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Abstract

We develop a stochastic calculus of divergence type with respect to the fractional Brownian sheet (fBs)
with any Hurst parameters in (0,1) and beyond the fractional scale. We define stochastic integration in
the extended Skorohod sense, and derive It6 and Tanaka formulas. In the case of Gaussian fields that are
more irregular than fBs for any Hurst parameters, we are able to complete the same program for those

Gaussian fields that are almost-surely uniformly continuous.
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1 Introduction

In recent years stochastic integration with respect to Gaussian processes in general and to the fractional

Brownian motion (fBm for short) in particular has been studied intensively. Different approaches have been
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considered in order to develop a stochastic calculus for fBm, including the Skorohod integration based on a
duality relation from the Malliavin calculus (see [1] and [2]), the pathwise stochastic calculus — especially the
regularization integrals of Russo and Vallois (see these authors’ original article in [15], or the presentation
in [13]), and the rough path analysis (see [10]). In all cases, the situation when the fBm’s so-called Hurst
parameter H is small proves to be most difficult. This H is a self-similarity parameter, and is related to the
regularity of the fBm in the sense that almost every path of fBm is a-Ho6lder continuous for any o < H, but
not for « = H.

For example, in the classical Malliavin calculus approach, the integral of fBm with respect to itself exists
if and only if H > 1/4. In the pathwise approach, the barrier for the standard definition of the symmetric
integral (generalization of the Stratonovich integral) is H = 1/6. Clearly, for small parameter, one needs
an extended, relaxed way to integrate. It was recently discovered in [4] that the barrier of H = 1/4 can
be overcome by considering a weaker form of Skorohod integration. In [8], a special form of the symmetric
integral was defined for all H > 0 as well. In [11], Skorohod integration and stochastic calculus were extended
far beyond the scale of H > 0, using ideas from [4] and a new, streamlined method whose success is based
on the avoidance of all references to the cumbersome so-called fractional derivatives and integrals.

In this article, we choose to use the techniques developped in [11] to study the problem of stochastic
calculus for two-parameter Gaussian processes. The canonical example of such processes is the fractional
Brownian sheet. It was studied in [16] for H > 1/2, where It6 and Tanaka formulas were established, the
former formula being the canonical chain rule of stochastic calculus, its cornerstone, and the latter being
a representation of fBm’s local time (occupation time density) using a stochastic integral (see [5] for the
results with only one parameter). The purpose of this article is to show that the techniques of [16], which
only apply to the case of H > 1/2, can be supplanted by developing a stochastic integration that works
also for the fractional Brownian sheet with any Hurst parameters less than 1/2, and beyond the fractional
scale, using the ideas of [11]. Our generalization of the one-parameter results of [4] and [11] is non-trivial
because of the appearance of not one but four Skorohod stochastic integrals in the Itd formula, including
two separate new types of integrals with respect to two distinct 2-parameter processes. In a one-dimensional
situation, an Itd formula can be established by a simple identification procedure, where the single Skorohod
stochastic integral is proven to exist and is calculated all in one step (a method used in [4] and in [11]).
In our situation, the existence of each Skorohod stochastic integral in the It6 formula has to be dealt with
separately beforehand. Then, and only then, can an identification procedure be used to establish the Itd
formula. We also mention that the ideas presented in this paper combined with the ones in [16] could be
used for the case when one Hurst parameter is bigger and the other is less than one half.

The paper is organized as follows. Section 2 contains preliminaries on the standard and extended Malliavin
calculus with respect to the fractional Brownian sheet, including a proof of existence of extended Skorohod

integrals. In Section 3 we derive an It6’s formula for Hurst parameters below 1/2; and briefly discuss the local
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time, including a Tanaka formula. Section 4 describes the extension of our calculus beyond the fractional

scale, generalizing the approach of [11] to two parameters, including It6 and Tanaka formulas.

2 Preliminaries

2.1 Malliavin calculus and Wiener integral

Let T = [0,1]? and let (Wf‘gﬁ)( : be a fractional Brownian sheet with Hurst parameters o, 8 € (0, 1).
’ s,t)eT

This process is defined as a centered Gaussian process under some probability space (2, F, P), starting from

zero, and with the covariance function
B (weiwe?)

= RYP(s,t,u,v) == (5% + u?* — |s — ul*®) (tw + 02— |t — v|2ﬁ) .

N —
N —

We can see that for each fixed s € [0, 1], Wy P is, up to the constant factor s2, a one-parameter fBm with
Hurst parameter §, and similarly for Wf“t’ﬂ when ¢ is fixed; note that R, as a tensor-product of covariance
functions (of fBm’s), is itself a bonafide covariance function.

Let us briefly recall the framework of the Malliavin calculus for the fractional Brownian sheet. Denote
by H® the canonical Hilbert space of W®#. That is, H(® is the closure of the linear space of linear
combinations of indicator functions 1jg sx[0,¢ » 5, € [0, 1] with respect to the scalar product defined by

(Lo0,51x[0.1] L0,u)x[0,0)) 1 = R*P(s,t,u,v).
Let Sy2) be the class of ‘smooth’ random variables of the form

F=fW*(p1),...,W* () @i € H?

where f and all its derivatives are bounded. The Malliavin derivative operator acts on random variables F’

as above in the following way

"9
D, F = Z % (W“’ﬁ(gol), R Wa’ﬁ(gan)) wi(s,t) (s, t)eT.
i=0 v

The operator D is closable and it can be extended to the closure of Sy 2y with respect to the norm
IFI 5 = EIF |32y + EIDF |22 gpc0)-

The classical Skorohod integral is the adjoint of D. Its domain Dom(d) is the class of square integrable

processes U such that for some constant C' > 0,

|[E(DF,U) =] < OHF||L2(Q) VE € Sy
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One of the long-standing difficulties with the Skorohod integral is that, not only is its domain difficult to
characterize, even in the standard Brownian case (H = 1/2), but for low H, its domain is too small to be
of any practical purpose. For example, in the one-dimensional case, the fractional Brownian motion B is
integrable with respect to itself if and only if H > 1/4 (see [4]). The same happens in the case of the sheet:
the argument of [4] can be used to show that W®# € Dom(d) if and only if both a > 1/4 and 8 > 1/4.
Therefore, an extended divergence is needed for the stochastic integration with respect to the fractional
Brownian sheet with small Hurst parameters.

Before doing so in the next section by following the method of [11] — itself based on ideas of [4] —, we
introduce an operator based on the Kernel representation of fBm. For fBm strictly speaking, it is traditional
to use elements of fractional calculus. Even though part of the point of our work is to avoid the use of such
calculus, we include the standard formulas here, so that the reader who is used to these objects will be able
to see how it ties into our development. Let f be a function on [0,1] and « > 0. Then

b
0= | s

(a s—t)

is the right-sided Riemann-Liouville fractional integral of order «, while the right-sided integral I, is defined

using integration from a to ¢t. For a € (0, 1)

L6 (" fs)
DY ft) = ——— ————ds.
b () F(l—a)ét/t (s— )™
is the left-sided Riemann-Liouville fractional derivative of order a; I;* and Dj' are inverses of each other.

Then define the operator

[K50f] () = cast =7 (122 [(0772 1)) () 1)

where cg = 23(8 — )['(3 — 1)2/B(8 — 3,2 — 28). We set
K;?ﬁ,t,s = Ké,t ® KE,S' (2)

In the sequel we will simply write K*:? by omitting the parameters, if this does not lead to confusion. In the
same way that the operator K, , is the kernel of the well-known Brownian representation of {Bm integration,

our operator K;QB satisfies, for any test function f € (K*’z)f1 (L2 [O,T]),

/ / Wa’ﬁ dq,dT’ qv / / ,ﬁts (q,T)W(d(Ldr)v
q=0 Jr=0

where W (s, t), s,t € [O 1] is a standard Brownian sheet and the integrals on either side are of Wiener type.
The operator K 5 can also be defined by (2) by using the Kernel representation of f{Bm, following [1].

There is a deterministic function K, (¢, s) defined for 0 < s < ¢ < 1 such that

B (s.t) = A o s, T T).
W (s,1) //K (t.q) K5 (s,7) W (dq, dr)
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For completeness, we give the relevant formulas here: for ¢, a constant depending only on «,

Kq(t,s) =ca(t—5)""2 +s2F (2 )
8Ka 1 _3 /(S8 %70‘
S (t5) = cala— D)t —3) (;) .
We then have
LOK,

(K21 f] (s) = Kalt,5) f(s) + (r,8) (f (r) = f (s)) dr.

s Os

Moreover, if a < 1/2, we can see that for some constant ¢,

Ko (,5)] < ca (t— )72, (3)
‘8;(; (r,s)| <cq(t— s)a_3/2 . (4)

In fact, all the developments below, which are based on fBm, can be repeated as based upon any Gaussian
process X which can be represented as X (t) = fot K (t,7)dW (r) where K is a non-random function satisfying
the two relations (3) and (4) above, although the final form of the Itd and Tanaka formulas may look
unfamiliar. We choose to work specifically with fBm for the sake of readability. On the other hand this
paper’s last Section 5 deals with a general class of Gaussian processes which is even allowed to go beyond
those that satisfy (3) and (4). The interested reader will easily be able to check that the Itd6 and Tanaka

formulas for a general K follow immediately from the corresponding results in Section 5.

2.2 Extended integral

The extended integral can be defined as in the one-dimensional situation in [4] or [11]. We follow the

techniques in [11]: we introduce the Hilbert space
H@) — (K*g,ade*,z)*l (L2(T))

where K*2%% is the adjoint of the operator K*2, and we construct the Malliavin derivative D as above,
relative to the new space H(?) instead of H(?). Since H(?" is bigger than H(?, this definition is immediate.
We will say that a square integrable process U belongs to the extended domain of the divergence operator,

and we write U € Dom*(9), if there exists a random variable (that we shall also denote by §(U)) such that
E(F(U)) = / / E Uy (K***YK*2D. . F) (s,t)] dsdt VF € Sy (5)
T

This way, shifting the adjoint back onto F, we see that the ‘new’ extended integral restricted to Dom(J)
coincides with the standard Skorohod integral. In the sequel we will simply write H, H/ instead of H(2), H(2)/,

The reader may consult [11] for a proof that H’ is not restricted to constant random variables. In fact, [11]
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established that H’ is rich enough to guarantee that the above definition of 6 (U) defines a unique random
variable in L? (Q, F,P) if F is the sigma-field generated by W<#. This uniqueness is usually called the
determining class property of Sy for §. It is remarkable to note that, now that our operator K*? is
defined, and the existence and determining class properties of Sy are established, there will no longer be
any reference to the actual form of K*2. We contend that Skorohod integration, extended or not, should not
require the use of fractional calculus: one should only have to specify how the kernel K* is defined, by any
analytic method, which may or may not refer to factional calculus, and show the space Sy of test random
variables F' is a determining class. That such characteristics are sufficient for developing a full stochastic
calculus is the underlying argument in [11], which proves it in the single-parameter case for a wide class of
Volterra-type processes which span the fractional Brownian scale and go beyond. The present article shows
that the same program can be achieved for two-parameter processes.

It is also possible to characterize the extended domain Dom* () using multiple stochastic integrals. We
recall Theorem 3.2 of [9] (proved in the one-parameter case; but it can be immediately extended to the
two-parameter case). Let u be a square integrable process having the chaos representation

w(s,t) =D In(fal (5,1))
n>0
where I,, denotes the multiple integral of order n with respect to W*# and f, € (H®)®" @ L*(T) is
symmetric in the first n pairs of variables. Then u € Dom*(6) if and only if f,, (the symmetrization of f, in
all variables) belongs to (H(®)®"+1 and
Z(” + 1)”fn|%n(2>)®n+1 < 00. (6)
n>0

In this case 6(u) = 3,50 In+1(fn)-

2.3 Specific double integral

We need to introduce a double Skorohod integral that appears in the expression of the It6 formula for the
fractional Brownian sheet. To motivate this definition, let us briefly recall some elements of the regular case
when the parameters o and (§ are bigger than % In this situation we have the following decomposition
formula for (W*:%)2 L
(W) =2 / / Weldwe 4+ 2M, , + s*¢%0 (7)
0o Jo

where the process Ms’t is defined as the limit

m—1n—1
M;p = LQ(Q) - #ﬁfo s Z Z 1[Sz‘x8'i+1]><[07tj](')1[07Sz‘]><[tjatj+1}(*) (8)
i=0 j=0

where 6(2) denotes the double Skorohod integral with respect to W®# and the above limit exists. To be

clear, let us point out that §(* can be interpreted as a two-fold iteration of the Skorohod integral § with
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respect to W# (e.g. defined in the previous section): it is not to be confused with the iteration of the single
Skorohod integral with respect to the one parameter process W2; in particular, it has four scalar parameters
which are grouped pairwise. Moreover, the Ito formula for the fractional sheet contains a “specific” sheet

integral [ [ f"(W)dM,,, which is defined as

m—1n—

1n—1
fN( gatﬂa) 3L75i+1]><[0xtj](')1[0xsi]x[tj7tj+1](*)
1=0 5=0

S t
/ / fr(wehy, ,dM, , = L*(Q) — lim §@
0 0

|w]—0

(9)

where 7 denotes the partition of [0, 1]? defined by the two increasing sequences {s;};~, and {¢; }?zl, and |r]
is its mesh. The fact that the parameters o and § are supposed to be bigger than 1/2 plays an essential
role in the proof of the convergence of the sequences from the right side of (8) and (9). Therefore, for
small parameters, the integral dM should be understood in the extended way. Nevertheless, the intuitive
interpretation of M is that

dMs,t = dsWe,t : dtVVs,t

where for example d;W;; denotes the differential of the fBm s — W, when ¢ is fixed. Accordingly we can

/ / Wa’ﬁ u v
uw'=1 o' =1
/ / </ / Wavﬁ [0 u] (u')l[o)v] ( )dWi‘ﬁ) dWii’g
v'=1
:/ / (/ / (W) aw; ’f’) awes

and this shows the the integral [ [ g(W)dM can be interpreted as a two-fold iterated integral with respect

formally write

to W#. To make the definition of the stochastic integral with respect to M above entirely rigorous, we

now only need to define the double integral as an extended divergence integral.

Definition 1 Let U € L*(T x T x ). We say that the process U belongs to the extended domain of §®
(U € Dom* (5(2))) if there exists a random variable 6 (U) € L*(Q) such that , for every smooth random
variable F' € Sy 2), it holds that

E (F5<2>(U)) =

/ / / / E Uty (u oy K2 VK2 Dy [K*2YK*2D(, o F] (u,v)} (v ,0")] dudvdu'dv’.
(u,v)eT (u'0")eT ’
(10)

We will also write

0) = [ [ ([ [ warwanavao) ) awss
T T
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Remark 1 Since the action of the operator L = K*2%49 K*? is deterministic, we have for every smooth

random variable F,
Rr2ed g2 (D) [K*24 k2D, 3 F] (u,0)} (u/,v) = (Lo L)(DP .\ F) (W, v), (u,0))
where D?) is the second iterated Malliavin derivative. Therefore, relation (10) can be written as

E <F6(2)(U)> = /T2 E [U(uﬂ,)’(u/ﬂ,/)(L ® L) (DE?})’(*,*,)F) (u',0"), (u,v)} dudvdu’dv'.

3 Main result

In this section we derive the It6 formula for the fractional Brownian sheet for any Hurst parameter, by using
the technique introduced in [4] and [11] based on the extended Skorohod integral. However, there is one
complication in our situation which was not present in the one-parameter settings of [4] and [11]. In these
two works, the Ito6 formula can be considered as an equality between two terms: an extended Skorohod
integral I, and the sum S of a Riemann integral and a deterministic function of the underlying process. The
idea is then only to show that S = I by proving that S satisfies the definition of I in the extended Skorohod
sense; indeed, we then obtain the existence of the Skorohod integral and the It6 formula simultaneously. In
our situation, we cannot proceed this way directly because we will have in our It6 formula not one but four
Skorohod integrals with respect to different differentials. Therefore, as a preliminary step, we must show
that three of the four extended Skorohod integrals exist a-priori, so that we may use their definition to prove
the final result. Throughout, we use the generic notation ¢ for a pair (s,t) € T = [0, 1]2. For convenience’s
sake, for any function h on T', we also use the abusive notation h(;)l%z] (-) for the function defined on 7" *!
by the map

(tty by, b)) = RO, (o, L) (11)

We start with the following result.

Lemma 1 Let f € C*°(R) satisfying (13) and put h(t) = E (f (W;ﬂ>) . Then it holds that

®(n+1)
) for every n > 1.

hO1g5 () € (H®

and there exist an integer N large enough such that if n > N we have

2 ¢

Qn
lh(t)1 (@) < o (12)

[0 72]

Proof:  Let us prove first the result when f is a polynomial function; moreover, without loss of
generality, let f(z) = 2P, where p is an even integer (for odd integers, h is null). Then with ¢ = (¢, s), we

have h(t) = ¢,t*Ps”P. Since H(?) is the tensor product Hilbert space H?) = H,, ® Hy (where Hp := H is
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the canonical space of the one-parameter fBm B? with Hurst parameter (3), it suffices to prove, using the

one-parameter version of the abusive notation (11), that
t*PL0,() € HECHY

or, equivalently, K*"+1 (to‘plf%z] (t1,... 7tn)) € L2([0,1]"1) (where K*™ is the n-fold tensor product oper-
ator of K*! and we use the abusive notation of naming a function by its value). Using the definition of the

operator K*™t1 it is not difficult to observe that

|| Kt (tapl[%?;] (t1,. .. ,tn) 720,771
= [[E [P B8 b ) oagm | 1220
= B [P 0.0 O oy | 1320
Note first that
1K 0.0 OlZ2 (0,0 = E (BF) = 1.

Consequently, we only need to prove that the function t*®+27) has a finite norm in H. To argue this, let
us refer to Proposition 7 in [4] which states that if a process u is in Dom*(d) such that E[u.] € L*(R), then
E[u] is in H. But t*P*2") is equal to E (B"*% (t)) which belongs to Dom*(§) due to Lemma 9 in [4]. The
inequality (12) can be proved using e.g. the fact that for fixed «, there exists N large enough such that the
function t*(N+?/2) is Lipschitz. Then it can be seen by a straightforward calculation that the L2 [0, 1]-norm
of K*1t*(N+2/2) (thus the H-norm of t*(N+2P)) is hounded by C'/N, and that this bound is uniform in p.
The reader may also refer to the calculations in Section 5, which are valid in all cases including the fractional
Brownian scale, for a proof of estimates such as (12).

The general case when f is C*° follows by a density argument. Let us only point out the main idea. Now

h(t) = \/% /Re_éf(mt“sﬁ)da:.

The key point of the proof is to show that the function f(zt®)t?*" is in H and this can be seen, for example,
by using a polynomial approximation of f, the definition of the operator K*' and the dominated convergence

theorem. Condition (13) assures the existence of the integral with respect to dz. |

We may now prove our preliminary existence result.

Proposition 1 There exists a > 0 depending only on « and 8 such that for any f € C*°(R) such that f

and all its derivatives satisfy the condition
|f(@)] < M exp (az®) (13)
for |z| large enough, where M is a positive constant, we have

1[O,So]><[0,to] (S7t)f(Wg£ﬁ) € Dom*((s) fOT every So,to € [07 1]
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Proof: We will assume that sg = tg = 1; the general case is analogous. Using Stroock’s formula (see

[12]) we get,

FOVEy = 32 o [p) (5w )]

n>0
-5 e (o) 1 (1350)
n>0
=3 L (gul-1)
n>0
where
1

gn () = —E (£ W) 1570,

Here ’-” represents n variables. Let us denote by g, the symmetrization of g in n + 1 variables. We need to

show that
®(n+1)
G € (H(2)) (14)

and

S+ 1)!||gz||?H(2>)®<n+1> < 0. (15)
n>0

First, observe that (14) holds due to Lemma 1. Also, we have that

n+1

Gnltys - tnyr) = 0 41_ 0! Z h(t:) 10,1, (E:)

=0

where #; is the vector (t,...,t, ;) with ¢, missing and h(t) is the function h(t) = E (f(”)(W;’ﬁ)) To
check (15), we can write using the Lemma 1, that for some N large enough

n+1

Z nt 1)!||g%||?71(2))®("+1) - Z (n+1)! ” Z h(t;) 10,2, H(H(2))®(n+1)
n=N n>N
2n+1 n+1
< Z n —+ ]_ ‘ Z ||h [Ot )H(H(z))@)(n+l)

2n+1

<>

n>N

Denote by H,, the n -th Hermite polynomial

Ho(z) :==1and H,(z) = (_Une%i (ei§> .

and recall the basic properties

H,(W*B(p)) = Hyet (WP () (16)
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for every ¢ € H®), and
§ (Hir (WP (0)p) = kH (WP () (17)

We state our main result.

Theorem 1 Let f € C*°(R) such that f and all its derivatives satisfy (13). Then f'(W*P)1 gx(0.4 €
Dom*(d), and f”(Wﬁf)l[QS] (u) 10,4 (v)1[0,u) (v ) 10,01 (V') € Dom*(6®) and we have the following Ité for-

mula for the fractional Brownian sheet:
sovzty = s+ [ [ rovzdawes

+2a,3/ / fll W(x,ﬁ 2a—1 26 ldvdu—i—/ / fll Wu,,@ u'u

+a / / WP P d, Wil du + 3 / / F W o dud, Wi du
O[ﬁ/ / fw Wa,ﬂ 4a_1v4ﬁ_1dvdu

where, by definition,

/Os/otf” WD) dMuU—// (// F W 10,6 () 1104 (V) 10,0 (W) 10,0 (v )dwﬁf,) awed (18)

and we recall that dquf denotes the Skorohod differential of the one-parameter fractional Brownian motion

u— Wb,

u,v

Proof: By Proposition 1 it holds that f’(Wa’ﬂ)l[o,s]X[o’t] € Dom* () for every s,t. Similar arguments
allow to show the integrability of the integrand for the other two Skorohod integrals in the right side excepting
the one involving M. The existence of the stochastic integral with respect to M in the Ito formula follows,
by definition of M, from the second statement in the theorem. This second statement, on membership in
Dom* (6(2)), is not, strictly speaking, contained in Proposition 1, but its proof is a trivial generalization
to double integrals of the proof of Proposition 1. We omit all details. The existence of the remaining two
stochastic integrals in the Itd formula follows trivially from existence results in [4], since these stochastic
integrals are, by Fubini, with respect to one-parameter fBm’s. Now using the definition of the extended

divergence integral, it suffices to show, invoking only simple random variables of the form F = H,, (W (¢))
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(since they are dense in L? (Q2)) that

// / Lio,s) () 110, (v)1[0,u) (u') 110,07 (V")
(u,v")eT J (u'w)eT

X E [Hy— o (WP (o)) f" (W] (K*2 U K*20) (u,0") (K> Y K*20) (v, v)dudu’dvdv’

= E{{f(Wsatﬁ) - 2aﬂ/ / F( W“’ﬁ w2 L2 dvdu—
s t t
—a/ / f”/(Wl‘ff;,ﬁ)uza*vaﬁdvWﬁfdu—ﬂ/ / f”l(Wﬁ’f)umv%*ldvduWﬁ’fdu
0o Jo
—aﬁ/ / 77 Wo‘ﬁ 4a_1v4ﬂ_1dvdu} H, (Wo"ﬁ (<p))}
- E / / P WS Hy oy (WP () (K%Y K*20) (u, v)dvdu.

We have
Bl = 2 [
o [0 e
=35 /, 30" (520120 y) 2Bt20 152 f(M) (y)dy

— dapste 1L [ () 1) () dy
rR OO
1,05 0 o n
+ 4afs?e 1?0 1/]R%p (32 t237y) f( )(y)dy.
Using the integration by parts and the relation
Op _10%
do 2012
we obtain

T p 1 we)] = apsta1eo-1e [ awe)]

4 2085201281 |:f(n+2) (Wsatﬁ)}

and that proves (19) in the case n = 0 (i.e. the case when the test r.v. is ' = 1). Note also that
8 « — 7 «
SSB[fOWE)| = a5 p £ )]

and

%E [f<”>(ws ;ﬁ)] = pt?P-1s% [f("“) (Wiiﬁ)} :

We compute now

838t( [f(n }<1[0 5] [o7t]a<ﬂ>”>
0

a vﬁ n a n n
<asat [f (W )D (1[0,s]x[0,8]> ) +5:F {f( (W )] 8t< [0,5]x[0,¢]> )

0 ap] O n a,@ 0?2
+ tE[f( YW )} %<1[O,s]><[0,t]a§0> +E[f( (W, )} s 8t<1[ob 1x [0, )"

0

12

(19)
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On the other hand, using the identity (this is a consequence of the fractional calculus; see [4] for the one-

dimensional case)
s t
/ / (K29 K*20) (u,v)dvdu = (Ljo 5] x[0,1], ©)
o Jo

we obtain the relations

3 ‘ *,2,adj 7%

S Toaane) = [ (K299120) (s, 0o (24)
and

8 ° *,2,adj o*

a<1[0,s]><[0,t]790> :/O (K 2 dJK ’290) (uat)du' (25)

By combining relations (24), (25) and (21) with (23), we get

aZQE)t (E [f(n)(st)} <1[0,s]x[0,t],30>n)

= {apsto 1 [fr O W) + 2057 2 B [ f D W) H (Lo xioan @)

t

+ as?* 1P E [f("“)(Wsoff)} n<1[o,5]x[o,t]a90>n_l/ (K2 UV K*20) (u, t)du
0

+ ps*u?P-1p [f("+2)(W§;ﬁ)} n<1[o,s]x[o,t]#’>n_l/ (K24 K*2) (s, v)dv
0

s t
B[O - Do o ([ a2etxr2g) o) ([ (2ot 2g) wa)

0
+E [f(") (ngﬂ)} n(1o.sx0., )" (K YK 20) (s, ).

Therefore
E [f(")(Wfiﬂ)} (1[0,5]x[0,4]> )"
s t
= 20éﬁE/ / u2a_1v2ﬂ_1f(n+2)(Wg’bﬁxl[o,u]X[O,v]vQp>ndvdu
o Jo
s t
+ OéﬂE/ / ute Tt L D (WS (10 0,0, @) dvdu
o Jo

s t u
+ aE/ / u2a_lvzﬁf("+2)(Wﬁ’vﬁ)nﬂ[o,u]x[o,u],<,0>"_1 (/ (K*’2’ade*’2gD) (x,v)dx) dudv
0 Jo 0

+ its symmetric term

> / / SO WLV — 1)1 wxon], £ 2dudy
% (/ (K*Qade*Z )(.’E ’U)dl’) (/ (K*’Z’ade*’Qsﬂ) (u,y)dy)
0
+E / / FOWEDIN L0000, 0)"HF WSS (KH2UK*20) (u,v)dudo. (26)

By iterating the duality relation (5) and using (16) and (17), we can prove

B [ f<n>(W§;5)] (Lo.sx[0.], )" = nIE [ f(W;’j,;ﬁ)Hn(Waﬁ(w))} , (27)
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B[ W)] Qo spwion, 9" = nlE [/ (W) HL (WP ()]
E [fO W] (Lo 9" = nlB [£7 (W) Ha (WP ()|
and
s t .
E / / SO WELI(Lg g 0> )" FPWEL) (K290 K*245) (u, v)dudv
—n'E/ / F( Wo‘ﬁ H, (WP (p)) (K*’Q’”de*’Q@) (u, v)dvdu

Taking into account relations (26), (27), (28), (29) and (30), we only need to show that

s t u
aE/ / u2aflv2ﬁf(n+2)(Wﬁ;}ﬁ)nﬂ[o,u]x[om],¢>n71 (/ (K*’2’ade*’2<p) (x,v)dm) dudv

0

=aF { / / FwEP) 2a1v2ﬁdegfdu} H,(W*P(p))

(and an analogue for its symmetric term), and

s t
E/ / f(”)(W;f)n(n — 1)<1[05u]><[0,v]7L)O)n_Qdudv
0 0
y </ (K*’z’“de*’2g0) (x,v)dx) </ (K*,z,ade*,zw) (u,y)dy>
0 0

:// / 1[0,5](’u,)l[o’t](’l))l[oyu](u/)l[o’v](Ul)
u,v")eT J(u' ,w)ET

< E [Hn72(Wa’ﬁ(<,0))f”(W3”vﬁ)] (K*’Q’ade*’2gD) (u7vl) (K*’Q’ade*’QsD) (u’7v)

To prove the equality (32), we will use the duality relation (10) from Definition (1). We have

// / Li0,51 (u) 10,4 (V)1 [0,0) (u) 10,0 (v")
(u,0")eT J(u'v)

< E [Hn_Q(Wa’B(QD))fU(Wa”B)] (K*,2,ade*,2¢) (u7 U/) (K*’Q’adj[(*’2gﬁ) (Ul, U)

u,v

- / S / ' dudvB [Hy (WP (0)) /(WD)
% </u (K*,2,ade*72w) (w,v)dx) (/U (K*,z,ade*Jw) (u,y)dy)

0 0

and relation (32) follows since similar arguments as above imply that
g / Wm0~ 1) (oo )" dudo
=n! / / dudvE [Hy—o(W*P () f" (WD) .
0 Jo

Relation (31) is established similarly.

14

(32)
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4 Local time

We give a brief discussion about the integral representation of the local time of a fractional Brownian sheet.
In general, there are two methods to define local times for a stochastic process X: the first one is Berman’s
approach ([3], see also the survey [18]) based on direct calculations and Fourier analysis, where the local
time is defined as the density of the occupation measure A;(A) = [, 14(X,)ds; the second method is the
Tanaka formula (for processes X for which such a formula can be written) where the local time appears as

the last term in the decomposition of | X — a|. We have the following situation:
e for the one-dimensional Brownian motion the two approaches gives the same local time;

e for the Brownian sheet W the situation changes; we have two different local times, the ‘Tanaka formula’

local time being the density of the occupation measure (see [6], Chapter 6)

s t
= / / 14 (Wy ) uvdudv;
o Jo

e concerning the fractional Brownian motion B¥ , the difference between the two approaches appears even
in the one-parameter case: the Tanaka formula, valid for Skorohod integration, implies the existence

of a local time associated with the weighted occupation measure
t
Li(A) = 2H/ 14(BH)s?H=1gs.
0

Therefore, since our framework is that of Skorohod integration, it is natural to introduce the local time

(L% ¢)(s,t)eT,acr Of the fractional Brownian sheet as the density of the occupation measure

L?f(A) =L, +(A) = aﬁ/ / 1a Wﬁf 4a71v4671dudv,

defined for every Borel set A in R. A chaos expansion argument (see e.g. [7]) can be used to show the
existence of the local time. It is also clear that the techniques of the regular case o, 8 > 1 (see [16]) could
be adapted to the singular case to obtain a Tanaka-type formula. We will only state the result; the proof is

left to the reader.
Proposition 2 For every (s,t) € T and a € R, it holds that
st g we o (Wi =) =3 [ [ v -l v - 0y aw
72045/ / (Wl — 2a*1v2ﬁ*1dvdu—/0 /O (Wl — a| dM.y,,
- a/o /0 sign(Wi’f)qu‘_lv%dvW&’fdu - ﬁ/os /Ot sign(W;",’f)uvaB_1dvduW3’f

where the integrals with respect to the differentials AW %, dM,.,, (see (18)), d WP and d, WP are in the

u,v ?

extended sense.
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5 Two-parameter calculus beyond the fractional scale

5.1 Introduction and definitions

In this last section, we consider the analogue of the Theorem 1 and Proposition 2 when one does not wish
to restrict oneself to the fractional scale. The one-parameter Skorohod stochastic integral for Gaussian
processes beyond the fractional scale was introduced in [11], as was alluded to earlier. We summarize the
construction therein by generalizing to our two-parameter settings. Because no fundamentally new ideas are
required in the passage from one to two parameters, we state the results without proof. Assume that ~,g
are two smooth strictly increasing functions on (0, 1], such that limgy g = limg4 v = 0, and for r near 0, we
have 72 (1) > r and ¢? (r) > r. Then let W be a Wiener process and consider the centered Gaussian field
defined by the double Wiener stochastic integral

BI(s,1) = /zo /;g@ “ Vb (s — q) W(dg, dr) (33)

where 12 12
c(r) o= (200) nery = (L)
' dr ’ ' dr '
The random field BY” is very close to the fractional Brownian sheet W# if we take v(r) = r* and

g (r) = rB: the difference between the two fields is a field of bounded variation, and both fields are centered
and have the a- and (-self-similar properties in ¢ and s. But if we take for example v, (r) = log™® (1/r),
and similarly for g, then B7>78 is much more irregular than the fractional Brownian sheet. In fact, BY~78
is almost-surely locally uniformly continuous in ¢ if and only if & > 1/2, and similarly for s and 5. If
a < 1/2, then although B7+-78 may still be continuous at any fixed point ¢, it is not a.s. continuous on any
interval, and is unbounded on any interval. Thus the scale of logarithmic regularity defined by the example
(Ya)a >0 Yields a spectrum of uniformly continuous and unbounded Gaussian fields. Nevertheless, the theory
of Skorohod integration with respect to B9 can be developed equally easily for B7*78 as for Bra’rﬁ, or for
W8 by following the arguments in [11]. In the case a < 1/2 or § < 1/2, however, one runs into trouble
for our two-parameter purposes when one tries to prove Lemma 1. We will see below that we require the

following general condition on v and g.
(G) Assume that both () r'/2 and h () r'/? are integrable at the origin.

In the logarithmic scale, this condition clearly means that a, 3 > 1/2. More generally, one can prove,
using the characterization of almost-sure continuity in [17], that Condition (G) is equivalent to requiring that
B97 is almost-surely uniformly continuous. Assuming Condition (G), all the results that hold in Section 2

for We# also work for B9 if we just replace the definition of the univariate operator K* by the following:

KIf () = {f (L‘)é(l—t)+/t (f(s)=f(®)e (s—t)ds|. (34)



Ito formula for the two-parameter fractional Brownian motion 17

Accordingly, if KZf(-) is in L?[0,1] then we say that f € HY, and all the other operators, spaces, and
integrals, such as 'H?{:’g? 8, 6 and their extended domains, are defined based on this new K7. The It6 and
Tanaka formulas will also hold, with identical proofs. We refer the reader to the many details in [11], but to
be more convincing, we go through the only calculation in the proof of the It6 formula where the relevant

quantities appear, as well as some details of what needs to be changed in the proof of Proposition 1.

5.2 Relevant new calculations

First we note that in notation of the proof of Lemma 1, in the case of B%7, we have

h(t) == E[(BY (s,t)"] = ¢* (s)"2 42 (t)"°.

Ol

Then one must check that ~ has a finite norm in H. This follows in the same way as the corresponding

result for fBm because the It6 formula in [11] proves that (B” (t))’**" is in Dom*3. We now show that the

inequality (12) holds. We only need to show that
* n+p/2 2
K (’y v/ ) e L2[0,T],
and to evaluate the corresponding norm. We calculate, using the definition in (34),

1
* n+p/2 o n+p/2 n+p/2 n+p/2
K5 (72 (1) = (y7072) <t>s<17t>+/t [(772) () = (77#72) (0)] &' (s = 1) .
Since v is bounded, the first term is clearly in L? [0,1]. For the second term, we operate as follows, using

the fact that + is increasing, bounded, and the fact, which we assume as in [11] without loss of generality

since 72 (1) > r, that /' is decreasing:

/t1 [(fy"+p/2) (s) — (7”+p/2) (t)} e (s —t)ds

1
< /t ’yn+p/2 () VY (t) (s —t)e’ (s —t)ds - (n + p/2) ,Yn71+p/2 (s)

=7 () /t VA (1) (s — D) (s — t)ds - (n+ p/2) ¥*" 1P (s)
1—t
< (n+p/2) V7 () (supy)>" /0 & (r) V/rdr.

Squaring and integrating in ¢, we then have for some constant C,, depending only on -,

s (o),

< (n2? 2 /4 n+p/2_
L20] = (n +p / )(Cv)

This result is slightly less powerful than the conclusion of Lemma 1, since here we have an n in the numerator
rather than the denominator, but we can still use this estimation to finish the proof of Proposition 1 under

Condition (13). The details are left to the reader.
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Now for It6’s formula’s proof, with the notation above, the definition of BY7 immediately implies

E [f(”) (B9 (s,t))} :/ p (9% (9)7* (1)) F™ (y) dy

R

and therefore

aijatE o B (s’t))} - gs/Rgi (9> ()7 (1)) (67) ()7 () £ () dy
= /R % (9° ()77 (0).) (6°) ()97 (5) (7*) ()" (1) /) (y) dy
= [ SR 67 0 0) @) 56 @£ )
T OO @ [ 1556677 0.0) 1 ) dy
) 6 07 @) [ 598 6 ()77 (0).) £ () dy

1

(6) () (") () B [0 (B (s.1)]

16
F5 () 5) () 0 B [0 (397 (s.0)]

Other, easier calculations yield the first derivatives of these expected values. We then immediately see that

the only algebraic differences between the fractional case and the general case for B9 are that as**~! is

replaced by (1/16) (g4)/ (s), as?>~1 is replaced by (1/2) (g2)/ (s), of course, s2% is replaced by g% (s), and

similarly for . Thus we can state the following.

Theorem 2 Let f € C*®(R) such that f and all its derivatives satisfy (13). Assume ~ and g satisfy
Condition (G). Let B} be the centered Gaussian field defined on T by (33), with its corresponding Skorohod
integration theory based on the operator K*(2) = K} ® KX where the factors are defined in (34). Then
F(BI) 10 51x[0,4 € Dom*(8), and f"(BEY) 10,5 (w) 10,4 (v)1j0,4) (W) 1[0,5)(v) € Dom* (@), and we have the

following It6 formula for the general two-parameter Gaussian field of Volterra type:

F(BY7) = / / 7(BL7)dBY
f//fWﬁwww>( mm+//f" 1)diTg]

e ) [ @ @ st [ e 03 o) s
16 /0 /O FoBEN (94 () (v4) (5) dvdu

where, by definition,

s t
[ [ rwzast = [ [ ([ [ ezttt @, ) a6
0 Jo

and d, B} denotes the Skorohod differential of the one-parameter Gaussian process u — BJJ).
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Applying the substitutions given immediately preceding the above theorem to the statement of Propo-
sition 2, we obtain the following statement of the Tanaka formula for the local time LI/ of B, whose

proof is left to the reader.
Proposition 3 The density (Lgﬁ’“)aek of the occupation measure

LI/ (A 256/0 A 1a4(BIY) ( )l(u) (74)l(v)dudv

exists. For every (s,t) € T and a € R, it holds that

s t
L7 = 5 |57 —al (827 — )’ - 3 / B2 ol (B2 — ) B3
) 6 ) ) 2 0 0 ) ) )
s t
—%/ / |BEY —a| (62 (u) (+?) dvdu—/ / |BYY — a| dME?)
0 JO

3 [ [ o) ) w1 gz 3 [ [ sian26 ) 67 ) vz

where the integrals with respect to the differentials dBY: dMg:;Z (see (35)), duBJ7 and d, By are in the

uv’

extended sense.
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