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Abstract

We study the time-regularity of the paths of solutions to stochastic par-
tial differential equations (SPDE) driven by additive infinite-dimensional
fractional Brownian noise. Sharp sufficient conditions for almost-sure
Holder continuity, and other, more irregular levels of uniform continu-
ity, are given when the space parameter is fixed. Additionally, a result is
included on time-continuity when the solution is understood as a spatially
Hoélder-continuous-function-valued stochastic process. Tools used for the
study include the Brownian representation of fractional Brownian motion,
and sharp Gaussian regularity results.

Key words and phrases: Fractional Brownian motion, stochastic PDE,
path regularity, Gaussian theory, Banach-space-valued process.

1 Preliminaries

1.1 Introduction

In this article, we study the path regularity of solutions to stochastic partial
differential equations (SPDE) which are driven by fractional Brownian noise.
Before explaining the precise implications of our results, we begin this article
with a quick survey of the subject of path regularity for SPDEs with standard
Brownian noise. This theory has existed for many years. The now classical
analytic techniques, such as the factorization method made popular by Da Prato
and Zabczyk (see [3]), represent an important functional-analytic step in the
direction of understanding the local behavior of the solution of a SPDE; the basic
premise in this framework is that the equation’s solution is a stochastic process
of a one-dimensional time parameter, with values in an infinite-dimensional
Hilbert space of functions. Path regularity is then given in the time parameter

*Dept of Mathematics, Purdue University, 150 N University St, West Lafayette, IN 47907-
2067, USA (ysarol@math.purdue.edu)

TDept of Statistics, Purdue University, 150 N University St, West Lafayette, IN 47907-2067,
USA (viens@purdue.edu); work partially supported by NSF grant # 0204999.



only. Such a framework can be traced back further, to the original inception of
SPDEs, and questions of existence and uniqueness, such as in [12]. By using the
embedding of continuity-defined Banach spaces (e.g. Holder spaces) inside the
natural Hilbert spaces where an SPDE’s solution lives, results of joint continuity
in time and space can be obtained. The book [3] can again be consulted on this
topic.

On the other hand, if a SPDE has a well-understood probability law, the
standard technique of using the Kolmogorov lemma (see [7, Theorem 1.2.1]) can
be invoked to prove joint continuity of the solution in both time and space pa-
rameters. This technique was used repeatedly in the 1990s, for various problems
including stochastic versions of the Heat and Wave equations. We mention [6] as
an example, but a complete list would be quite lengthy. Around the year 2000,
the incorporation of fractional Brownian behavior in time for SPDESs’ potential,
which began with such articles as [4] or [5], still only addressed regularity issues
by Kolmogorov-type techniques.

Consider the basic example of an SPDE, the stochastic heat equation for all
x€Randallt>0:

X(t,x):X(O,x)+/OtAwX(s,x)ds+W(t,x). (1)

When looking at linear equations, especially those with additive noise as above,
much more is known about the solutions, and in particular, since the great ma-
jority of SPDEs studied are driven by Gaussian noise, one would be well-advised
to try and use the Gaussian property of the solution, if any, to obtain sharper
characterizations of the solution’s regularity. This program was achieved for spa-
tial regularity of stochastic heat equations (on general compact Lie groups) in [8]
and [9]: necessary and sufficient conditions for Holder-continuity of the solution
in the space parameter were given in terms of the regularity of the equation’s po-
tential, and in terms of the potential’s spatial covariance. These results proved
to be a sharpening of those obtained previously by the Kolmogorov lemma.

It was not until the work of [10] and [11] that one realized these types of
results could be made even more precise, leaving the scale of Holder-regularity
behind, and working with SPDEs driven by infinite-dimensional fractional Brow-
nian motion (fBm) as opposed to simply infinite-dimensional Brownian motion
(BM). Precise information about fBm can be found below in the present sec-
tion. Loosely speaking, fBm has correlated increments, while standard BM has
independent increments. The correlations may be positive (the case H > 1/2,
in the notation below), in which case fBm is more regular than BM, or negative
(the case H < 1/2), in which case fBm is more irregular than BM. Infinite-
dimensional versions of these processes have spatial regularities that are deter-
mined by their spatial covariance functions, and are not necessarily related to the
time regularity distinctions just described. It was proved in [10] and [11] that the
space regularity of the solution of a stochastic heat equation with linear additive
infinite-dimensional fBm-noise W (such as 1) is exactly (up to non-random con-
stants) the same as the spatial regularity of the random field Y = (I — A)fH w.



This random field Y can be understood, in some generalized-function sense, as
the fractional spatial antiderivative of order 2H of Y.

These works leave entirely open the question of time regularity for fBm-
driven SPDEs. This is the topic which we propose to study here. In this article,
we restrict our study to the case H > 1/2. The case of smaller H will be the
subject of a separate article, and will require different tools. One conclusion we
can draw, as a consequence of our Theorem 1, is that the solution X to (1) is
a-Holder continuous in time as long as the order-2 H-spatial antiderivative Y =
(I - A)_H W is 2a-Hélder continuous in space, where if 2a > 1, this regularity
is interpreted as Y having a derivative which is 2a—1-Hélder continuous in space.
Also note that these statements can only be made if &« < H. We obtain a time-
continuity that is twice as rough as the space continuity, since, as mentioned in
the previous paragraph, space continuity in this situation would be of the class
2a-Holder.

In this article we also prove that our time continuity theorems are sharp,
in the sense that if Y is not 23-Holder continuous in space, then X will never
be §-Holder continuous in time. Our statements are so sharp that precise (up
to non-random constants) moduli of continuity can be given for X depending
on X'’s covariance (Theorem 5). In the example in the previous paragraph,
f(r) = r*y/log1/r would be an almost-sure modulus of continuity for X in
time. Going even further in the generality of our results, our theorem 5 is not
restricted to Holder-regularity: it actually reaches all regularity scales. This
kind of precise and wide-ranging formulation is possibly only by using the full
strength of the Gaussian property, via the continuity characterization results of
[11].

Nevertheless, the results in our article are perhaps best appreciated when
their implications in the Holder-scale are combined together with what was
obtained in [11] for SPDE spatial regularity. Specifically our conclusions are
the following.

e If X is the evolution solution of the Stochastic Heat Equation (1) driven by
an infinite-dimensional noise term that is the time differential of a random
field W which is fBm in time with Hurst parameter H (see below for
the definition of the evolution solution), and if W is the order-2H-spatial
derivative, in the sense of generalized function (Schwartz distributions), of
a random field Y which is 2a-Ho6lder-continuous in space for some a < H,
then X is a-Hoélder-continuous in time, and 2a-Holder-continuous in space.

e Moreover this result is sharp in the sense that the conclusion fails if Y is
not 2a-Hoélder-continuous in space.

e The joint space-time continuity of X under the above hypotheses can only
be guaranteed up to Holder order a.. In other words, we lose the knowledge
of having twice as much regularity in space as in time, if regularity is
considered jointly in space-time.

The last part of this article shows that the techniques of Da Prato and
Zabczyk can be employed in our situation in order to give continuity of the



solution X when it is to be understood as a stochastic process with values in
the Banach space B of K-Holder-continuous function, for any fixed K < H.
Our result (Theorem 7) shows that if Y is spatially 2« + K-Holder, then X is,
as a B-valued function, Holder-continuous of order 3 for any 8 < a. Note here
that 2a 4+ K may be larger than 1, and in that case, we interpret the result as
saying that the derivative of Y is 2a + K — 1-Hd6lder continuous.

The paper is structured as follows: in the remainder of this section, we give
the basic mathematical setup and tools needed for our analysis, including the
one-dimensional and infinite dimensional fBm objects. Section 2 deals with
the regularity results in time for fixed space parameter. Section 3 presents the
time-regularity results when X lives in a Banach space of Holder-continuous
functions.

1.2 The Wiener integral with respect to fractional Brow-
nian motion

Consider T' = [0,7] a time interval with arbitrary fixed horizon 7 and let
(Bg{ )ter be the one-dimensional fractional Brownian motion with Hurst pa-
rameter H € (0,1). This means by definition that B¥ is a centered Gaussian
process with covariance

R(t,s) =E (BIBf") = - (" + s — |t — s|?M). (2)

DN | =

It is a process starting from zero with stationary increments,
2
E (B = B')" = |t —s]*", (3)
which is self-similar, that is, B, has the same distribution as off Bf. Note

that B'/? is standard Brownian motion. B has the following Wiener integral
representation:

Bl = /t K (t,5)dW,
0
where W = {W; : t € T} is a Wiener process, and K is the kernel given by
_1
i —en(8) s te (.
for s < t, ¢y being a constant and

G(2) =cm (% —~ H) /0217“1{% (1 ~- (1 +r)H*%) dr.

From (4) we obtain

%(t, s)=cn (H - %) (t—s)"3 (f)%_H.



Let £y be the linear space of step functions on T of the form

@(t) = Z a’il(ti,tlurl] (t)
=1

where 0 =t <o < -+ <t <tpy1 =7, n €N, a; € R and let H be the
closure of £y with respect to the scalar product

(L1045 L0,5) ) = B(t, ).

For ¢ € £y we define its Wiener integral with respect to the fractional Brownian

motion as
n

/TcpsdBH(s) = Zai (B,i{rl — Bg) .
i=1

The mapping
Y= Zail(ti,t,;H] - / SDSdBH(S)
i=1 T

is an isometry between £ and the linear space span{B/,t € T} viewed as a
subspace of L?(2) and it can be extended to an isometry between H and the

first Wiener chaos of the fractional Brownian motion WLZ(Q){BtH ,t € T}
The image of an element ® € H by this isometry is called the Wiener integral
of ® with respect to BF.

For every s < 7, consider the operator K* in L?(T)

(K20)() = K(r.9)p(s) + [ (o00) = olo) 5 )

When H > %, the operator K} has the simpler expression

(K2 p)(s) = / ") 2 sy

For any ¢t € T we can define K} similarly. The fact that K* is an isometry
between H and L?(T) is proved in [2]. As a consequence, we have the following
relationship between the Wiener integral with respect to the fractional Brownian
motion and the Wiener integral with respect to the Wiener process W:

[ 108" = [ zo)aws)
T T
which holds for every ¢ € H if and only if K¢ € L*(T). For any s,t € T,

one can check that K7 (¢1p4) (s) = K} (¢)(s)1j0,4(s). Then we can define the
stochastic integral f; ¢(s)dBH (s) by [ ¢(s)1j0.4(s)dBH (s), and obtain

/ p(3)dB (s) = / (K7 ) (5)dW (s)
0 0



for every t € T and ol € H if and only if K¢ € L2(T).
We also recall that when H > %

E [/OT f(w)dB (u) - /OT g(u)dBH(u)] =agy /T2 F(s)gO)lt — s|?H2dsdt (5)
where oy = H(2H — 1).

1.3 The stochastic heat equation with infinite-dimensional
fractional Brownian motion

We consider the stochastic heat equation on the unit circle S' driven by an
infinite-dimensional fractional Brownian motion (fBm):

0xX OB
W(ﬁ,gz:) =A, X(t,z)+ W(t,x) (6)

where z € S, t€[0,1], X(0,2) =0, H € (0,1), A is the standard Laplacian
on S, BH is a Gaussian field on [0, 1] x S whose behavior in time is fBm with
Hurst parameter H, and whose behavior in space is homogeneous (i.e. for every
t, BH(t,-) is Gaussian and its covariance depends only on differences between
points). Note that while the theorems proved in this article are relative to
H > 1/2, the existence of the solution to (6) can be established for all H € (0, 1),
as proved in [10].
The set of functions

{cosnz, sinnz :n € N} (7

is not only an orthogonal basis for L?(S',dx) where dx is the normalized
Lebesgue measure on [—m, ), but also is exactly the set of eigenfunctions of
A. We assume, as was done in [10], that the random field B is given by a
random Fourier series:

B (t,2) = VaoBE (1) + S /(5 () cosna + 3 (1) sin ne) o (8)
n=1

where {37}, and {Bf}n are IID fBm’s with common H € (0, 1), and {g,}5>,
is a sequence of non-negative terms. The reader can refer to [10] for a detailed
treatment of the Gaussian field B*.

As done in theory of stochastic PDEs, let us write (6) in its weaker evolution
form:

X(t7) = / Py [B(ds, ))(x) (9)

where ¢ € [0,1], z € ST and (P)¢>0 is the semigroup of operators generated by
the Laplacian on S whose action on L?(S?') is characterized by

Py[e"™](x) = exp(—n*t)e™,



which can be translated into a characterization using the trigonometric functions

(7)-
Existence and uniqueness of the solution X to (9) is given in [10]. Moreover,
the following random Fourier representation holds for X:

[ele] t
X () = 3 vy eos(ne) [ e 51 )
n=0

00 . . (10)
2 -
+ Z /qn Sin (n;l:)/ e 3 (ds),
n=1 0
under a necessary and sufficient condition for existence
o n
n=1

2 Pointwise regularity of the evolution solution

A detailed study of the spatial regularity of (10) is provided in [11] for fixed time
parameter. Throughout the entire remainder of the article, we fix H > 1/2.
While in the next section, we will study the Hélder continuity in time when
the solution is considered as a function-valued process, this section is devoted
to the regularity of (10) in the time variable when the space variable is fixed.
Therefore, in this chapter, z € S! is fixed. We begin with a precise calculation of
the solution’s canonical metric; then we apply some simple estimates to obtain
a result of Holder-continuity; lastly, we show this result in the Holder scale is
sharp by formulating a more general time-continuity theory, which also applies
to other scales.

2.1 The canonical metric of X

In this subsection we evaluate the so-called canonical metric of X in the time
parameter, namely, for this fixed z, for all ¢1,t2 € [0, 1], the quantity

2 (t1, o) ::E{(X(tz,x) —X(tl,x))z}. (12)

The significance of this pseudo-metric is as follows. If one can prove that
for some increasing function ¢ defined on a neighborhood of 0 in R, such that
lim, o ¢ (r) =0, for all ¢1,¢5 in the same neighborhood,

0 (t1,t2) < £(|tr —t2l), (13)

then, since X is a centered Gaussian process, the theory of Gaussian reg-
ularity (see for example [1] or [11]) implies that the function n defined by
n(r) = €(r)log"? (1/r) is almost surely a uniform modulus of continuity for
the stochastic process X (-, z) defined on [0, 1] (we must necessarily have limg n



for this statement to be non-vacuous). The work in [11] shows that a converse
to this result exists, and therefore it is desirable to have a lower bound on 6% of
the same form as (13). Such bounds, and their implications, are found in the
following subsections. Here we simply calculate §2.

~H
Using the fact that {35}, and {3, }» are IID fBm’s, we obtain

62(t1,t2) = ao E{/ 5% (ds) / Bf(dS)}2

t2 tl
+> gncos’na B {/ e (=9 g (gs) — / e_"z(tl_s)ﬁf(ds)}
0 0

n=1

2

2

> t2 ~H 1 ~H
+ Z gnsin?nz E {/ e_"z(t"‘_s)ﬁn (ds) — / e_"Z(tl_s)ﬁn (ds)} :
0 0

n=1

Now using (3) and the fact that the expectations in the last two terms are the
same, we have

52(1517?52) = qo [t — 1?7
2

o to t1
+anE{ / e (=) g (ds) — / e"2<tls>ﬁf<ds>} :
n=1 0

0

It remains to estimate the expectation in the above term using (5) for calculating
expectations. Assume t; < to, then

1 2 e
ol [l - [T eglian)
0 0
1 t1 2 2 t2 2 2
- E {/ (efn (ta—s) _ p—n (tw)) 5H (ds) +/ oM (t25)55(d8)}
ag 0 t1
:/tl /t1 (e—n2(t2—s) _ e—nQ(tl—s)) (e—n2(t2—s/) . e—nz(tl—s’)) |S _ S/|2H_2d8dsl
0 0
t2 t2 2 2 ’
+/ / (67”’ (tgfs)) (efn (ta—s )) |S* S/‘2H72d5dsl
t1 t1
tz rh 2 2 2 '
+2/ / (e—n (t2—s) _e (tl—s)> (e—n (ta—s )) ‘8—8,|2H_2d8d8/
t1 0
—n2t —n?t 2 h . n%s _n?%s’ 1\2H—-2 ./
:<e 2—e 1) e e s — ¢ ds'ds
0 0

2 t2 t2 2 2.1
+672n t2/ / e S€n8|578/‘2H72d5Id5
t1 Jt
t t
—n2t2 —n2t1 —n2t2 ! 2 n?s _n2s’ 12H—-2 3./
+2(e —e e e e s — | ds'ds
0 t1

—n2t —n?t 2 —2n?t —n?t —n2t —n2t
:(e 2 —e¢ 1) I +e 2[2+2(6 2 —e¢ 1)6 213,

2



where

/ / en286n25/|s_8l|2H—2d8/d8
0 0
t2 t2 2 2.7
(12):/ / en sens|S_S/|2H72dsld8
t t
L

2 2./ _
nisonTs |S*Sl|2H 2d8/d8.

@

Letting
2 2 n%s _n?%s’ 12H—-2 ./
(Iy) = en e s — ¢ ds'ds,
o Jo

we observe that 2(I3) = (I4) — (I1) — (I2) holds by symmetry.

Now let us calculate (I;) using change of variables u = s —s', v =n

finally applying Fubini’s theorem:
2 s 2 2./
(L) = 2/ / e e ¥ |s — &2 2ds! ds
o Jo

11 S
2 20 _
2/ / en sen (s u)uZH Qduds
0 0
t1 S 2 2
= 2/ / X s 2 2 dyds
0 0
2
2 t1 n<s 2. B
=5 e e 2 =2y ds
L o Jo
2
) nty t1 5 3 B
_ — eQn sds | e 1)v2H 2dU
n 0 v/n?
1 n2t1

2
_ (6271 t_ ezv) e Up2H=2 4,
0

2
€ mh 2v—2n2t 2H-2
= — 1—e* " ) e Yo 4 du.
niH
0

Similarly,

and

2
€ e 2u—2n2t 2H -2
(Iy) = 1—e®7=m 2 ) e Yo" T4 do.
niH

o

2

u and

Keeping in mind that 2(I3) = (I4) — (I1) — (I2) we are ready to write (12)



explicitly:
e 2 2 2
8 (t1,ta) = qo [ta —t1[*" + ZanH{ (67” e t2) <€7n tl) (11)
n=1

(e () ) = (e - e ()

We can rewrite this using the following function:
F(z):= / (1—e %) e "2 2qu. (14)
0

We finally have

= nC —n? _
83 (t1,t2) = qo |ta — t1)*7 + qnuf{ (1 —e (ke tl)) F (n*t))

n=1

() P (2t - 1) - (G —1) ) b (9

2.2 Holder-continuity of the trajectories

For the sake of our presentation’s clarity, this subsection deals only with the
Holder continuity of (10) in the time variable. The basic estimates introduced
here will be used to formulate a more general theory in the next subsection. We
use the general notation f =< g for two positive function whose ratio is bounded
above and from below by two positive constants.

Theorem 1 Let H > % and o < H be such that

= g

n
> AH—da < %
n=1

Then for any x € S*, X (-,x) has 3-Hélder continuous trajectories V3 € (0, q).
More precisely, the function r — ¢ 10g1/2 (1/r) is almost surely a uniform
modulus of continuity for X (-, x).

Corollary 2 If Y q, < 0o, or a fortiori if there exists a sequence a,, such that
lim,, 0 @ = +00 and > gna, < 00, we can guarantee that X (-,x) admits the
function k (r) = rH log'/? (1/r) as an almost sure uniform modulus of continu-
ity. But this regularity cannot be improved no matter how fast a, tends to +oo.

Specifically, if qo # 0, no function k such that k(r) = o(k(r)) is a uniform
modulus of continuity for X (-,x).
In order to prove these result, we will use the following estimates.

Lemma 3 F is increasing and F(z) < (1 — e 2*)T'(2H — 1).

Proof. Trivial. O

10



Lemma 4 For all z € [0,1], F (2) < 2.

Proof. Since e < 1, by the change of variables v' = v/z, with F' defined in
(14), we have

F(Z) :/ (1 _ 621)722) eiv’UQHiQdU
0
~ / (1 _ €2v—2z) ’U2H_2d’U
0
1
_ ZQH—l/ (v)2H—2 (1 _ 672,3(171)’)) du'.
0

Now use the fact that for all v € [0,1], 1 —e™2" < u,

1
F(z2) = zQH_l/ W2 =22 (1 =) do'
0

= 22H,
finishing the proof of the lemma. (]
Proof of Theorem 1. To obtain the result, we would like to control §(¢1,2)
from above with order |t — 1| for some a < H. We need to separate the sum
in the following

o0
¢
8% (t1,ta) = qo [t2 — t1|*7 + q;l[f{ (1 - e_"rz(”_tl)) F (n*t)

n=1
+ (e"z(tz_tl)) F(n*(ty —t1)) — <6n2(t2_t1) - 1) F (n*t) }

into two parts, as n?(ty —t;) < 1 (head) and n?(ty —t1) > 1 (tail).

First, let us estimate the tail of the series. Since F'is increasing, F’ (n2 (ta — tl)) <
F (’I’thg); also using the estimate of Lemma 3, we arrive at (Cy being a constant
depending only on H and possibly changing from line to line)

3 q;ﬁf {(1=e =) rem - 1)

n2(t27t1)21

+ (e"z(tz_tl)) F (n2(t2 — t1)) - <€n2(t2_tl) - 1) F (nQ(t2 - tl))}

IN

¥ q;g{H {(1 _ @—nz(ta—tl)) F2H — 1)+ F (n*(t2 — tl))}

nz(t27t1)21

Z qngIH 1—‘(2H - 1) {(1 _ e—nZ(tz—h)) + (1 . 6_2”2(t2—t1))}
n

nz(t27t1)21

Z qng]H {(1 _ e_nz(t2_t1)) (1 + 1 + e_nz(tQ—t1)>}
n

n2(t27t1)21

QnCH —n?(ta—t1 2
Z nAH (1_6 me t)) : (16)

n2(t27t1)21

IN

IN

11



The last estimate follows from the fact that (1 —e™*)(24+e7%) < (1 — e*‘”)2
when x > 1. Now since (t2 —t1) € (0,1), for any 0 < o < H, (16) can be
rewritten as

Z anH (1 _ e—nz(tg—tl))Qa(l o e—nz(tg—tl))Q—Qa

ndH
n2(ta—t1)>1

anH 4o 2 an 20
< 2 Samrntle-nlPs(0n > |-t
nz(t27t1)21 n2(t27t1)21

Next, we look at the head of the series

3 q;gf{ (1 _ e—”z“ﬁl)) F ()

nz(t27t1)<1

+ () F (0202 — 1)) — (027 = 1) F (nt2) |

For 0 < a < H and z < 1, it is clear that e < —z=5z. Now, using Lemma (4),
F being increasing and n?(ty —t1) < 1, we have

e 1
(e (12 m)) F(n?(ty— 1)) < Ot iy, —gp

S CHn4a(t2 _ t1>2a

n4H(t2 o t1)2H

and
(1 — e_”z(trtl)) F (n2t1) — (e"2<t"‘_t1) — 1) F (n2t2) <0.

Therefore, the head of the series will have the upper bound

q
Cn D el
7L2(t2—t1)<1

Finally, since |to — t1]| < 1, we have [ty — 1| < |ty — ¢1]? for any a < H,
and hence,
4
2 n 2
d (t1,t2> < <¢I0 +Cy Z n4H—4a> |t2 — t1| “.
n=1
The first result of the theorem follows by applying Kolmogorov’s Lemma. For
the second result, it is sufficient to use the general Gaussian regularity theory
(see [11] or [1]). For the corollary, it is sufficient to note that by (15), 62 (£, s) >

qoCp |t — s|2H irrespective of the other values of the ¢,’s, and to apply the
“necessary condition” results in [11]. . O

2.3 General theory of time-regularity

In this section we solve two separate problems. For any given candidate n for the
time-modulus of continuity of X (-, x), we give a simple criterion ensuring that

12



7 is an almost-sure modulus of continuity for X (-,z). Then for any sequence
{an},cns we provide a formula for a sharp modulus of continuity for X (-, z).

These results imply that the condition on {g,}, .y in Theorem 1 is a sharp
criterion to ensure the theorem’s conclusion, meaning that any strictly weaker
condition on {gy },cy will imply a strictly weaker conclusion.

Theorem 5 Assume that there exists an increasing positive function £ on a
neighborhood of 0 such that the following series converges:

> ey < (1)

Then there exists a constant K depending on {qn}, cy and H such that for all s,t
sufficiently close, 6% (s,t) < K{ (|t — s|). Consequently, the function n defined
by

n(r)=£(r)""*log"? (1/r)

is an almost-sure uniform modulus of continuity for X (-, ), as long as limgn =
0, and as long as r*7 < £(r) in a neighborhood of 0.

Proof.

Step 0: setup. Let h = |t —s|. We decompose the series giving 0° into
two parts, omitting the term corresponding to qg, splitting the series in two
according to whether n?h < ¢y where ¢g is a constant depending only on H
which will be chosen appropriately. Therefore with

Ay = " F (n?h),
Ay = (e”2h — 1) F (n2t) ,

A = (1 — e*”2h> F (nzs) ,

we have
6% (s,t) —qo [t — s|*" = G (h) + J (h)
where ¢
G = > M—"H(AQ—A4+A1)
n2h<co
and

J(hy= Y i—"H(A2—A4+A1).

n2h>cq

Here we are using an abusive shorthand notation for J and G, which appears
to indicate that 62 (s,t) only depends on h = |t — s|; of course, this is not true,
and it would be more correct to denote J by Js . (h) since A; and A4 depend
on s and t respectively. But the estimates we will find on G and J will only
depend on h, which is why the abusive notation J = J (h) is meaningful.
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Step 1: head of the series. We first observe that A; < A4 in all cases.
When n%h < cg, if we can prove that Ay > 2(A4 — Ay), this will ensure that
G (h) is commensurate with

Ghy:= Y AQ;—"H.

n2h<co

Let z = n?h. Assume cq < 1. Also, in order to be able to formulate sharp lower
bounds, we assume that s > 0. This means that z is bounded below.

Following Lemmas 4 and 3, for z < ¢, F'(2) < 22/, and e* < 1+ 2 < 1, and
e” — 1 x z, where all the commensurability constants are universal or depend
only on H. Thus for some constants cyg and Cy

CHZ2H S Ag S ZQHCH.

2

Now without loss of generality we assume s < t and we let a = n*s; we calculate

Aj— Ay =(—1)F(24+a)— (1—€e %) F(a)
=F(a)(e®+e*=2)+ (¢ —1)(F(z+a)— F(a)).
We use the fact that (e* +e % —2) < 22, also e — 1 < z, F(a) < 1, and
F(z+a)— F(a) < F'(a)z. These imply
Ay — Ay <224 22F (a),
where the commensurability constant depend only on H and on a positive lower
bound on s. We can now check that

a
F'(a) = 26_2“/ e?v?H=2dy < Cye™®
0

for some constant C'gy. This proves that
Ay — Ay =< 22
Since on the other hand, we already saw that
Ay =< 277

there exists a constant ¢y depending only on H such that if z < ¢y, Ay >
2 (A4 — Ay) as announced — indeed, by hypothesis there exist ¢; and ¢y such
that Ay — A; < 122 and Ay > 2228 a trivial calculation shows that if z >
co = (c2/ (201))1/(2_2H), then Ay > 2 (A4 — Ay). We see in particular that this
constant ¢y does not depend on a lower bound on s. On the other hand, the
lower bound of the commensurability relation on A4 — A; does, but this last
bound will not be used for the proof of the current theorem.

With the upper bound on A, we now have proved that there exists constants
¢, Cr, and ¢ depending only on H (and ¢y depends on a positive lower bound
on s), such that

cah®™ Y7 g <G(h) <Cph YT g (17)

n2h<cq n2h<cq

14



Step 2: control the estimate of Step 1 using Condition (H/¢) of
Theorem 5. By the result of Corollary 2, we know that we can assume that
¢(r) > r?". Then without loss of generality, we can assume that n*¢ (n=?2) is
increasing. Thus using Condition (H¢)

too> Y Wg(b/%)wrl(h/co) 3 g

n2h<co

Also since £ (1) > r?H | we can assume without loss of generality that ¢ (h/cy) <
C?(h) for some constant C' depending only on C. We have thus proved, for

some constant C' depending on H and {gn},cy:

G (h) < CL(h).

Step 3: tail of the series. When n?h > ¢y, we have 1 — e~"’h = 1. The
estimate (16) still holds if one replaces to by t, t; by s and n?(ty —t;) > 1 by
n?(t — s) > cg. Now using Condition (H{), we can write

Jhy<cry Y i—”H(l—e—”Qh)z

n2h>co
o
- Z nAH (18)
n2h>cq
— 4
< L(h/co) Z W(n_g)"é(h)'
n2h>co

We have thus proved that for some constant C' depending on H and {gn}, cn:

J(h) < Cl(h).

We leave it to the reader to show the following fact, which will not be needed
here, but will become convenient in the next theorem, that for some other

constant c,
o0

Jhze Y (19)

n2h>co

Conclusion. The conclusions of Step 2 and Step 3 finishes the proof of the
estimate on 62, while the other claim is again a direct consequence of regularity
theory of Gaussian processes (see [11]), with the caveat due to the fact, which
we have noticed before, that 62 (s,t) > goh?H. O

The proof of the above Theorem 5 has enabled us to identify two fundamental
quantities in the estimation of 6. We summarize the results of lines (17), (18),
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and (19):

§2(s,t) =qo |t — s’ + G (h) + J (h),
G (h) < Go(h) =" " g,

n2h<co

o0

J(hy=Jo(h):= Y 751—"11

n2h>cq

The lower bounds in the above statements hold only for s,t bounded away from
0. The next result follows immediately, its last statement being a consequence
of the necessary condition results of [11].

Corollary 6 Let Gy and Jy be the two functions defined above. Then the func-
tion n defined by

1 (r) == (Go (r) + Jo (r))"/* log"/? (1/r)

is an almost-sure uniform modulus of continuity for X (-,x) on any closed inter-
val in (0,1], as long as limgn = 0 and Gq (r) + Jo (r) > 72" near 0. Moreover
n is sharp in the sense that if { < n, then ¢ is not an almost-sure uniform
modulus of continuity for X (-, x).

We turn to some examples.
e Holder scale.

— The situation of Theorem 1 can be precisely achieved as follows.
Assume 0 < a < H and

g = niH-1-4a,

Then one can easily check that Gg (r) < r?* =< Jy (r), so that by the
preceding corollary, the function

n(r) = r*log'? (1/r)

is almost surely a sharp uniform modulus of continuity for X (-, z).

— In this example, we may recall the results of [11], which state that
the regularity is twice as good in space: ¢ (r) = r?® log!/? (1/r) is an
almost-sure modulus of continuity of X (t,-) for any fixed ¢.

e Logarithmic scale.

— Assume there exists 3 > 1 such that

7,L4H71

In = 55—
" logwn
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Then one can check that Jo (r) = log= %~ (1/r) while Gy (r) <
log=2? (1/r) (the “tail” term of the series defining 6% is dominant).
Hence

n(r)=log~ "=V (1/r)
is almost surely a sharp uniform modulus of continuity for X (-, z).

— On the other hand, the space-regularity of X (¢,-) given in [11] for
this class of examples is significantly higher, especially for 3 close to
1: we find that the following function is an almost-sure modulus of
continuity for X (¢, )

¢(r)= log~#=1/2) (1/r);

it is interesting to see here that the increase in regularity between
time and space moduli of continuity is not proportional to the space
regularity; it is always equal to the constant factor logl/ 2(1/r) for

all g.

3 Regularity of the solution as a function-valued
process

Let B be the Banach space of Hélder continuous functions on S* with parameter
K < H, endowed with the norm

|f(z) — f(y)]
[fll = sup [f(2)] + sup ———7.
z€S! oty 2=yl
Now considering (10) as a B-valued process on [0, 1]:
0,1 >t — X(t,-) € B,

we will deduce the continuity of X in the norm of B,

[ X (t2,-) = X(t1,)[| = sup [ X (t2, ) — X(t1,2)|

zeSt
—l—sup |X(t2,$) - X(thx) - X(t25y> +X(t17y)|
TFY |‘T7y|K

To estimate the second supremum, let us write

X(t27x) - X(tlvx) - X(tz,y) + X(tlay)
= (X(t2,7) — X(t2,9)) — (X(t1,7) — X(t1,9))

> t2 2 t 2
= Z Vqn (cos nx — cos ny) {/ e =) gl gy — / e " (tls)ﬂf(ds)}
n=1 0
s) —

0

0o to H
+ Z Vqn (sinnz — sinny) {/ 67"2(’5275)@1 (d /
n=1 0 0

t1

en2(tls)Bf(dS)} )
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Then, we can obtain the following estimation, uniformly in space:

|X(t27.'13) - X(thx) - X(t27y) + X(thy)l
|z —y|¥

= |cosna?—cosny| - s (s
S VBT (s~ e 5 )

2 2 . t1 2 .
/ e, (ds) - / e T, (ds)
0 0

to 5 t1 2
SZMC”K{‘/ e 5 (ds) / e (=50 (ds)
n=1 0 0

to t1
/0 e’ (b= 56 (ds) — /0 e~ (= S,B (ds) }

where C' > 0 depends only on K. We made use of the fact that for arbitrary
v € [0,1] there exists ¢, > 0 such that

|bln nx — sinny|

+Zf i

_|_

|sinz —siny| < ¢,|z —y|7,

for all z,y > 0 (which holds for cosine as well).
For the first supremum, note that

X(ta,0) =X (t1,2) = Vao (B (t2) = Y (1))
= » —n2(ty—s) —n2(ty—s) gH d }
—l—nz::l q cosnx{/o BHE( /0 e B, (ds)

> b2 2 ~H
+ Z Gn Sin NX e~ (t2=9) 67" (t1=9)3 " (ds) ¢ .
n=1 0 0 !

Therefore,

1X(t2,) = X () < Vi |8 82) = BE (11)]
+> Van(1+CnX {‘/ 2= gH (gs) — / e " (=931 (4s)

to 1
e~ 2(ta—s) 3 —n?(t1—s) 73
| B (ds) - / B )}
and
2

E || X (t2,-) = X (t1,)II* < qofts — ta]*"
> to t1
+2) qn (1+CnK)2E{/ e-”2<f2—8>55(ds)—/ e—”2<f1-8>5f(ds)} :
0 0

n=1

+

Now using the estimates in the proof of Theorem 1, the next result follows
immediately.
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Theorem 7 Let H > % and L, K < H be such that

o0

an
> AH—aL—aK <

n=1

Then X is a.s. f-Hélder continuous as a B-valued process V(3 € (0, L).
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