, because
the K, decrease with n, and since the numbers |p(x,)| = sup{|p(x)|: x € K} converge to £, it
follows from weak*-continuity of p that
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|o(ro0)| =Tim|p (en)| = lim [ o] =¢.

Since £ = |p(xx0)| < sup{|p(x)]: x € Kuo}, the proof is complete. O

Lemma 3.6. Let L: M — M be a UCP map on a dual operator system and let (N, a, E) be a
reversible lift of L. The following are equivalent:

(1) Every p € M, satisfies (3.1)

lpo Ell= lim [[poL"].

(i) Writing ball X for the closed unit ball of a normed space X, we have

E(ball N) = () L" (ball M). (3.6)
n=0

Proof. (i) = (ii). Choose an element y € ball N. Then for every n =0, 1, 2, ... we can write
E(y)= E(oz" ) a_"(y)) = L”E(oz_” (y)) € L™ (ball M)
since E(x~"(y)) € ball M. Hence E (ball N) C ﬂn L"(ball M). For the opposite inclusion, note

that both sides of E(ball N) € (), L" (ball M) are circled weak*-compact convex subsets of M,
so by a standard separation theorem it suffices to show that for every p € M, one has

sup{|p(x)|: x € E(ballN)} = sup{ lo@)]: x € ﬂL"(bauM)}. (3.7)

The left-hand side of (3.7) is || p o E||, while by Lemma 3.5, the right-hand side is
lim sup{|p(x)|: x € L"(ballM)} = lim |p o L"|.
n— oo n—o0
An application of the hypothesis (i) now gives (3.7).

(ii) = (i). Choose p € N,. For n =1,2,... let K,, = L"(ball M), and set Koo = (), Kn-
Lemma 3.5 implies that ||p o L"|| = sup{|p(y)|: ¥ € K,,} decreases to sup{|p(y)]: ¥y € Koo} as
n 1 oo, while by (3.6),

lp o Ell =sup{|o()]: y € E(ballN)} = sup{[p(»)|: ¥ € Koo}

Thus lim,, ||p o L"|| is identified with ||p o E||, and (i) follows. O

Lemma 3.7. Let L: M — M be a UCP map of a dual operator system and let (N,«a, E) be a
reversible lift of L that satisfies

. pEM,. (3.8)

lpo Ell = lim [[poL"
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Let K ={z€ N: E(ak(z)) =0, k € Z}. Then for every y € N we have

sup| E (" (»))|| = inf Iy + zl. 3.9)
keZ €k

Proof. The inequality < is apparent, since for z € K and k € Z we have
|E(* W) = E( & +2)| <y +zl.

In order to prove >, we may assume that sup, ||E(ak(y))|| =1. For fixed n =1,2,...,
note first that E(a~"(y)) € L?(ball M) for every p =1,2,.... Indeed, we have E (a7 "(y)) =
LP(E(@™" P(y)), and |[E(a¢™""P(y))| < 1. Lemma 3.6 implies that ﬂp LP(ballM) =
E(ball N); and since «” is an invertible isometry of N, we can find an element y, € N satis-
fying ||yl < 1 and E(@™"(yn)) = E(a™"(y)).

Note that y and y, satisfy the following relations:

E(e™*0w)=E(@*(y), keZ k<n. (3.10)
Indeed, an application of L"* to both sides of E (" (y,)) = E(a"(y)) leads to
E(@™ ) =L"" E(a" () = L" *E(@™ () = E(”*(»)).

By weak*-compactness of the unit ball of N, there is a subnet y,_ of the sequence y, that con-
verges weak™® to an element yo, € N such that || ys| < 1. Since each map z — E (a_k ()
is weak*-continuous on the unit ball of N, the equations (3.10) imply that E (@ ¥ (yse)) =
E(a7%(y)), k € Z. Hence ys — y belongs to K. It follows that

sup| E(* )] =12 Iyooll = |y + (oo — || = inf lly + 2zl
keZ zeK

proving the inequality > of (3.9). O

Proof of Theorem 3.2. Uniquefgess. I:et (N, «, E) be the asymptotic lift of L gonstructed in the
above existence proof and let (N, &, E) be another one. Define amap 6:y € N — 0(y) € N as
follows:

0(y) = diag(x,), where x, = E(& "(y)), n € Z.

Obviously, 6 is a UCP map of N into N satisfying 6 o @ = « o 6. Lemma 3.7 implies that
0 is an injective isometry. Indeed, applying Lemma 3.7 repeatedly to the sequence of maps
id,, ®O:N™ — N®, n=1,2,..., we find that 0 is a complete isometry. We claim that
6(N) = N. Since 6 is a weak*-continuous isometry, its range is a weak*-closed subspace of N,
SO to prove G(N ) = N it suffices to show that 9(1\7 ) is weak*-dense in N. For that, let (x;) be
an inverse sequence satisfying sup, ||xx|l = 1. Then x, belongs to E(ball N) for every n > 1;

and by Lemma 3.6, E(ballN) = E (ball N ). Hence there is an element y, € ball N such that
xn=E@™ (¥n))- As in the proof of (3.10), this implies x; = E(&_k(yn)) for all kK < n. These
equations imply that 8(y;),0(y2), ... converges component-by-component to diag(xy) in the
weak*-topology. Therefore 6 (y,) — diag(xx) (weak™) as n — oo.
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Hence 6 is an equivariant isomorphism of N on N. Since the zeroth component of 0(y)
is E(y), we also have Eof = E.

Finally, we claim that the two requirements # o & = o 6 and E o 6 = E serve to determine
such a UCP map 6 uniquely. Indeed, if 61,65 : N — N are two equivariant UCP maps satisfying
Eo6; =E092=E,thenf0reveryy € N,n e€Zand k=1, 2, we have

E(a"(6:()) = E(6 (&" () = E(&" (7))

so that E(a"(01(y) —62(y))) =0, n € Z. Since (N, a, E) is nondegenerate, this implies 0 (y) —
0(y)=0. O

4. The hierarchy of reversible lifts of L

We have emphasized that the asymptotic lift of a UCP map L: M — M is characterized
by a family of asymptotic formulas (3.1). We now show that it is possible to characterize the
asymptotic lift of L in a way that makes no explicit reference to the asymptotic behavior of the
sequence L, L%, L3, ..., but rather makes use of a natural ordering of the set of all (equivalence
classes of) nondegenerate reversible liftings of L.

Throughout this brief section, L : M — M will be a fixed UCP map acting on a dual operator
system M. We consider the category Rev; whose objects are nondegenerate reversible liftings
(N, a, E) of L; a homomorphism from (N7, a1, E1) to (N2, an, E») is by definition a UCP map
0 : N1 — N; that satisfies 6 o ¢ = @3 0 6 and E» o 0 = E|. Significantly, a homomorphism in
this category gives rise to an embedding of operator systems:

Proposition 4.1. A homomorphism 0 : (N1, o1, E1) = (N3, a2, E2) of nondegenerate reversible
lifts of L defines an injective map of N1 to N.

Proof. If y € N satisfies 8(y) = 0, then for every n € Z we have
L] 0) = B 0) = Ex(e (60) =0
hence y = 0 by nondegeneracy (2.2) of (N1, a1, E;). O
When a homomorphism 6 : (N1, @1, E1) = (N2, a2, E2) exists, we write
(N1, a1, E1) < (N2, 2, E2).
There is an obvious notion of isomorphism in this category, namely that there should exist a map
0 as above which has a UCP inverse 6~ !: N, — Nj. Obviously, both relations > and < hold

between isomorphic elements of Rev, . Conversely,

Proposition 4.2. Any two nondegenerate reversible liftings (N, oy, Er) that satisfy (Ny, a1,
E) < (N2, az, E2) < (N1, ay, Ey) are isomorphic.

Proof. By hypothesis, there are equivariant UCP maps 6 : N — Nz and ¢ : N — N such that
E>060 =FEj and E| o ¢ = E>. Consider the composition ¢ o 6 : N — N;j. We claim that ¢ 0 0 is
the identity map of N;. Indeed, for every y € N and n € Z, one can write



212 W. Arveson / Journal of Functional Analysis 248 (2007) 202-224

Ei(of ((¢00)(»))=Ei(a} opo8(y))=Ei(poalob(y))
= Es(a 00(y)) = E2(0 0 () = E1 (o] ().

It follows that E () (¢ 0 6(y) — y)) = 0 for all n € Z. By the nondegeneracy hypothesis (2.2)
we conclude that ¢ o 6(y) = y. By symmetry, 8 o ¢ is the identity map of N,. Hence 0 is an
isomorphism. O

Proposition 4.2 implies that the isomorphism classes of Revy form a bona fide partially or-
dered set. There is a smallest element—the class of the trivial lift (C, id, ¢), ¢ : C — M denoting
the inclusion ¢(X) = A - 1)7. The following result characterizes the class of an asymptotic lift as
the largest element.

Proposition 4.3. Let (Noo, @0, Eco) be an asymptotic lift of L. Then every (N, «, E) € Revp
satisfies (N, o, E) < (Noo, @05 Eco)-

Proof. As in the proof of Theorem 3.2, we can realize N, as the space of all diagonal operators
Noo = {diag(x,): (x,) € S}, oeo as the shift automorphism, and E, as the Oth component map.
Let 6: N — Ny be the UCP map defined in (2.3). We have already pointed out in Remark 2.3
that 6 is a homomorphism from (N, &, E) to (Nso, ¥e0, Eco). O

5. UCP maps on von Neumann algebras

In this section we prove that the asymptotic lift of a UCP map acting on a von Neumann
algebra is actually a W*-dynamical system.

Theorem 5.1. Let (N, «, E) be the asymptotic lift of a UCP map L:M — M that acts on a
von Neumann algebra M. Then N is a von Neumann algebra and o is a *-automorphism of N.

We will deduce Theorem 5.1 from the following proposition, which is normally used to es-
tablish the existence and uniqueness of the Poisson boundary of a noncommutative space of
“harmonic functions.” The noncommutative Poisson boundary is a far-reaching generalization of
the fact that the space of bounded harmonic functions in the open unit disk D is isometrically
isomorphic to the abelian von Neumann algebra L*°(d D, d—g) of bounded measurable functions
on the boundary d D of D. We sketch a proof for the reader’s convenience; more detail can be
found in [4] and [12]. The result itself appears to have been first discovered in [8, Corollary 1.6].

Proposition 5.2. Let A: M — M be a UCP map on a von Neumann algebra and let H 4 be the
operator system of all harmonic elements of M

Hy={xeM: A(x)=x}.

There is a unique associative multiplication x,y € Hy +— x oy € Hx that turns H, into
a von Neumann algebra with predual (H )+, on which the group aut H 4 of automorphisms of
the operator system structure of H 4 acts naturally as the group of all x-automorphisms.
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Sketch of proof. Unigueness. Given two such multiplications, the identity map defines a com-
plete order isomorphism of one C*-algebra structure to the other. Hence it is a *-isomorphism,
and the two multiplications agree.

Existence. We claim that there is a completely positive idempotent linear map £E: M — M
that has range H 4. Indeed, if one topologizes the set of bounded linear maps of M to itself with
the topology of point-weak*-convergence, then the set of completely positive unital maps on M
becomes a compact space. Let E be any limit point of the sequence of averages

Anzl(A+A2+...+A"), n=1,2,....
n

Using AA, = Ap,A = ”nilAnJr] — lA together with the straightforward estimate ||A, —
Aptll < n%, one finds that AE = EA = E, and from that follows EZ = E as well as
E(M)=Hy

Such an idempotent E allows one to introduce a Choi-Effros multiplication on Hy4, x o y =
E(xy), x,y € Hy, which makes H, into a C*-algebra [5, Theorem 3.1, Corollary 3.2]. Since
H, is weak*-closed, it is the dual of the Banach space (H4)«, and a theorem of Sakai [20,
Theorem 1.16.7] implies that H, is a von Neumann algebra with predual (Hp),. O

Proof of Theorem 5.1. Let (N, a, E) be the asymptotic lift constructed in the proof of The-
orem 3.2, in which N = {diag(x,): (x,) € S}, « is the bilateral shift automorphism «(X) =
UXU™! and E(X) = X, for X € B(H) H= 7))@ H being the Hilbert space of sequences
introduced there. In order to prove the existence of a von Neumann algebra structure on N, we
appeal to Proposition 5.2 as follows.

Consider the larger von Neumann algebra M D N of all bounded diagonal operators ¥ =
diag(y,) with components y, € M, and let A be the map defined on M by

A(diag(y,)) = diag(z,), where z, = L(yn+1), n € Z.

Obviously, A is a UCP map of M with the property A(Y) =Y if and only if ¥ has the form
Y = diag(x,) with (x,) an inverse sequence for L. Thus, N is the space of all A-fixed elements
of M. An application of Proposition 5.2 completes the proof. O

6. Nontriviality of the asymptotic dynamics

A W*-dynamical system (A, Z) is considered trivial if the automorphism of A that imple-
ments the Z-action is the identity automorphism. The purpose of this section is to show that the
asymptotic lift of a UCP map is frequently a nontrivial dynamical system.

Theorem 6.1. For every UCP map L: M — M of a dual operator system, the following are
equivalent.

(1) The asymptotic lift (N, «, E) of L satisfies a(y) =y, y € N.
(i) Every operator x in (), L" (ball M) satisfies L(x) = x.
(iii) The semigroup {L": n > 0} oscillates slowly in the sense that

lim [poL"—poL"™| =0, peM,.
n—oo
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Proof. (i) = (ii). We have E(ballN) = (), L"(ballM) by Lemma 3.6, so every
x € (), L"(ballM) has the form x = E(y) for some y € N. Hence L(x) = L(E(y)) =
E@()=E(y) =x.

(i) = (iii). Fix p € M,. Another application of Lemma 3.6 implies that E(ballN) =
(), L" (ball M) is pointwise fixed by L, hence ||(p — p o L) o E|| = 0. Using (3.1), we obtain

lim [poL" —po L™= lim [(p—poL)oL"|=|(p—poL)oE|,
n—oo n—oo
and the right-hand side is zero.

(iii) = (i). The preceding formula implies that ||(p — p o L) o E|| = 0 for every p € M., hence
E=LoE.Soforeveryn >1andeveryyeN,

E(@™(y—a))=E(@™ ) —E(@"" M) =E(@@ ") - L(E(«"()) =0
and o (y) = y follows from nondegeneracy (2.2). O

Remark 6.2 (Matrix algebras). Many UCP maps acting on matrix algebras are associated
with nontrivial W*-dynamical systems, because of the following observation: a UCP map L
of M,, = M, (C) satisfies property (iii) of Theorem 6.1 < o (L) N T = {1}. Indeed, to prove =
contrapositively, suppose there is a point A in the spectrum of L that satisfies A # 1 = |1|. Choose
an operator x € M,, satisfying ||x|| = 1 and L(x) = Ax, and choose p € M, such that p(x) = 1.
Then for all n > 0 we have

[po L™ —poL"| > [p(L"' () = p(L" ()] = [3" T p(x) = 2" p(x)]
=r—1].

Hence {L"} does not oscillate slowly.

Conversely, if o (L) N'T = {1}, then since points of o (L) N T are associated with simple
eigenvectors of L, the spectrum of the restriction L of L to the range of id — L is contained in
the open unit disk {z: |z| < 1}, hence || Lgj|| — 0 as n — oo. It follows that L"t!1 — L" tends to
zero (in norm, say) as n — o0; and that obviously implies condition (iii) of Theorem 6.1. We
remark that the asymptotic behavior of ||7"+! — T"|| for contractions T on Banach spaces has
been much-studied; see [14] and references therein.

Elementary examples show that any finite subset of the unit circle that contains 1 and is stable
under complex conjugation can occur as o (L) N'T for a UCP map L of a matrix algebra M,, (for
appropriately large n). Hence there are many examples of UCP maps on finite-dimensional non-
commutative von Neumann algebras whose asymptotic liftings are nontrivial finite-dimensional
W*-dynamical systems.

The asymptotic behavior of UCP maps on finite-dimensional algebras is discussed more com-
pletely in Section 9.

Remark 6.3 (Automorphisms and endomorphisms). Automorphisms are at the opposite extreme
from slowly oscillating UCP maps. Indeed, if « is any automorphism of a dual operator sys-
tem M, then « induces an isometry of the predual M, via w — w o «, and for every p € M, and
n € Z we have

lpoa™ —poa|=]|(poa—p)oa™|=lpoa—pl.
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This formula obviously implies that the only slowly oscillating automorphism is the identity
automorphism.

If « is merely an isometric UCP map on M and My =), a" (M) is the “tail” operator
system, then for every p € M, we have

looa™ —poa”|=|(poa—p)oa|=](poa—p)lanm)

’

and the right-hand side decreases to |[(p o & — p)[ M. |l as n — oo by Lemma 3.5. Hence «
oscillates slowly iff it restricts to the identity map on M.

7. Identification of the asymptotic dynamics

Let L: M — M be a UCP map acting on a von Neumann algebra M and let (N, «, E) be
its asymptotic lift. We have seen that (N, Z) is a W*-dynamical system; indeed, the proof of
Theorem 5.1 shows that the algebraic structure of N is that of the noncommutative Poisson
boundary of an associated UCP map A : M — M on another von Neumann algebra.

In general, it can be a significant problem to find a concrete realization of the Poisson
boundary, even when M = L°°(X, n) is commutative (see [16]—this is called the identifica-
tion problem in [13]). In the noncommutative case, there are only a few examples for which this
problem has been effectively solved. Three of them are discussed in [12].

In this section we contribute to this circle of ideas by showing that the asymptotic lift of a
UCP map L on a von Neumann algebra is isomorphic to the tail flow of the minimal dilation
of L to a x-endomorphism whenever the minimal dilation has trivial kernel—which is automatic
whenever L acts on a factor. We will clarify the precise relation between the asymptotic lift of L
and the Poisson boundary of L in Section 8.

It will not be necessary to reiterate explicit details of the dilation theory of UCP maps act-
ing on von Neumann algebras (see [2, Chapter 8]). Instead, we simply recall that every UCP
map L:M — M acting on a von Neumann algebra can be dilated minimally to a normal
unit-preserving *-endomorphism of a larger von Neumann algebra «: N — N that contains
M = pNp as a corner. Any two minimal dilations of L are naturally isomorphic.

More generally, any unit-preserving normal isometric *-endomorphism «c: N — N of a von
Neumann algebra N gives rise to a decreasing sequence of von Neumann subalgebras N O
a(N) D a2(N) D - - - whose intersection

A=()e"(N)

n=0

is a von Neumann algebra with the property that the restriction of « to A is a x-automorphism
of A. That W*-dynamical system (A, Z) (also written (A, «[4)) is called the tail flow of the
endomorphism «: N — N. The tail flow is clearly an interesting conjugacy invariant of the
endomorphism ¢, but it has received little attention in the past.

The following result identifies the asymptotic lift of L as the tail flow of the minimal dilation
of L whenever the minimal dilation has trivial kernel. Actually, we prove somewhat more, since
the setting of Theorem 7.1 includes dilations that are not necessarily minimal.
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Theorem 7.1. Let «: N — N be a unital normal isometric endomorphism of a von Neumann
algebra N, let p € N be a projection in N satisfying p < a(p) and «"(p) + 1y as n 1 co. Let
M = pNp be the corresponding corner of N and let L : M — M be the UCP map defined by

L(x)=pa(x)p, xeM.

Then the asymptotic lift of L: M — M is isomorphic to (A, ala, E), where (A, afy) is the
tail flow of @ and E : A — M is the map E (a) = pap.

Proof. Obviously, af 4 is an automorphism of the operator system structure of A, and E is a UCP
map of A to M = pNp. We claim that the nondegeneracy requirement E(a¢~"(a)) =0, n > 1 =
a = 0 is satisfied. Indeed, fixing such an a € A and n > 1, we have

a"(plad” (p) =" (pa™"(@)p) =" (E(x™"(@))) =0, n=1,2,....
Since «"(p) converges strongly to 1 as n — oo, " (p)aa” (p) converges strongly to a, hence

a=0.
It remains to establish the formulas (3.1):

Jim oo (idy ® L) | = p o (idy ® B, (7.1
for every p € (M, @ M), and every n = 1,2,.... We first consider the case n = 1. Choose
o € M, and define p € N, by p(y) = p(pyp),y € N.For every k > 1, we claim

lpoL¥|=|poc| and lpoEl=IAlal. (7.2)

Indeed, since L¥(x) = pa*(x)p for all x € M, it follows that for every y € N we have
p(LE(pyp)) = p(pa*(pyp)p) = p(pak(y)p) = p(a*(y)), and that identity clearly implies
llpoL¥|| = ||poak||. The second formula of (7.2) follows from the identity p(E (a)) = p(pap) =
p(a) fora e A.

If we now apply (3.5) to the decreasing sequence of weak*-compact sets K; = o/ (ball N),
j=1,2,..., having intersection K, = ball A, we find that || o o/ | = sup{|p(y)|: y € K;}and
loTall =supf{lp(a)|: a € ball A}, so by Lemma 3.5 we conclude

“l=1prall=llpo ElL

. k . -
Jim oo L7 = flim |7 0w
proving (7.1).

This argument applies verbatim to establish (7.1) throughout the matrix hierarchy. Indeed,
for n > 2, the hypotheses of Theorem 7.1 carry over to the corner M ) — pnN ) Pn, Where
pn =1y, ® p, with « replaced by id, ® a. We have p, < (id, ® @)(pn) < (id, ® a®)(py) <
-+« M1 ym, and for a fixed p € Mi") there are appropriate versions of the formulas (7.2). O

8. Identification of the Poisson boundary

In this section we show how the Poisson boundary can be characterized in terms of the as-
ymptotic lift. Since the asymptotic lift can often be calculated explicitly—either directly as in
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Section 9 or using the tools of dilation theory and Theorem 7.1—this result contributes to the
identification problem for noncommutative Poisson boundaries as discussed in Section 7.

Let L: M — M be a UCP map acting on a von Neumann algebra, and consider the dual
operator system of all noncommutative harmonic elements

Hp={xeM: L(x)=x}.

We have pointed out in Section 5 that Hy carries a unique von Neumann algebra structure,
and that von Neumann algebra is called the Poisson boundary of the map L: M — M. Given a
x-automorphism of a von Neumann algebra N, we write N* = {y € N: «a(y) = y} for its fixed
subalgebra.

Proposition 8.1. Let L: M — M be a UCP map on a von Neumann algebra, let Hy be its
Poisson boundary, and let (N, «, E) be its asymptotic lift. Then the restriction of E to the fixed
algebra N* implements an isomorphism of von Neumann algebras N* = Hj .

Proof. The equivariance property E oo = L o E, implies E(N®) € Hy. For the opposite in-
clusion, every element a € Hj, gives rise to an inverse sequence a = (..., a,da,a, ...) and, after
realizing (N, «, E) concretely as in Section 3, we conclude that a = E(diag a) € E(N). Finally,
a straightforward application of formula (3.9) of Lemma 3.7 throughout the matrix hierarchy
shows that E[ye is a complete isometry. Since both N* and Hj are von Neumann algebras,
Elp, is a x-isomorphism.

9. Examples and concluding remarks

Theorem 7.1 identifies the asymptotic lift of a UCP map in terms of its minimal dilation. While
one can often calculate properties of the minimal dilation in explicit terms (see [2, Chapter 8]),
those computations can be cumbersome and sometimes difficult. On the other hand, given a
specific UCP map, we have found that it is often easier to calculate its asymptotic lift directly in
concrete terms. The purpose of this section is to illustrate that fact by carrying out calculations
for some examples that require a variety of techniques.

9.1. Stochastic matrices

It is appropriate to begin with the classical commutative case having its origins in the theory of
Markov chains. Let P = (p;;) be an n x n matrix of nonnegative numbers satisfying » jpij= 1
foreveryi =1, ...,n. If we view the elements of the von Neumann algebra M = C”" as column
vectors, then P gives rise to a UCP map on M by matrix multiplication. We now calculate the
asymptotic lift of P, and we relate that to classical results of Frobenius [9,10], generalizing earlier
results of Perron [18,19], on the asymptotic behavior of such matrices. To keep the discussion as
simple as possible, we restrict attention to the case where P is irreducible in the sense that the
only projections e € M satisfying P(e) < e are e =0 and e =1 (but see Remark 9.4). We write
o (P) for the spectrum of the linear operator P:C" — C"; o (P) is a subset of the closed unit
disk that contains the eigenvalue 1.

In this context, Theorem 2 of [11, see pp. 65—75] can be paraphrased as follows.

Theorem 9.1. Let P be an irreducible stochastic n x n matrix. Then there is a k, 1<k < n, such
thato (PYNT ={1,¢,2%, ..., c% 1} is the set of all kth roots of unity, ¢ = e*™/* each {7 being
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a simple eigenvalue. When k > 1, there is a permutation matrix U such that U PU™" has cyclic
form

0 Co O 0
0 0o C; ... 0
veuTt=| ©.1)
0 0 0 Cr_2
Cr1 O 0 0

in which the C are rectangular submatrices, and where the zero submatrices along the diagonal
are all square.

Notice that we can eliminate the unitary permutation matrix U entirely by replacing P with
a suitably relabeled stochastic matrix, and we do so. For each j =0,1,...,k — 1, let ¢; be
the projection corresponding to the domain subspace of the block C;. These projections are
mutually orthogonal, have sum 1, and satisfy P(e;) < e;+ (addition modulo k). Making use
of P(1) =1, we find that in fact, P(e;) = e;j41 for every j. Let N be the linear span of
eo, ..., ex—1 and let o be the restriction of P to N. Clearly N is a x-subalgebra of M and
o : N — N is the x-automorphism associated with this cyclic permutation of the minimal projec-
tions eqp, €1, ...,ex_1 of N.

Proposition 9.2. The asymptotic lift of P: M — M is the triple (N, a, E), where E:N C M is
the inclusion map.

Proof. For k > 1 as above, consider the UCP map P*: M — M. The spectrum of P¥ consists
of the eigenvalue 1, together with other spectral points in the open unit disk {|z| < 1}, the eigen-
value 1 having eigenspace N. Hence the sequence of powers PX, P% pP3k . converges to an
idempotent linear map Q on M having range N. Clearly Q is a UCP projection onto N. For
every p € M,, the norms ||p o P"|| decrease as r increases, hence

lim [po P’ = 1im [oo (PX)"|=llpoQll=lplnll=lpoEl ©2)
r—00 m— 00

The same argument applies throughout the matrix hierarchy over M, and we conclude that the
two criteria of Definition 3.1 are satisfied. Hence (N, «, E) is the asymptotic lift of P. O

Remark 9.3 (Asymptotics of the powers of P ). The idempotent UCP map

Q= lim P"k

m— 00

exhibited in the proof of Proposition 9.2 provides a precise sense in which the asymp-
totic lift (N, «, E) contains all of the asymptotic information about the sequence of powers
P, P2, P3, .... Indeed, we claim that there are positive constants ¢, r with r < 1 such that

[P"—a"Q| <cr", n=1,2,3,.... 9.3)

This follows from the fact that Q is an idempotent that commutes with P with the property
that @« = P[n—ran ¢ f has spectrum in the unit circle and P[rania— ) has spectrum in {|z| < 1}.
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Choosing a number r < 1 so that {|z| < r} contains the spectrum of P [ranid—0), the spectral
radius formula of elementary Banach algebra theory implies that the sequence

r Pt —at o =[Pt = P = (7 [ P - | )"
tends to zero as n — 00, hence there is a ¢ > 0 so that (9.3) is satisfied.

Remark 9.4 (Reducibility and noncommutativity). In the following subsection, we generalize
the above result to the case of UCP maps acting on noncommutative finite-dimensional von Neu-
mann algebras. In particular, the discussion of Section 9.2 applies equally to the reducible cases
not covered in the statement of Theorem 9.1.

9.2. Finite-dimensional von Neumann algebras

One can compute the asymptotic lift of a UCP map on a finite-dimensional von Neumann
algebra explicitly, using nothing but elementary methods along with the Choi-Effros multiplica-
tion. Since these results have significance for quantum computing [15], we sketch that calculation
in some detail.

Let L: M — M be a UCP map on a finite-dimensional von Neumann algebra. For every point
reo(L)NT let

N, ={xeM: L(x)=xx}

and let

N=ZNA

reo (L)NT

be the sum of these maximal eigenspaces. The identity operator belongs to N, and from the
property L(x*) = L(x)*, x € M, one deduces N* = N. Hence N is an operator system such that
the restriction o« = L[y of L to N is a diagonalizable UCP map with spectrum o (L) NT. Indeed,
it is not hard to show that « is a UCP automorphism of N.

We digress momentarily to point out that in the classical setting of Frobenius’ result for irre-
ducible stochastic matrices P as formulated in Theorem 9.1, N coincides with the span of the
projections ey, ..., ex—1 constructed above, the eigenvector associated with a kth root of unity
A€o (P)NT being given by

X) =€ +)_\61 +)_»26‘2 + - +)_»k_lek_1.

It follows that, in such commutative cases, N is closed under multiplication.

In the more general setting under discussion here, o (L) N T need not consist of roots of
unity and N need not be closed under multiplication. But in all cases N can be made into a
von Neumann algebra. The most transparent proof of that fact uses the following observation of
Kuperberg ([15], also see [3, Theorem 2.6]).

Lemma 9.5. There is an increasing sequence of integers ny < np < --- such that L™ | L"? ...
converges to an idempotent UCP map Q with the property N = Q(M). In fact, Q is the unique
idempotent limit point of the sequence of powers L, L*, L3, . ...
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One now uses the idempotent Q to introduce a Choi—Effros multiplication

xoy=0Q(xy), x,y€N,

in N, thereby making it into a finite-dimensional von Neumann algebra. Hence (N, o) becomes
a (typically noncommutative) W*-dynamical system, and the inclusion E : N € M becomes a
UCP map satisfying Eoa =L o E.

Proposition 9.6. The triple (N, «, E) is the asymptotic lift of LM — M.

Sketch of proof. The inclusion of N in M is injective, hence the nondegeneracy condition (2.2)
is satisfied. Thus we need only show that equality holds in the formulas (3.1), and that follows by
a proof paralleling that of (9.2). Indeed, letting n; < ny < --- be a sequence such that L"* — Q
as in Lemma 9.5, one finds that for every bounded linear functional p on M,

lim [poL"| = lim [po L™ =poQll=lplnll=lpoEl.
n—oo k—o00

Obviously, the same argument can be promoted throughout the matrix hierarchy, as one allows p

to range over the dual of M™ n=1,2,.... O

Remark 9.7 (Asymptotics of the powers of L). Making use of the idempotent O much as in
Remark 9.3, one finds that (N, «, E) contains all asymptotic information about the sequence
L,L? L3, ... because of the following precise estimate: There are positive constants c, r such
that r < 1 and

[L" =" Q| <cr”, n=1,2,.... (9.4)
9.3. UCP maps on Il factors

We now calculate the asymptotic lifts of a family of nontrivial UCP maps acting on the hy-
perfinite /I factor R, the point being to show that the asymptotic lifts of these maps can be
arbitrary x-automorphisms of R. There are many variations on these examples that exhibit a va-
riety of phenomena in other von Neumann algebras. Here, we confine ourselves to the simplest
nontrivial cases.

Let t be the tracial state of R, and let P be any normal UCP map of R having t as an
absorbing state in the sense that for every normal state p of R, one has

lim |poP* —1|=0. 9.5)
k—00

Of course, the simplest such map is P(x) = t(x)1; but we have less trivial examples in mind.
For example, let Ag = C*(U, V) be the irrational rotation C*-algebra, where U, V are unitaries
satisfying UV = ¢*™? VU and 6 is an irrational number. Then for every number A in the open
unit interval (0, 1) one can show that there is a completely positive unit-preserving map P; that
is defined uniquely on Ay by its action on monomials:

pA(Uqu) — )Llp|+|q|Uqu, p.q €.



W. Arveson / Journal of Functional Analysis 248 (2007) 202-224 221

Moreover, since in every finite linear combination x = Y I
lap,q| < lxll, p,q € Z, a straightforward estimate leads to

ap,qUPV1, the coefficients satisfy

sup || Pl(x) — (1] < Z AP+t k=1 Z AP+l = opk
st () £0.0) () 70.0)

for some positive constant c. We conclude that
. k _
lim || Py — r(-)l” =0,
k—o00

and in particular, (9.5) holds for every state p of C*(U, V).

The GNS construction applied to the tracial state of Ag now provides a representation 7 of Ag
with the property that the weak closure of w(Ag) is R, and there is a unique UCP map P on R
such that P(rr(x)) = (P, (x)) for all x € Ag. The preceding paragraph implies that the extended
map P : R — R has the asserted property (9.5).

Similar examples of UCP maps acting on other II; factors can be constructed by replacing R
with the group von Neumann algebras of discrete groups with infinite conjugacy classes (see
[3, Proposition 4.4]).

Choose a UCP map P: R — R having property (9.5), choose an arbitrary *-automorphism
o of R, and consider the UCP map L = P ® « defined uniquely on the spatial tensor product
R ® R by

Lx®y)=Px)®a(y), x,yeR.
Since R ® R is isomorphic to R, one can think of L as a UCP map on R.

Proposition 9.8. Let E: R — R ® R be the map E(x) =1® x, x € R. The asymptotic lift of
L =P Quisthetriple (R,a, E).

Sketch of proof. E is clearly an injective UCP map of von Neumann algebras satisfying the
equivariance condition £ o « = L o E. Thus it remains only to verify the formulas (3.1). For
that, we will prove a stronger asymptotic relation. Let Q: R ® R — 1 ® R be the t-preserving
conditional expectation

Qx®y)=rt(x)y, x,yeR.
We claim that for all p € (R ® R)4, one has

lim |poL*—po(idr ®a)* 0 Q] =0. (9.6)
k— o0
Indeed, since (R ® R), is the norm-closed linear span of functionals of the form p; ® po with
Pk € Ry, obvious estimates show that it suffices to prove (9.6) for decomposable functionals of
the form p1 ® pp, where p1, p2 € R,. Fix p = p1 ® p> of this form. Using the decomposition

(L* — (idr ® @) 0 Q) (x ® y) = (P*(x) — T (0)1) ® ¥ (),

we find that || o] ® pa(L¥ — (idg @ @)¥ 0 Q)| decomposes into a product
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|01 @ ) (P =) @) | = [ o1 0 (PE =z (1) - 2 0]
=[pio (P =) 02l

=|lo1o P =] - llpal,

which by (9.5), tends to zero as k — oo.
Note that (9.6) leads immediately to the case n = 1 of (3.1), since

Jim [poLf| = lim oo (idg @ a*) 0 0 = lim [po Qoo =llpoQll=lpoEl.

With trivial changes, these arguments can be repeated throughout the matrix hierarchy, after
one identifies M, ® (R ® R) with (M,, ® R) ® R. We omit those mind-numbing details. O

9.4. The CCR heat flow

The three asymptotic assertions (9.3), (9.4), (9.6) are much stronger than the requirements
of (3.1), and one might ask if those stronger results can be established for the asymptotic lifts
(N, a, E) of more general UCP maps on von Neumann algebras L: M — M. In each of the
preceding examples, it was possible to identify N with a dual operator subsystem My, € M
(namely the range E(N) of E), o with the restriction oo = L[y, of L to N, and E with
the inclusion map ¢: N € M. There was also an idempotent completely positive projection QO
mapping M onto M, and together, these objects gave rise to the asymptotic relations

lim [poLf —poak 00| =0, peM.. 9.7)
k—o00

The relative strength of (9.7) and (3.1) is clearly seen if one reformulates the case n = 1 of (3.1)
in this context as the following assertion:

Jim o0 25| - [0 oak, 0 0] | = tim [0 o L*] ~ oo £1[=0

(see the proof of Proposition 9.8).

So it is natural to ask if the stronger relations (9.7) can be established more generally, at least in
cases where N = My, € M is a subspace of M and o = o is obtained by restricting L to M.
That is true, for example, in the more restricted context of [3]. The purpose of these remarks is to
show that the answer is no in general, by describing examples with the two properties Moo & M
and o = L[y, but for which there is no idempotent completely positive map Q satisfying (9.7).

The CCR heat flow is a semigroup of UCP maps {P;: t > 0} acting on the von Neumann
algebra M = B(H) [1]. Consider the single UCP map L = Py, for some fixed fo > 0. This map
has the following two properties: (a) there is no normal state p € M, satisfying p o L = p, and
(b) for any two normal states p1, p» € M, one has

lim | p1 o L* — py o L¥| = 0. (9.8)
k—00

We claim first that the asymptotic lift of this L is the triple (C, id, ¢), where ¢ is the inclusion of C
in M, t(X) = A - 1);. Indeed, to sketch the proof of the key assertion—namely the case n =1 of
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formula (3.1)—choose p € M,.. We have ||p ot| = |p(1)], so that (3.1) reduces in this case to the
formula

. pEM,. (9.9)

Jim [lpo L =p(1)

It is a simple exercise to show that (9.9) and (9.8) are in fact equivalent assertions about L—note
for example that (9.8) is the special case of (9.9) in which p (1) = O—and of course the restriction
of L to C-1is the identity map as, = id. This argument promotes naturally throughout the matrix
hierarchy over M, hence (C, id, ¢) is the asymptotic lift of L.

‘We now show that one cannot obtain formulas like (9.7) for this example.

Proposition 9.9. There is no completely positive projection Q of M on C - 1 that satisfies

klim looL*—poL¥o Q] =0, peM,. (9.10)
—00

Proof. Indeed, a completely positive idempotent Q with range C-1 would have the form Q(x) =
w(x)1, x € M, where w is a state of M. For any normal state p we have p o L*¥ o Q(x) =
p(Lk(a) (x)1)) =w(x), x € M, hence in this case (9.10) makes the assertion

Jim oot — o] =0;

i.e., w is an absorbing state for L. But an absorbing state w for L is a normal state that satisfies
w o L = w, contradicting property (a) above. 0O

Remark 9.10 (Further examples). One can generalize this construction based on L. For example,
let o be a x-automorphism of B(H) and consider the UCP map L ® @ definedon M = B(HQ H).
One can show that L ® « has asymptotic lift (B(H), «, E) where E : B(H) — M is the UCP map
E(x) =1®x, much as in the proof of Proposition 9.8. With suitable choices of « (specifically, for
any « that has a normal invariant state), one can also show that there is no completely positive
projection Q: M — 1 ® B(H) that satisfies (9.10). Thus, even though a UCP map on a von
Neumann algebra always has an asymptotic lift, there are many examples for which one cannot
expect precise asymptotic formulas such as (9.7).
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Abstract

Let G be a compact Lie group, and consider the loop group £.G := {£ € C([0, 1], G); £(0) = £(1) =e}.
Let v be the heat kernel measure at the time 1. For any density function F on £,G such that Ent,, (F) < oo,
we shall prove that there exists a unique optimal transportation map 7 : £,G — L,G which pushes v
forward to Fv.
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1. Introduction

The Monge—Kantorovich problem is to consider how to move one distribution of mass to
another one as efficiently as possible. The efficiency is measured with respect to a cost function
c(x, y) specifying the transportation tariff per unit mass. For the quadratic cost ¢(x, y) = |x — y|?
in the Euclidean space RY, the optimal transportation map was obtained by Brenier [3,4] (see
also Rachev, Riischendorf [18] and Knott, Smith [13]). On a compact Riemannian manifold,
with respect to the square of the Riemannian distance d2,, such an optimal transportation was
constructed by McCann [17]. For c(x, y) = |x — y|, see [6,10]. We shall not mention here all
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contributions to this intensively studied topic, but refer to Villani’s book [22] and Ambrosio’s
survey paper [1] for more details.

Recently the Monge—Kantorovich problem meets two direction of development: one explored
essentially by K.T. Sturm [20,21], and Lott and Villani [15] to singular manifolds (of finite di-
mension) having length property such as cones or Alexandrov spaces; another one initiated by
Feyel and Ustiinel [11] to carry out the programme on infinite-dimensional settings: they re-
solved completely the case of Wiener space. The main goal of this work is to deal with curved
infinite-dimensional spaces, namely loop groups.

The transportation cost inequality was first established by Talagrand [23] on Euclidean space
R" in 1996. Therefore, sometimes this inequality is also called Talagrand’s inequality. This
inequality concerns two important quantities: the Wasserstein distance between probability mea-
sures and the entropy of the dynamical system.

Firstly, let us recall the definition of the L?-Wasserstein distance. Let ¢, v be two probability
measures on a complete separable metric space (X, d). The L>-Wasserstein distance between
and v is defined as follows:

1 1/2

Wa(u,v) = inf —d(x, y)?dr(x,

21, v) neggu’v){ / > (x,y) dm(x y)}
XxX

where C(u, v) denotes the totality of the Borel probability measures on X x X with u, v as
marginal laws, equivalently all couplings of 1 and v. In the definition of Wasserstein distance,
%d (x, y)? acts as the cost function ¢(x, y). We shall say that the transportation cost inequality or
Talagrand’s inequality holds for u if there exists a constant C > 0 such that

W2(fu 1) <CEnty(f).  f>0, /fduzl,
X

holds where Ent,, (f) = [, x f1og f du. Through this inequality, we can get an upper estimate of
the Wasserstein distance between two probability measures. On loop groups, we have established
in [8,9,19] that the transportation cost inequality holds for the heat kernel measure with respect
to several different distances including the Riemannian distance. In this paper, we guarantee the
Wasserstein distance to be finite through the transportation cost inequality.

The main interest of this paper is to deal with the Monge—Kantorovich problem on loop
groups. Our work will be based partly on the McCann’s paper [17], where he treated inge-
niously the singularity of the Riemannian distance; partly on the Feyel and Ustiinel’s paper [11],
where the authors were the first to investigate the Monge—Kantorovich problem on an infinite-
dimensional setting; the procedure of finite-dimensional approximating will be very useful to
us.

Now let us explain more precisely the content of this paper. Let G be a connected compact
Lie group and § its Lie algebra equipped with Adg-invariant inner product (, ). Consider the
based loop groups L.G:

LG .= {E :[0, 11 — G continuous; £(0) =£(1) = e},

where e is the unit element of G. Let Hy($) be the Cameron—Martin space of absolutely con-
tinuous curves & from [0, 1] to § such that 2(0) = k(1) =0 and |h|%1,0 = fol |h(9)|§d9 < 400.
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Hy (%), equipped with the Lie bracket: [k, h2](0) := [h1(0), h2(6)], plays the role of the Lie al-
gebra of £,G. Consider a continuous curve y : [0, 1] - L.G; it is said to be admissible if there

exists z; = f(; z, ds € Ho($) with fol |z§|%10 ds < 400 such that for 6 € [0, 1],

diy(t,0)=y(t,0)z,(0)dt, y(0,0)=e. (1.1)

For such a curve, we define

1 172
L(y)= {f|z;|§10dt} .
0

Then the Riemannian distance dy, on L,G is defined as
dp(y,4r) = inf{L(y); y admissible connecting e and 81_162}, (1.2)

where e denotes the identity loop. It is clear that dy, is left invariant: dy (££1, £€2) = d (41, £2),
and it was proved in [9] that (€1, €2) — d (£1, £3) is lower semi-continuous on L,G X L,G.
Let

Wo(§) = {w:[0, 1] — § continuous; w(0) = w(1) =0}.

Then (Wy($), Ho($)) together with the Brownian bridge measure po on Wy(4) is an abstract
Wiener space. Let x(z,-) be a Brownian motion taking values on Wy($), with the covariance
operator (, ) g,. For each 6 € [0, 1], we consider the s.d.e.

dtgx(t,e)=gx(f79)°dtx(t’9)» gx(ove):e’ (13)

where d; denotes the Stratonovich stochastic differential relative to the time ¢. It was proved
in [16] that (z,0) — g.(¢,6) admits a continuous version, that we denote by the same nota-
tion. Then we get a continuous stochastic process t — g (¢, -) on L,G. Let v denote the law of
x +— g¢(1,-) on L,G, which is called the heat kernel measure on L.G. Let F:L,G — R be
a nonnegative Borel function such that f r.c F dv = 1. We introduce the Wasserstein distance
W3 (v, Fv) between v and Fv:

neC(v,Fv)
L.GxL.G

1
W2(v, Fv)=  inf ( / 5dL (1, £2)%m(de;, dﬂz)), (1.4)
where C(v, Fv) denotes the totality of probability measures on £,G x L,G having v and Fv as
marginal laws.

Theorem 1.1 (Monge problem). Suppose that Ent,(F) < +00o. Then there is a unique measur-
able map T : LG — L.G such that

(i) Tyv=Fv,
(i) W3(v, Fv) = [,  3di(¢. T(©)2v(do).
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The paper is organized as follows. In Section 2, we present a new approach to McCann’s opti-
mal transportation map in the case of Lie groups; our method has the advantage to be generalized
to infinite-dimensional settings. The proof of Theorem 1.1 will be done in Sections 3 and 4: we
resolve first Kantorovich dual problem in Section 3 following [11], our objective will be then
reached in Section 4, by developing McCann’s observation on the upper differentiability of the
Riemannian distance.

2. McCann’s optimal transportation map on compact Lie groups

The exponential map defined by Riemannian geodesics on a Riemannian manifold plays a
key role in McCann’s construction of the optimal transportation. The resolution for geodesic
equations meets a difficulty on infinite-dimensional settings; we refer to [14] for such kind of
discussions on the case of Riemannian path spaces; however, the exponential map is not well
defined. In this section, we shall develop an alternative approach of MaCann’s result in the case
of Lie groups.

Throughout this section, G will be a compact Lie group, and its Lie algebra § is endowed
with an inner product (, ), which is not assumed to be Ad-invariant. The associated Riemannian

distance d is defined as
2 172
dt) }
§

where the infimum is taken over the set of all absolutely continuous curve connecting x and y.
Let v : G — R U {£o0}be a measurable function. Consider

1
d
d(x,y) =inf{L<y> = (/‘y(r)—laym
0

c R l 2 _
Y(x) '_;22{2‘1 (x,y) W(y)}. (2.1

If ¢ is not bounded above, then ¢ is identically equal to —oo; ¥ = 400 happens only if
Y = —oo everywhere; otherwise, ¥ ¢ is a Lipschitz function; therefore it is differentiable out of
anull set of G.

Given two probability measures @ and v on G, then the Wasserstein distance W> (i, v) is
defined as

1
sz(u,V)=inf{ / Ed(x,y)zn(dx,dy);ne@(u,v)},
GxG

where C(u,v) denotes the set of couplings of p and v. According to the Kantorovich dual
representation theorem (see [22, Chapter 1]), it holds

W2, v)= sup  J($,¥), 2.2)
(¢,¥)ed,

where J (¢, %) := [; ¢du + [; ¥ dv and

D, = {q), ¥ : G — R continuous; ¢ (x) + ¥ (y) < %d(x, y)2}. 2.3)
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Then it is known (see for example [17]) that there exists a couple of functions (¢, ¥) in @,
verifying ¥ = (¥ )¢, ¢ = ¥ ¢ such that

W3 (. v) = J(@.¥). (2.4)
In particular, ¢ and i are Lipschitz continuous functions on G.

Proposition 2.1. Let (¢, V) € @, and ¢ = °. If for some x,y € G, ¢ is differentiable at x and

1
600 + ¥ () = d(x, )2, (2.5)

then y is uniquely determined by the gradient V¢ (x). More precisely, there exists a unique
geodesic y such that y(0)=e, y(1) =x"'y and

1

d
/Ad;[—l ()/fla)/t> dt = -V (x), (2.6)
0

where Adz denotes the adjoint operator of Ad.

Proof. Let y be minimizing geodesic such that y (0) =e¢, y(1) =x~ 'y and

1
L(y)=(f
0

4P 1/2
yt_lgyt dt) =d(e,x_1y).

4

Setz, =y, ! %y;. Then
dy()=y0zdr,  y0) =e.

For any a € §, ¢ > 0, since (¢, ¥) € ., we have

1
(xe™) + 9 () < Jd(xe™, >
Combining this with (2.5), we have
ea 1 ea 2 1 2
q)(xe ) —¢d(x) < Ed(xe ,y) — zd(x, y)©. 2.7

Let y (1) = eiem)/(t)» then y:(0) =e, y:(1) = eiwxil)’- We have
diye(t) = ye()(z; — SAdy,—legm a)dr.

It follows that
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1
d(xesa7y)2 < /|Z; —8Ady’_1emla|;dl
0
1

1 1

2

:/|Z;|gdt—28/(2;,Ady;1€£,,, a)g dt+82/‘|Adyflestaa|%gdt
0 0 0

or

1 1
1 ) 1 1
Ed(xesa’ ) - Ed(x, M2 < _g/(z;,Ady;lema)g dr + 582/|Adyt,lem a|§dt.
0 0

According to (2.7), we have, for each ¢ > 0,

1

1

¢ (xe®) — p(x) 1 2

— < _/(Z;’Ady,_'e”“ a)g dr + 58/|Ady,_le5’“ a|g dr.
0 0

Letting ¢ | O gives that

1 1

(Dadp)(x) < — /(Z; Ad, - a)g dr = <—/Ad’;[_1 z,dt, a> .
0 0 9

Let Vg (x) € § be defined such that (D) (x) = (V@ (x), a)g. Since a € § is arbitrary, we get
the expression (2.6).
Set

t

V, = / Adj,l . ds. (2.8)
0

We shall prove that V| determines uniquely the minimizing geodesic {y;, 0 <¢ < 1}. Leta € §,
e € R and ¢ € C?([0, 1], R) such that ¢(0) = ¢(1) = 0. Consider y,(r) = e*“D%y (t). Then y,
joins e and x~'y. We have

dye () = ye()(2) +ec' (O Ad 1, -ce0 @) dr.

Then

1

2
L(yg)2 = [ |z; +ec' (1) Ady1_|e,€c(,)a a g dr.
0
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Since & — L()/g)2 realizes a minimum at € = 0, we have

1
0= iL(yE)z =2f(zg,c/(t)Ad 11 @), dt,
de 0 vy 0™
0

or

1

/(Ad;‘/,lm z;, c’(t)a>9 dr =0.
0

Using the definition (2.8), the integration by parts yields to
1
(Vi.¢'(Da)y =/(v,,c”(z)a)g dr. (2.9)
0

Now suppose that (y;, 0 <7 < 1) is another minimizing geodesic connecting e and x7 1y
such that V1 = Vj. Then by (2.9), for each c € C2([0, 1], R) such that c¢(0) = ¢(1) = 0, we have

1

1
/(V,, c”(t)a)g dr = /(\7,, c”(t)a>9 dr.
0

0

Since the set of such function ¢ |—>~c’ "(t)a is dense in LZ([O, 1], §), we deduce that V; = Vt almost
everywhere. By continuity, V; =V, for each ¢ € [0, 1]. Namely,

1 t

/Ad*,l z,ds =/‘Ad’5,1 Z,ds.
Vs Vs
0 0

It follows that

Kt = Ad*_l Z; = Adf_l Z;.
Vi Y

Note that y and y both satisfy the differential equation
diy(t)=y(t)z;dt = y(t)Ad)*/[ K,dt, y(0)=e. (2.10)
By the uniqueness of solution, y coincides with y. In particular, y =y. O

Theorem 2.2. Let [, v be two probability measures on G. Suppose that | is absolutely contin-
uous with respect to the Haar measure on G. Then there exists a unique measurable mapping
T : G — G which pushes u forward to v and (Id x T )uu is a unique coupling measure in C(u, v)
which attains the Wasserstein distance W) (L, v).
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Proof. Let (¢, ¥) € @, verifying v = (¥ )¢, ¢ = ¥ such that (2.4) holds. By the Rademacher’s
theorem, ¢ is differentiable almost surely with respect to the Haar measure, so does also with
respect to the measure . For a point x € G where ¢ is differentiable, the compactness of G
yields the existence of y € G such that ¢ (x) = %d(x, y)2 — ¥ (y). By Proposition 2.1, such y is
uniquely determined by (V¢)(x). We shall denote it by

y =T (x), 2.11)

and prove that 7 :G — G is a measurable mapping. Let {8,, n > 1} C C*°([0, 1], R) be an
orthonormal basis of H(R) = {f:[0, 1] — R; f(0) =0 and fol |/ (5)]? < 4+00}. Define

t
Cn(t)=/ﬂn(5)ds—t/ﬂn(S)dS-
0

Let {ey, ..., eq} be an orthonormal basis of §. Then {B,e;, n > 1, i =1,...,d} is an orthonor-
mal basis of H($). Let U; = f(; Vs ds. Then (2.9) can be rewritten as

<V1,Cﬁ,(1)€, U/, B, (t)el =(U,dnei)r(g)-

0\_

It follows that

d
U= > (Vi.ch(Dei)gBueis

n>1i=1

converges in H($). A fortiori,

d
= Z ViLep(Deilg - Bu(e; (2.12)
n>1i=1
converges in §. Now replacing V| by —V¢ (x), we see that for each ¢, U, is a measurable function
of x so does V;. The differential equation (2.10) can be rewritten in the form
dy (1) =y (1) Adj, dV;, y(©0)=e.
Therefore for each ¢, y; is a measurable mapping of x. In this way, we get the measurability of

the mapping 7 (x) = xy (1).
Take any 7" € C(u, v) which attains W» (i, v). Then

1
f (Ed(x, Y =) — Wy)) dr(x,y) =

GxG
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Note that 3d(x, y)> — ¢(x) — ¥ (y) > 0, then T -a.s.

1
G )7 =90 =¥ (1) =0.
By construction of 7, it holds that 7"-a.s.
y=T([x).

Furthermore, this implies also the uniqueness of the mapping 7. Now for any bounded Borel
function f on G x G,

/f(x,ymr(x,y): / f(x,T(x))dT(x,y)=/f(x,T(x))du(x).
GxG GxG G

Consequently, T = (Id x7 )#u. In particular, Ty =v. O

Theorem 2.3. (McCann [17].) The map T has the following explicit expression using the geo-
desic exponential map:

T (x) = exp, (Ve (x)). (2.13)

Proof. Let x,y € G and y the minimizing geodesic connecting ¢ and x~'y. Consider ¢ (¢) =
sin (krrt). Then (2.9) holds, or fol (Ad;‘:_1 z, c,/( (t)a)g dt = 0 where a € §. Therefore for any
integer k > 1, '
1
/ Ad’; 1 zycos(kmt)dt =0,
t
0

from which we get that t — Ad:‘/,l z; is a constant function over [0, 1]. In particular,
t

1

Y (0)=7'(0)= /Adj—l Z;ds.
0

Now combining (2.6) and the definition of geodesic exponential map, we get (2.13). O
3. Kantorovich dual problem

Let v be the heat measure at the time 1 on £,G defined by (1.3). The objective of this section
is to resolve the Kantorovich dual problem for two probability measures v and F'v on the loop
group L,G. More precisely, let G be a connected compact Lie group, § its Lie algebra endowed
with an Adg-invariant metric (, ). Recall that

LG ={£:[0,1] — G continuous; £(0) =¢£(1) =e}
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and

1

Ho(§) = {h:[0,11— §;: h(0) =h(1)=0, |h|§1=/|h(9)|;de <+oo}.
0

For a cylindrical function F : £,G — R in the form

F(&) = f(£OD),....L060), feC®(G"),

and h € Hy(4), we define

n

d
(DyF)(0) = {@F(wh)} = "(ai £. €@)h @)

e=0 =y

3.

Teopa’

where 9; f denotes the ith partial derivative. The gradient operator V£ on £,G is defined as

n

(VEF) (@0 =710 @ )G 6., (3.2)

i=1
where G(6;,0) :=6; A6 — 6;0. Consider

o L2

E(F,F):= / [VEF[y, dv.
LG

By Driver [5], the integration by parts formula holds for the heat kernel measure v, so that
&(F, F) is closable. Let Dlz(v) be the domain of the associated Dirichlet form.

Now let P ={0 < 0; < --- < Oy < 1} be a finite partition of [0, 1]. For any & € Hy(4), we
define

N
Mph = Z G6:i.)0 h®)), (3.3)
ij=1

where (QZJD.) is the inverse matrix of (G(6;,6;));;. Note that ([Tph)(6;) = h(6;) for 1 <i < N.
Set

Hp(§) = {Tph; h e Ho(9)}.

Then it is easy to see that (ITph, h) g, = (IIph, ITph) y,, so that ITp is the orthogonal projection
from Hy($) onto Hp($). Define Ap: Hy($) — 977 by

Ap(h) = (h(©@1), ..., h(ON)). (3.4)
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Then by Driver [5], Ap is an isometric isomorphism from Hp(4) onto 9,7), if 9,7) is equipped
with the metric

N
(@.byp=Y Ollaibj)g. a=(ar....an), b=(b1.....by) € §". (3.5)
ij=1

In the remainder of the paper, we use also the notation Ap to denote the projection from £,G
to GP:

Ap(©) = (L@1). ... LO)).
Let g,(¢,-) be the continuous process on L,G defined by the s.d.e. (1.3), we denote

by gP (1) = Ap(g(t,)) = (gx(t,01),....8x(t,08)) and x] = Ap(x(t,") = (x(t,01)....,
x(t,60n)). Then t — xtp is a standard Brownian motion taking values in (97), (,)p) and

dgP (1) =g¥ odx?, g )= ....e). (3.6)

Let vp = (Ap)gv. Then vp is the law of x — gf(l) on GP, which has a strictly positive density
with respect to the Haar measure on G .

Proposition 3.1. Let (P,),>1 be a sequence of partition of [0, 1] such that P, C Pp11 and
\U,, Py is dense in [0, 1]. Then for any €, ¢’ € LG,

dn(Ant, Apl)) Y dp(€,€) asn— +oo, (3.7)
where A, = Ap, and d, is the left invariant distance associated to {, )p, defined in (3.5).
Proof. We see first that if P; C P,, then
dp, (Ap, (0), Ap, (£) < dp,(Ap,(0), Ap, (). (i)

In fact, let y : [0, 1] — G2 be a minimizing geodesic such that y (0) = Ap, (£), y (1) = Ap, (¢').
Set z, =y~ (s)y(s) € §72. We have

1
dp, (Ap,(0). Ap, (€)= f F4 |§32 ds.
0

Let A;l : 977 — Hp($) be the inverse map of Ap. Then

1

B, (4p,(0. 49,)) = [ 14751253, .
0

Let 7(s) = (y (5. 0))gep, and Zs = (2(s. 0))gep, . We have 7(0) = Ap, (0), 7(1) = Ap, (¢') and
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1

B, (4p, (00, 40, (©) < [ 15[ 05 = f T3, (45 )5, 0
0
1

< [ 1AL 85 = b, (49,0 AP (©)).
0

We get (i).
In the same way, we can prove that

dp(Ap(0), Ap(£)) <dL(¢. ). (ii)
Now we shall prove that

supd, (4, (€), Ay(€)) = dp. (¢, €,

Suppose that M; = sup, dy(A,(€), Ay(£)) < +oo. Then there exist geodesics y, in
C([0, 1], GPr) such that Yn(0)=e € GPn, y(1) = A, (=), and L(y,) = dn (A (£), Ap(€)).
Set

() =y, (S)y(s) € ¢
and
Z,(5) = A, (z,(9)) € Hp, (§).

Then

1

1
f 7o), ds = / 23 = da(An(0), Aa(0)) < M?
0

Therefore, {Z,,; n > 1} is contained in a bounded set of

1

1
H(Ho(§)) == {z, =/z; ds; /|Z§|20 ds < —i—oo}.
0

0

Up to a subsequence, (Z,),>1 converges weakly to some z € H(Hp($)) such that
fol |Z/(S)I%10 ds<M 12 Consider the following differential equation on L,G:

dy(t,0) =y (t,0)z,(0) dt, 7(0,0) =e;
d);n(tae) 2)71‘1([3 9)z;1(t,9) dtv J’;n(ove) =e.
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Then y, converges to y uniformly on [0, 1] x [0, 1]. In particular, ¥, (1, -) converges to y (1, -).
On the other hand, A, (y,(1,)) =y, (1) = A,(€~1¢). This means that for each 6 € Py, and
n = no, 7 (1,0) = €~1€)(0). As |, Py is dense in [0, 1], we get that (1, ) = £~ !¢/, therefore,

1
dr (6, 0)? < /}Z;ﬁ{o ds < M}.
0

The proof of (3.7) is completed. O

Now let F be a non-negative Borel function on £,G such that [ r.c Fdv=1 Setu=Fv
and up = (Ap)gu. Then up = Fpvp with Fpo Ap = EBP (F), where Bp is the sub o-field
on L,G generated by Ap.

Theorem 3.2. We have
sup Wy (i1, vp) = Wa, v). (3.8)

Proof. Let T € C(u, v). Define Tp = (Ap x Ap)sT. Then Tp € C(up, vp). According to
(3.7), we have

1
Wpom < [ Jdb(apti Ape) T de
L.GxL.G

N

1
/ Ed%(el,ez)r(del,dzz).
L.GxL,G

Taking the infimum over 1" € C(u, v), we get Wa(up, vp) < Wa(u, v).

Conversely, take ¢ > 0 small enough so that any two points x, y € G such that dg(x,y) < ¢
can be connected by a unique minimal geodesic in G, where dg is the bi-invariant distance on G.
For any partition P ={0 <6 <--- <fy < 1}, we set

Up=1{01,....y8) € GT; dG(n, yu—1) <&, i=1,...,N +1},

where yo = yy4+1 = e. Up is an open set of GP . For each y=01,...,YN), we define Ip(y) €
L.G such that Ip(y)(6;) = y; and y;, y;—1 are linked by the unique minimal geodesic. Then
Ip:Up — L,G is well defined and continuous.

Take a sequence of partition P, of [0, 1] such that P, C P, and | J, P, is dense in [0, 1].
Then we have

1 Ap,olp, =Id onUp,, Ip, o Ap, —»1d asn — +o0;
(i) foreachf e L.G, lim 1y, (Ap, ) =1.
n—00 n "
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Let Y, € C(up,, vp,) such that

1
W3 (up,, vp,) = / 5P, (x, )’ T (dx, dy).

GPnxGPn

Define

~ 1U7: xUp,
T,=Up, x I —7, ).
n=( Pn 'P,,)# <Tn(U79,, < UP,,) n)

According to (ii),

lim vp, (Up,) = lim f 1up, (Ap,(0)dv(0) =1
n—oo n—oo n
LG

and

lim wup, (Up,) = lim f 1y, (Ap,(0))Fdv() =1.
n—o00 n—oo n
LG

We have (Up, x Up,)" C (U§, x GP")U(G™" x Uf, ). Then

1, (Up, x Up,)*) < up,(Up ) +vp,(Up ) >0 asn— oo.
Therefore,
lim 7,(Up, x Up,) =1.
n—oo

Let f:L,G — R be a bounded continuous function. Then

1 xU¥ ’
[ ey

1, (Up, x Up,)
GPnxGPn
Ilf 1l oo

S—————vp, US)—0 asn— oo.
Y, (Up, x Up,) (U5)

Therefore,

1U7Dn xUp, (x, y)

S AT, (L, £2) = / Y, (Up, x Up,)

L.GxL.G GPnxGPn
_ / 1yp, (Ap, (£1))
B 1,(Up, x Up,)
.G
/‘ Lyp, xug, (X,¥)

» » Tn(UP” X U’P,,)
G nxGrn

f(Ip, () dY(x, )
f(Ip, Ap, (£1)) du(ly)

f(Ip,(x)) AT, (x, )
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which converges to, as n — oo,

/ J&)du(o).

LG

If we denote by i, and v, the marginal laws of Y,, then [, converges weakly to w, as well as v,
converges weakly to v. It follows that the family {77,1, n > 1} is tight. Up to a subsequence, Y,
converges weakly to a probability measure 77. Clearly, Yy € C(u, v). Now following [24] and
according to (3.7) and to (i), for m > n,

1, -
/ ~dp (Ap, (1), Ap,(£2)) AT, (dey, dEo)

2
L.GxL.G
1 ~
< / S, (A7, (01, 47, (€2) T (dtr, )
L.GxL,G

1

1
S Y Us xUa) —d% (x,y)Tn(dx,d
T (Up, x Up,) / 2P, (%> 7)Y (dx, dy)

GPm xGPn

=W (up,.vp,)
Yu(Up, xUp,)

<——————sup Wi (up. vp).
Y(Up, xUp,) p °

Letting m — 400 yields

1
/ Sd3, (A7, (1), Ap, () To(der, dea) < sup Wi(up, vp).
L.GxL,G s

Now letting n — 4-00, by virtue of (3.7), we get

W3 (1, v) <sup Wi (up,vp). O
P

Theorem 3.3. There exists a constant C > 0 such that

W22(Fv,v) < CEnt, (F), (3.9)
for any positive Borel function F on L,G such that |, .6 F dv=1.
Proof. Let P be a finite partition of [0, 1]. Then it is known (cf. [2]) that

W3 (Fpvp, vp) < CpEnty, (Fp), (3.10)
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where Cp = 2(eRPl — 1)/||Ric||p and Ricp is the Ricci tensor on GP. By [7],
supp |[Ricp|| < +o00, it follows that C := supp Cp < +00. Now

EntvP(F'p)Z/F'plongdU’pz / EB? (F)1og EPP (F) dv < Ent, (F).
GP LG

Hence (3.9) follows from (3.8) and (3.10). O

Theorem 3.4 (Kantorovich Dual problem). Suppose that Ent,(F) < 400, then there exists a
Borel function ¢ € Df(v) and ¥ in LY (L,G, Fv) respectively such that

@ ¢(£)+1/f(f/)§%di(ﬁ,f/), forall¢,¢ € L,G, and
(ii) W3 (v, Fv) = / odv+ / W Fdv.
L.G LG

Proof. Take a sequence of finite partition P, of [0, 1] as above. On GPn, according to (2.4),
there exist two Lipschitz continuous functions ¢, ¥, on GPr such that

1 2 P,
d’n(x)‘i‘lﬂn(Y) g Ed'Pn(-x’ Y) ’ X,y € G " (311)

1
/¢n dv, + f Yndin = sz(vn’ Mn) = f §|V¢n|%n dvy. (3.12)
Since GPr is compact, we have X, = f ¢n dv, is finite. Let C be the constant in (3.9), then

f (¢n = An)>dvy <C / |V, dva < 2C Ent, (F). (3.13)

GPn GPn

Define a new sequence (¢, V) = (¢, — An, ¥n + A,) Which satisfies again (3.11) and (3.12).
Let

(0 = Gu(An(©), V() = Y (An(0)).

From a classical result in the Dirichlet form theory, we see that & € D%(v). By (3.1), we have,
for h € Hy($),

(Véu(©), b}y = (Drdi)(0) = (D, 10 $n) (An(©)) = (V) (An (D)), An(B))y, .
It follows that

IVl () = |Vl p, 0 An(O).
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Therefore by (3.13), {(f)n} is a bounded sequence in D%(v). Up to a subsequence, cf),, converges
weakly to a function d; € Df(v) such that f[,eG |Vd;|%_10 dv < C?Ent,(F). By Banach—-Saks the-

orem, again up to a subsequence, the Cesaro mean ((/31 + 4 </3n) /n converges to ¢3 in Df(v).
Let Yy € C(Fv, v) such that

1
W2(Fv,v) = / S, BY Yol ).
L.GxL,G

Set

1 - -
Fa(ly, €2) = Sdi (81, €)% — Gn(£1) — Y (L2)
1 _ _
=di(t, €)= @ (An(€1)) = Y (A0 (£2))

which is positive by (3.7) and (3.11). Now using (3.8),

Fo(ey, £2)To(der, dbs) = W2(Fv, v) — / Fo vy — / T dit
LgGXEeG Gpn Gpn

= W3 (Fv, v) — W3 (in, v) — 0,

as n — +o0. This means that F, converges to 0 in L'(Tp). A fortiori,A (Fi1+---+4+ F,)/n con-
verges to 0. Therefore (Y1 4 ---+ vy,)/n converges in Ll(To) to Y (£y) := ldL(Zl,Zz)z —

H(1). Set

b1+ +n i 2
T heE

b, =
Then we have

1
¢ (€1) + ¥y, (£2) < EdL(el,ezﬂ, 01,4 € L,G. (3.14)

Again up to a subsequence ¢, converges Yp-a.s. to qb and v, converges Tp-a.s. to w therefore,
¢, converges to ¢ v-a.s. and ¥, converges to 1// u-a.s. Now define

¢=lim ¢,, ¢ = lim y,.
n—oo n—o00
Then ¢ = dA) v-a.s. and ¢ = 1} u-a.s., and

1
d (1) + Y () < EdL(el,eg)z, 01,4, € L,G. (3.15)

‘We have
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A 1 A
/ ¢dv + / Ydu= / <¢(51)+5dL(€1752)2—¢(51))T0(df1,d32)
L.G L.G LGxL,G

1
_ / S P o, dts) = W, ).
L.GxL.G

As a byproduct of the above equality, we have

1
S+ Y () =dL(tr, ), Toas. O (3.16)
4. Proof of the main theorem

Let (¢, ¥) be the pair of Borel functions constructed in the proof of Theorem 3.4. We know
that ¢ € D%(v). According to [12, Lemma 4.14], for each & € Hy(%), there exists a full subset
25, C LG w.r.t. v such that for £ € 2y, t — q&(ﬁe”‘) is absolutely continuous and

d
(Vo0 H), = | o) @

de =0

Let D C Hy($4) be a dense countable subset. Then there is a full subset £2 such that for £ € £2,
(4.1) holds for all 1 € D. Now consider

O ={(l1, ) € LG x L.G; 1 ¢ 2}.

Let Ty € C(v, u) which attains the Wasserstein distance W, (v, i). Then 15(®) = v(£2¢) = 0.
In the sequel, we consider (€1, £2) ¢ @ and satisfies the relation (3.16). Under the hypothesis
Ent, (F) < 400, we can assume that dy ({1, £2) < 4+00. By [9, Proposition 2.3(i)], there is a
minimizing curve y : [0, 1] = £,G such that y(0) =e, y (1) = Zl_lﬁg and

1
dutr. &7 = [ 2@l ar =GP,

0
where
diy(t,0) =y (,0)z,(0)dr,  y(0,0)=e. (4.2)
For h € Hy(§), define
(Q(y,1)h)(O) = Ad, -1 ) h(0). 4.3)

Proposition 4.1. We have

|0, Dk, <2(1+ L) - |hlpp- “4.4)
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Proof. By expression (4.3), we have
%(Q(V, Hh) = *(9)( nw)) L O)RO)y:(0)
*(9)( h(9>)y,<e> + yfl(mhw)( 4 (e)>
=Ad, 1(9)(%/1(0) — [%me)yﬂ(m,h(e)}).

To complete the proof, we need the following formula.

Lemma 4.2. We have

t

dy (6) _ d

yég v 0= / Adysw)(@zs(e)) ds. 4.5)
0

Proof. First suppose that (¢, 0) — z}(0) is smooth. By (4.2), we have y,_l%yt ©) =7z,0). If

! . L r . . .
we denote by é)—e the left covariant derivative and ﬁ)—e the right covariant derivative on G, then

D" dy;(9) D' d

@ a0 _aoa?
Therefore,
d /dy, (0 0
(5( Vdé )y,”w)))yt(e)—y,(e) 4 6),
or

d(dr@® _y ,\_ dz;(0)
E(TV’ (9)>_Ad”(9)< do )

from which we get (4.5). The general case follows by density arguments. O

End of the proof of Proposition 4.1. Using the expression of %(Q(y, t)h) and according
to (4.5), we have
2 \?
de)
)

1
d d _
|0(r.0n] = ( f ’Adw(m(@h(e) - [En(em 1(9),h(9>])
0

1 L
d (9) B 2 2
<|h|Ho+z(f’ "y 1(9)‘ de) ~sgp}h<e>\g
4
0

o
1
2 2
d@ds) )|h|H0,
9

1 1 d /
<21+ //‘Ezs(e)
0 0

which is nothing but (4.4). O
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Let Q(y, t)* be the adjoint operator of Q(y,t) on Hy($)-

Definition 4.3. Set
t
Vi :/ Q(y,s)*z; ds. 4.6)

Proposition 4.4. We have
Vi=—=(Vo)(ty), 4.7
where ¢ is given in Theorem 3.4.

Proof. Let i € D. Consider y,(z,0) := e '¢"® (¢, 0). Then y, connects e and e ¢" (El_lﬁz).
We have

diye(t,0) = —ch(@)e "Dy (1,0)dt + e "D d,y (1, 0)
=7e(1,0)(2}(0) — e Ad, -1, g)erener (1(0)) ) dr.

Then
dL(EleSh’Ez)z < / }Z; — SQ()/g, t)hﬁ'lo dr
1 1 1
=/yz;}20 dt—ze/(z;, Q(ve, Dh) dt—i—ez/}Q(yg,t)hﬁ{O dr.
0 0 0
It follows that

1 1

1 1 1 2
Edg(zlesh,zz)—Ediwl,zz)g /(zt,Q(ys,t)h) , 41+ 56 le(yg,t)h|H0df- (4.8)

0 0

By (3.15) and (3.16), we have

1
o(L1eM) — p(01) < =dF (L€, 02) — Edi(el,m

NI*—‘

Using (4.1) and (4.8), we get

1
(Vo (1), h)y < /(z,,Qw D)., < [ 0(y. 1)<, dr, h>
0
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for each h € D. Notice that D is dense in Hy(4), hence

V¢(€1)=—/ O(y,t*z,dt. O

4.1. Construction of the optimal transportation T
For further study, we need the explicit expression of Q*(y,1)™' = 0*(y 1, 1).
Lemma 4.5.

1
d 1 ok dk dG, (6) dy (o) _;  dk
@(Q(y 1) k):Adyt1(9)(£>—/7Ad%1(0)|: oV (@) 4 |do (49

0

Proof. We have

d

_ d _ ()
(el %r)h)=Ady,<e>(@h(9>+[ 1) V’ h(e>D.

Let k € Hy($), then

(k. 0(v =" 1))y,

1

[{s(5) 5+ [ @), o
do g

0

1 dk\ dh 1 d (9) dk

—1 Vt

o (8) 8] [ () )
0 0

1,dh(o) ng(a)
Srral

Recall that Gy is the function such that 4 (0) =
term in the above equality is equal to

1 1
dh(o) [ dGe)[ _, dyt(G) dk
_/< — / - [ @) Ad - (9)<£>:|d9>9do.
0 0

Therefore by changing notations, we get the expression for %(Q(y_l, t)*k), which is equal to

1
Ad 1(%)_/&0(9)[ 1o )dy,(a) Ad 1<%>]d0
Vi do de v do
0

) do. By Fubini theorem, the last

or
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1
dk 4G, (9) dyo) _, . dk
Adyf‘(@)(@)_/TAdm"w)[ oV @ |do

0

We get (4.9). O

In order to construct the Monge optimal transportation 7 (£), we shall inject the minimizing
curve y into an infinite-dimensional differential equation as in Section 2. To this end, we consider
7381 (G), the path group over G of finite energy

/ |y71(s))}(s)|;ds < +00.
On Pel (G), we consider the distance dp(y1, y2) defined by
172
_ L2 _
dp(yi, y2) = (/ v 1(s)v(s)|gds> . wherev =y, 'p. (4.10)
0

Then dp is left invariant: dp(y y1, yy2) =dp(y1, 12).

Proposition 4.6. There exists a constant C > 0 such that

dp(y1y. y2y) < (Cdp(y.e) 4+ 1)dp(y1. v2). (4.11)

where e denotes the identity path.

Proof. Letv = )/_1()/1_1)/2))/. We have

/—/‘A

v=—y oy T )y T )y v i )y
.1 1 -1 1 1 -1
w ==y ly 4y Vz)(y’ ¥2) V+V“(V’ )y (v ')y
:Adyfl((y]_lyz)(y]_lyz) +(Ad ,, —1)yy~ h.

It follows that

(i) ~(J o)

1

(fTr i)

1 1/2
| 2
+ (/ |(Ad(yl_1y2)(s) —Id)yy (s)|9ds) .
0
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The first term on the right-hand side is dp (y1, ¥2), while the second term is dominated by

C sup dg(yi1(s),12(8)) -dg(y,e) < Cdp(y1, y2) - dp(y, e).
0<s<1

Sowe get (4.11). O

Now let y : [0, 1] — ’Pel (G) be a continuous curve, where Pel (G) is endowed with the uniform
topology. According to the expression (4.9), we define A(y, t)h € H($) by

1

d dh dG, ) dyi(o) _, _ dh

E(A(]/, t)l’l) Ad 1(9)<£) —/TAdytl(a)[?yt (O'), @ do. (412)
0

Proposition 4.7. We have

|A(y, )R], < (14 2dp(v1, ) lhla. (4.13)
Proof. Note that |%G5(9)| =|1{g<o} — 0| < 1. Then
1

d dyi(o) _,, . dh
/@GU(G)Ad%_'(G)[ do Y (0)95 do

0

1
d dh
0 g1¢7 Ig

do

1 q 172
<2<[ o) L2 V’(") a) ki
g

0

=2dp(yi,e)|hln.
Using (4.12), we get that
|A(y, k|, < |hlu +2dp (v, @)hlg = (1 +2dp (v, ©)lklg. O
Proposition 4.8. We have

|A.0 = AG. D, <2C(1+dp(1.0)dp.oo(y. 7) +2dp(y. 7). (4.14)

where dp oo (Vr, V1) = supg dc (v¢(0), 1 (6)).
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Proof. By (4.12),

d
—|A(y,t)h — A(y,t)h
de[ (v, 1) (v, h]
1
dh dG4(9) dyi(o) _, dh
= (Ad, 15— Ad~_|(0))<d9) / 0 {Ady[_|(g)|:d—0y, (a),d—(7
0
dyt(0)~_1 dh
Since
1Ad, -1 g = Ady1 )| < Cda (17 6). 77 6)) < Csupda (14 9). 76)).
then
H (Ad, -1 Adwl(g))de H < Cdp ooyt Y)IhlH-

For estimating the second term, we consider yflft. Then

d . dy, . _,dp
ao ) = g gy
_ dy, _ dy, .
=% 1(0><—d—ijz o)+ dy’ 1(o>)y,(a)
and
N B P dy, __ _
(n @R@) () = Ad~1(g)( o) - Ly ))
Therefore,

d dh dy
M; (o) —Ad (U)I: ):;c(fo)ytl(a)’d_a} Ad (U)I: 7/[~71( )s ]

= (Ad 1, — Ady,(ﬂ))[ v o), ]
+Ad, (0)[(1 v (o )—%“1( ). —}

Then according to (4.15), we get
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~dyr dh
[Mi(@)y <2Cdp ey 70|57, ‘(o)’ =
—1 ~ -1 d —1 ~ dh
+2‘(% (@)71(0)) d—a()/, (U)Vt(a))‘g‘d_o_‘g-
Finally,
1
/|Mt(0)i9d0 < 2Cdp oo (Ve, v)dp (Vi €| hlu + 2dp (e, Vo) | hln -
0
Therefore,

”A(% 1) —Ay,1) Hop < 2C(1 +dp (v, e))d'P,oo(yta Vi) +2dp (i, Vi)- O
Lety:[0,1] — PJ(G) defined by
dry(t,0) =y (t,0)z;(0)dt,

where fol 2,13, dt < +oc. Let V, = fot V! ds with fol |V/|3, dt < +o00. In what follows, suppose
that y resolve also the differential equation

diy(t,0) =y, 0)(A(y,)V/))©)dr,  y(0,6)=e. (4.16)

Proposition 4.9. We have
1 12
1 / .
0

In particular, SUPo<r<1 dp(y;,e) < +oo.

Proof. By Lemma 4.2, we have

t

d _ d
Eyt(é’)yl 1(0)=/Adys(g)<£A(y,s)Vs’> ds. (4.18)
0
Therefore,
t 1 1/2
d d 2
dpyie) = | Ly 6) </ [ g ov| @) s,

d9 LZ(dg) 0 0 d0 9
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which is smaller by (4.13) than

t
f(l +2dp(ys. )| V|, ds.
0

Hence

d3 (i, ) < (/ +2d7>(yv,e) )</|V |Hd5>

0
1 1 t
2/|V;|i,ds—|—8</m,’]2ds)/d%(ys,e)ds.
0 0 0

Then the Gronwall’s lemma yields

1
Ly
dp (1, ) <2(f \Vs’\i,ds> LS o Vil ds.
0

so we get (4.17). O
Theorem 4.10. The differential equation (4.16) has at most one solution.

Proof. Let y;, 7, be two solutions. Using (4.15) and (4.18),

1 d
’(V,‘l(e)ft(e)) IE()/I_I(G))Z(G))‘

9
t
d ) d .,
= Ad)«(@) @A()/,S)VS —Ad);j(g) @A()/,S)VS dS
0 )
/||Adys(9) Ady, ) - ‘ Ay, V! ds—}—/‘ (A(y,s) — AT, 9))V))| ds.
§

It follows that

t

dp(yz,m</Cdp,oom,fx>|A<y,s)V£}Hds+/|(A<y,s>—A<f,s>)v;}Hds. (%)
0

According to (4.13), the first term is dominated by
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t t

c/dp,oom,fs)(l+2dp(ys,e>)}v;|,,ds <K10/dp,oo(ys,ﬁs)|v;|ydsv
0 0

where K1 :=1+2 SUPg<r<i dp(y;,e) < +o00 by (4.17); according to (4.14), the second term in
(x) is dominated by

t t

ZC/(l +d7>(ys,e))d7>,oo(ys,%)!VJ|HdS+2/dP(Vs,%)}Vs’}Hd&
0 0

Therefore,

t 1

- ~ 2
d%(v1, 7s) < 10K12C2</d7>,oo(%s%)dS>/\Vﬂgds
0 0
t 1

+8</d7%(ys,;7s)ds>/|vs’|§,ds.
0

0
Since dp o (vs, Vs) < dp(ys, Vs), we deduce that

t

1
dp (vi, 7) < (10K7C? + 8) (/ Vi[5 ds) /d%(ys, 7s)ds.
0 0

Now the Gronwall’s lemma yields that
dp(yr,vr)=0 forallz €0, 1]. O

Let D be a countable dense subset of Hy(4). For h e D, e e R and c € Cz([O, 1], R) such
that ¢(0) = ¢(1) = 0, consider y,(z, ) := D"z, 0). Then y, is also a continuous curve
connecting e and Zfléz.

dive(t,0) =’ OO DDy (1,0)dr + DD,y (2, 0)
=y:(t,0)(z,0) + ¢’ (1) Q (¥, DR (D)),

where Q(y, tr) was defined in (4.3). Hence

1

L(ye)* = / |2; +&c' (1) Q(ye. t)hlil0 dr
0
1 1

1
:/|z;|§,0 dt+2g/(z;, Q(yg,t)h)Hoc/(t)dt+£2/|c/(t)Q(y£,t)h|§_10 dr.
0

0 0
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Since & — L(y,;)2 realizes a minimum at € = 0, then
1
— d 2 _ ’ /
0= d—L(Vs) =2 [(z1, Q(y. )R}, ¢ (1) dt.
€ e=0 0
0

In what follows, we denote V; = f(; O(y, s)*z, ds. Applying the integration by parts formula,
we get

1

(Vi, ¢/ (D), =/(v,,c”(z)h)H0 dr. (4.19)

0

Now suppose that y; is another curve connecting e with Zflfz such that \71 = V1. Then by (4.19),
we get

1
/(v, -V, c”(t)h)HO dr =0.
0

Since the set of such functions 7 > ¢”(¢)h, for h € D is dense in L2([0, 1] 1, Hyo(%)), we deduce
that V; = V, almost everywhere. By continuity, V; = V, for each r € [0, 1]. Hence Q(y, t)* =

Q(y.1)*z;. By (4.2),

dry (1,0) =y (1,0)z,(0)dt

=y(t,0)(A(y,HQ(y,1)*z;)(0) dt

=yt 0)(Aly.0)V/) () dr.
@ccording to Theorem 4.10, we have y (¢, 0) = y (¢, 0) for (¢,0) € [0, 1] x [0, 1]. In particular,
€r = ¥£5. So £; is uniquely determined by Vj. And Proposition 4.4 says that Vi = —V¢(£1), so
£ is uniquely determined by (V¢)(£1). Denote

=T (ly).
4.2. Measurability of T
In what follows, we shall establish the measurability of the map 7.

Theorem 4.11. Let y; be the solution of (4.16). Then y; can be approximated by Euler scheme.

Proof. Letn > 1. Fort € [I27", (I + 1)27"[, consider

Ya(t,0) = ya (127", 0) exp{(t — 127") 2" (A(ya, 127") V12— — Vi) )},
vn(0,0) =e, (4.20)
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where

@(A(Vnﬂ_")h)

—Ad dh
—teo\ g9

dG, (0) d o dn
—/ T Ad, 1(,2_,,’0)[53/”(12 o)y (12 ",a),£i|do. (4.21)
0

Set V, (1) =2"(Vy1y2-n — Vip-n) for t € [127", (I + 1)27"[. Then (4.20) can be written in the
form

dyn(t,0) = yu(t, ) A(yn, ta) V, (t2) dt, ¥n(0,0) =e, (4.22)

where t, = [t2""]27". Firstly, it is easy to see that
lim / V] =V, (5)[2 ds = (4.23)

Again by expression (4.15),

2 1/2
) = /  dya(1.0) i
7/[1 Vn — d9 [ d9 yn 9’ .
Similarly, we have
dyr 4 dy,(t,0) _;
—_— 0) — —— t,0
aw @) w ( )9

t
d d
< /'Adys(e) @(A(V» S)Vs/) - Ady,l(s,@) @(A(Vna Sn) Vi (Sn)/)'g ds
0

d (A(y,9)Vy)| ds

dé

</||Adys<9> — Ady, 5,0)l
9

d /
/‘— A(y,s)V — E(A(yn,sn)vn(sn))‘ ds
)



254 S. Fang, J. Shao / Journal of Functional Analysis 248 (2007) 225-257

Then
t
dp (v ya (1)) < C f P oo (o va()) | Ay, )V, ds
0
+/ |A(y. V] — AVu. 50) V;y () | ds. (4.24)
‘We have

AW, )V = Ay, sn)Vy (s0) = Ay, $) (VS = Vo (sn)) + (A(y, 8) — Ay, 50)) V;y (50)
+ (A(Va sn) — AV, Sn))V,:(Sn).

Then

|[A. V) — Au, s0) Vi (sn)|
<AG oIV~ Vil + 14079 = A s Vacon)

A 50 = A 5 o | Vi) - (4.25)

Now for s € [[127", (I +1)27"[,take h € H,

d d —n
@(A(y, s)h) — E(A(y, 12 )h)

dh

— (Ad Ad,

S C) M et (0>)

1

d d h
/d Go (0){(Ad oy~ Ad, (9))[ Vs @)y (o), —“da
0

1

dG 6)Ad, - d ! d ! 1 g
a0 ( ) () do ~— Vs (O'))/S (G) - d_O_VIZ*” (0)7/12—n (0)» d_O’ .
0

It follows that for s € [[127", (I + 1)27"[,

|A(y. 9)h — A(y.127")h|,; < Cdp oo (vs. Yiz-n) |l
+2Cdp oo (Vs, Viz-)dp (¥s, ) |hlg + R, (s),

where
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1
d _ d _ d
Ru(s) =2 / L @ @) = Sy @Iy @) |h| do
0

1 s d /
<2/( /‘—(A(y,u)vu) du)
do g
0 2-n

<2 [ |AGra0 V]
n-n

dh

do

do

4

N

< 2K |h|y / | V|, due

-n
1

1/2
<2Ky|hly -2‘”/2</|V;|i,ds> :

0

Since sup, dp oo (Vs, ¥s5,) — 0 as n — +o00, there exists B, — 0 such that
sup|[ Ay, ) = A(y.su) [, < Bu — 0.
N
Returning back to (4.25), we get

iA(Va S)Vs/ — A(Vn, S’l)vy:(sn)|H <Ky |Vs/ - Vy:(sn)iH + 2CK1d73,oo(Vsn» Vn(sn))|vy;(5n)|H
+ 2d’P(Vsna Vn(sn))ivy;(sn”H + ,3n|vyi(sn)|H-

By (4.24),

t 1

A5 (vi, (D) <2CK1(/d723’00(ys,yn(s)) ds)K2+2K12</|V;— V,;(sn)ﬁ,ds)
0 0
t t

+ 802K12< / 3 o (Vs yn<sn>)ds> K>+ 8( [ A3 (Vs Yn(sn)) ds) K>

0 0
2
+ B, K2,

where K> = [, |V/[3 ds and [ |V, (s)|3, ds < [ [V/[3, ds = K. It follows that

t

1
2
db (v, vn (1)) < BEK2 + sz< / |V — v,;(s)|Hds> +2CK2K, / A3 (vs. yu(s)) ds
0 0
t

+(8C2K12K2+8Kz)fd72>(ys,,,yn(sn)) ds
0
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from which we deduce that

sup d%(y,,yn(t))éan~eK—>O asn — —+oo. O
0<r<1

Proof of Theorem 1.1. Just as we have done in the case of Lie group, we take {8,, n > 1}

and {c,, n > 1} as in the proof of Theorem 2.2. Let {h;, i > 1} C D be a basis of Hy(%). Let
U, = fé V; ds, and rewrite (4.19) as

1
(v, C;,(D’%')HO = /(U,/ ﬂ,/l(t)hi>H0 dt = (U, Buhi) H(Hy(4))-
0

Therefore,
U= Z Z(Vl ’ C;zhi>H0:3nhi € H(H()(g,))
n>lixl1
and
Ur= Z Z(Vl’ C;thi>1-10,3n(t)hi € Hy(4).
n>lix1
Since Vi = —V¢(£1) is measurable function of £, we see for each ¢ € [0, 1], U; is measurable,

so does V;. By (4.20), we see that y,(¢) is measurable for each ¢. According to Theorem 4.11,
v, (¢) converges to y (¢), hence y (¢) is measurable for each ¢ € [0, 1]. Therefore, 7 (£1) = £y (1)
is a measurable function of ¢; and Ty is supported by the graph {(£1,7 (¢1)); £1 € L.G}. 1t
follows that Ty = (Id x 7 )#v and Tyv = Fv. Furthermore, this result implies also the uniqueness
of the mapping 7 . The proof of Theorem 1.1 is complete now. O
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