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Abstract

In this paper different types of stochastic evolution equations driven by infinite-
dimensional fractional Brownian motion are studied. We consider first the case of
the linear additive noise; a necessary and sufficient condition for the existence and
uniqueness of the solution is established; separate proofs are required for the cases
of Hurst parameter above and below 1/2. Moreover, we present a characterization
of almost-sure moduli of continuity for the solution via a sharp theory of Gaussian
regularity. Then we prove an existence and uniqueness result for the solution in the
case of the linear equation with multiplicative noise and we derive a fractional stochastic
Feynman-Kac formula.
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1 Introduction

The recent development of stochastic calculus with respect to fractional Brownian motion
(fBm) has led to various interesting mathematical applications, and in particular, several
types of stochastic differential equations driven by fBm have been considered in finite di-
mensions (see among others [14], [13] or [5]). The question of infinite dimensional equations
has emerged very recently (see [11], [12]). The purpose of this article is to provide a de-
tailed study of the existence and regularity properties of the stochastic evolution equations
with linear additive and linear multiplicative fractional Brownian noise. Before providing
a complete summary of the contents of this article, we comment on the fact that, as in
the few published works ([11], [12]) on infinite-dimensional fBm-driven equations, we study
only equations in which noise enters linearly. Moreover, we believe our article, together
with the preprint [17], contains the first instance in which multiplicative noise is considered;
our Feynman-Kac formula in the linear multiplicative case is new. The difficulty with non-
linear fBm-driven equations is notorious: the Picard iteration technique involves Malliavin
derivatives in such a way that the equations for estimating these derivatives cannot be
closed. The preprint [17] treats an equation with fBm multiplied by a nonlinear term;
however the noise term has a trace-class correlation, and moreover they treat only the case
H > 1/2, which allows one to solve the equation using stochastic integrals understood in a
pathwise way, not in the Skorohod sense. The general non-linearity issue remains unsolved.

Let BY = (B[!);cp01) be a fractional Brownian motion on a real and separable
Hilbert space U. That is, B¥ is a U-valued centered Gaussian process, starting from zero,
defined by its covariance

E(BY(t)BH(s)) = R(s,t)Q, for every s,t € [0,1]

where @ is a self-adjoint and positive operator from U to U and R is the standard covariance
structure of one-dimensional fractional Brownian motion (as in (2)). We consider the
following stochastic differential equation

X(dt) = AX (t)dt + F(X(t))®dB" (t) (1)

and we study the existence, uniqueness, and regularity properties of the solution in several
particular cases. The goal is to formulate necessary and sufficient conditions for these
properties as conditions on the equations’ input parameters A, ®, and Q. It is always
possible, and usually convenient, to assume that B is cylindrical, i.e. that Q is the
identity operator. We will also translate the conditions for regularity as necessary and
sufficient conditions on the almost-sure regularity of BY itself.

In Section 3 we let F(u) = 1 and A a linear operator from another Hilbert space
V to V with ® € L(U;V) a deterministic linear operator not depending on t. We give a
necessary and sufficient condition for the existence of the solution. The stochastic integral
appearing in (1) is a Wiener integral over Hilbert spaces. Our context is more general than
the one studied in [12], or in [11], since we consider both cases H > 3 and H < 3. Our
study goes further since we prove the sufficiency and the necessity of the condition for the
existence of the solution. Section 4 contains a study of the space-time regularity of the
solution using the so-called factorization method.

Section 5 proposes a detailed theory of spatial regularity when A is the Laplacian
and U = L?(S'), S! being the circle. Our regularity objective was to completely charac-
terize the solution’s almost-sure uniform spatial modulus of continuity. We have achieved
this almost to its fullest extend, going beyond the scale of Hélder continuity, and proposing
both intrinsic and distributional characterizations. The first and third authors had been



working on such a characterization for stochastic heat equations with H = 1/2 (Brownian
case). Their intuition gained in [24] in the Holder scale had led them to formulate conjec-
tures in [25] on how to extend their characterizations beyond this scale, and what strategy
to use. Here we show that their conjecture on a sharp regularity characterization was in-
correct (see Remark 9) and that the strategy can be simplified (see Remark 10). Moreover
we show that the case of fBm is not more difficult than the Brownian case, while the results
do depend heavily on the value of H. Our results herein were made possible by the sharp
calculations performed in Section 3, and by establishing new sharp Gaussian regularity
results in Section 5.1, which are of independent interest. For the sake of conciseness, we
have chosen not to study the issue of sharp time regularity. However, the same Gaussian
tools could be used for this problem, which we will tackle in a more general setting in a
separate publication.

In Section 6, for H > 1/2, we let F'(u) = win (1) and we prove existence and unique-
ness of the evolution solution, our main tool being a straightforward infinite-dimensional
extension of the definition of multiple Wiener-It6 integrals with respect to the fractional
Brownian motion introduced in [7] and [19]. Now, the stochastic integral in (1) is a stochas-
tic integral in the Skorohod sense. Finally, we derive a Feynman-Kac formula for the
solution of the stochastic differential equation in the case F(u) = u. This is done by
identifying the formula with the fractional chaos expansion given by the Picard iterations.
A Feynman-Kac formula is a significant application, as it opens the path to studying the
long-term behavior of the solution in the spirit of the parabolic Anderson model (see [3],
[4]); one notices clearly from the Feynman-Kac formula (55) that the standard Lyapunov
exponent scale is not the correct one if H # 1/2. Rather, one expect that t=2H logu (¢, x)
will have a non-trivial limit as t — co. We plan to show this in a separate publication.

2 Preliminaries

2.1 Malliavin Calculus for one-dimensional fractional Brownian motion

Consider T = [0, 7] a time interval with arbitrary fixed horizon 7, and let (B{);cr the
one-dimensional fractional Brownian motion with Hurst parameter H € (0,1). This means
by definition that B is a centered Gaussian process with covariance
1
R(t,s) = B(B'B/") = 5 (t*" + s — |t — s*). (2)

Note that BY/2 is standard Brownian motion. Moreover B¥ has the following Wiener
integral representation:

t
BH — / KH (4, $)dW,, (3)
0
where W = {W, : t € T} is a Wiener process, and K* (¢, s) is the kernel given by
t
KH(t,s) = cp(t—s)H 2 4 sH2F <—> (4)
s

cy being a constant and
1 z—1
F(z)=cy <§—H>/ rH=3 (1—(1+7‘)H7%> dr. (5)
0

From (4) we obtain

H s %_
O () = en(H — )6 - )% (2)*" ©)



We will denote by H the reproducing kernel Hilbert space of the fBm. In fact H is the
closure of set of indicator functions {1y 4,t € T’} with respect to the scalar product

(Lo, Ljo,s)) 1 = R(t, 8)

The mapping 19 — B, provides an isometry between H and the first Wiener chaos and
we will denote by B(¢) the image of ¢ € H by the previous isometry. Consequently, the
H-indexed process (B(¢))pen is a centered Gaussian process such that E(B(¢)B(h)) =
(¢, h); hence one can develop a Malliavin calculus with respect to BH,

We will denote by S the set of smooth random variables F' of the form

F:f((B(¢l)v ’B(¢n)) n21a¢zEH

with f € C;°(R"™) (f and all its derivatives are bounded). The Malliavin derivative is
defined as

if F € S. The operator D? is a closable operator from L?(Q) into L?(Q;H) and we will
consider its extension to the closure of § with respect to the norm

IFIR 5.0 = EIFI* + E|DF|3,

We denote by D}Lf the closure of the set of smooth random variables S with respect to the
norm || - ||1.2.z. The adjoint of D? is denoted by 67 and it is called the Skorohod (or the
divergence) integral. The operator 67 is well-defined by the duality relationship

E(F§B(u)) = E(DPF,u)y

and its domain Dom(d) is the class of processes u € L?(Q;H) for which there is a constant
C such that
|B(DPF,u)n| < C||F|l2

for all '€ S. By L}f we denote the set L?(H; D}f) endowed with the norm

I

2 2 B, |12

12,8 = llullz200) + 1D ull 21240
and we recall that Lllﬁf is a subset of Dom/(&%).
Let us consider the operator K* in L%(T)

(K" 9)() = K(r)os) + [ (olr) = (5)) G- (ros)dr @

When H > %, the operator K* has the simpler expression

(o)) = [ o) (rs)ar

We refer to [2] for the proof of the fact that K* is a isometry between H and L?(T) and, as
a consequence, we will have the following relationship between the Skorohod integral with
respect to fBm and the Skorohod integral with respect to the Wiener process W

6B(u) = 6 (K*u)), if u € Dom(55) (8)



We also recall that, if H > %, for ¢, x € H their scalar product in H is given by

(60w = HE2H — 1) /0 ' /0 "ol (D]t — 5P 2dsdt (9)

Note that in the general theory of Skorohod integration with respect to fBm with
values in a Hilbert space V, a relation such as (8) requires careful justification of the
existence of its right-hand side (see [18], Section 5.1). But we will work only with Wiener
integrals over Hilbert spaces; in this case we note that, if u € L?(T;V) is a deterministic
function, then relation (8) holds, the Wiener integral on the right-hand side being well
defined in L%(Q; V) if K*u belongs to L*(T x V).

2.2 Infinite dimensional fractional Brownian motion and stochastic in-
tegration

Let U a real and separable Hilbert space. We consider @) a self-adjoint and positive
operator on U (Q = Q* > 0). It is typical and usually convenient to assume moreover
that @ is nuclear (Q € L1(U)). In this case it is well-known that @ admits a sequence
(An)n>0 of eigenvalues with 0 < A, N\, 0 and Zn>0 An < 0o. Moreover, the corresponding
eigenvectors form an orthonormal basis in U. We define the infinite dimensional fBm on
U with covariance @) as

B (1) = BE () = 3 v/ en B (1) (10)
n=0

where 3 are real, independent fBm’s. This process is a U-valued Gaussian process, it
starts from 0, has zero mean and covariance

E(Bg(t)Bg(s)) = R(s,1)Q, for every s,t € T (11)

(see [11], [26], [12]).

We will encounter below cases in which the assumption that @ is nuclear is not con-
venient. For example one may wish to consider the case of a genuine cylindrical fractional
Brownian motion on U by setting A, =1, i.e.

o0

B (1) =Y enB(8).

n=0

More generally we state the following.

Remark 1 Following the standard approach as in [6] for H = 1/2, it is possible to define
a generalized fractional Brownian motion on U (e.g. in the sense of generalized functions
if U is a space of functions) by the right-hand side of formula (10) for any fized complete
orthonormal system (en)n in U, and any fized sequence of positive numbers (\y),,, even if
> 50 An = 0o. Although for any fized t the series (10) is not convergent in L*(Q x U),
we consider a Hilbert space Uy such that U C Uy and such that this inclusion is a Hilbert-
Schmidt operator. In this way, B (t) given by (10) is a well-defined Uy-valued Gaussian
stochastic process.

Let now V be another real separable Hilbert space, Bg the process defined above,
defined as a Uj-valued process if necessary (see Remark 1), and (®s)ser a deterministic



function with values in Lo(U; V), the space of Hilbert-Schmidt operators from U to V.
The stochastic integral of ® with respect to B is defined by

/0 ®,dB (s Z/ De,dsH( Z/ (K*(Pep))sdfn () (12)

where (3, is the standard Brownian motion used to represent ﬂ# as in (3), and the above
sum is finite when

Y IE* (@en)Z2irnvy = X 1Penllsfi < oo.
n

n

In this case the integral (12) is well defined as a V-valued Gaussian random variable.
However, as we are about to see, the linear additive equation in its evolution form can
have a solution even if fg ®,dBH (s) is not properly defined as a V-valued Gaussian random
variable. A remark similar to Remark 1 applies in order to define this stochastic integral in a
larger Hilbert space than V. In particular, there is no reason to assume that ® € Lo(U, V).

3 Linear stochastic evolution equations with fractional Brow-
nian motion

We will work in this section with a cylindrical fBm B on a real separable Hilbert space U,
® a linear operator in L(U, V') that is not necessarily Hilbert-Schmidt, and A : Dom(A) C
V — V the infinitesimal generator of the strongly continuous semigroup (e*4);cr. We
study the equation

dX(t) = AX(t)dt + ®dB(t), X(0) =z € V (13)

As previously noted, the stochastic integral fg ®dBH (s) is only well-defined as a V-valued
random variable if ® € Lo(U, V) since

/O ®dBM (s ZE ‘ / PendB (s) ZE ’ / dga (s)

where here and in the sequel, || - | zs denotes the Hilbert-Schmidt norm.

However, the operator A may be irregular enough that no strong solution to (13)
exists even if fg ®dBH (s) exists. We then consider the so-called mild form (a.k.a. evolution
form) of the equation, whose unique solution, if it exists, can be written in the evolution
form

H
|<I’ enly = 27|35

¢
X(t) = ez + / e=4edBH (s), t e T (14)
0
Our aim is to find necessary and sufficient conditions on A and ® that this solution exists
in L?(Q2). For this goal, we will see that it is no longer necessary to even assume that
fg ®dBH (s) exists; in contrast, we only need to guarantee the existence of the stochastic
integral in (14). This is the reason for dropping the hypothesis that ® is Hilbert-Schmidst.
Note that, in the case where V' is a space of functions, the so-called weak form of
(13), using test functions, is another alternative formulation which is morally equivalent
to the mild form. We will use this form below in Proposition 1 to formulate a slightly
stronger existence result than is possible with the mild form. Proposition 1 excluded, this
article deals only with the mild form.



We assume throughout that A is a self-adjoint operator on V. In this situation, it
is well known that (see [21], Section 8.3 for a classical account on this topic) there exists a
uniquely defined projection-valued measure dPy on the real line such that, for every ¢ € V,
d{(¢, P\¢) is a Borel measure on R and for every ¢ € Dom(A), we have

<¢A@=Afﬂﬁﬂw-

Furthermore, for any real-valued Borel function g on R, we can define a self-adjoint operator
g (A) by setting

(@.9(40) = [ ad(o. P (15)
for ¢ € D, with
D, = {oi [ 1o dla. Pra) < ocl.
The statement of our main existence and uniqueness theorem follows.

Theorem 1 Let BY be a cylindrical fBm in a Hilbert space U and let A : Dom(A) C V —
V' be a self-adjoint operator on a Hilbert space V. Assume that A is a negative operator,
and more specifically that there exists some | > 0 such that dPy is supported on (—oo, —l].
Then for any fixed ® € Lo (U,V), there exists a unique mild solution (X (t))ier of (13)
belonging to L*(Q; V) if and only if ®*Gy(—A)® is a trace class operator, where

Gp(\) = (max (A, 1)) 724, (16)

This theorem is valid for both H < 1/2 and H > 1/2. However, separate proofs
are required in each case: Theorems 2 and 3. The most technical calculations, albeit
interesting in their own right, are given in the Appendix in order to increase the article’s
readability.

Remark 2 Theorem 1 holds for those operators A satisfying only a “spectral gap” condi-
tion, i.e. such that dPy is supported on (—oo, —l| except for an atom at {0}, as long as one
assumes that the kernel of A is finite-dimensional. To check this one only needs to include
the terms corresponding to A = 0 in the proofs of Theorems 2 and 3.

Remark 3 When Supp(Py) C (—o0, —1), with 1 > 0, we can replace Gy (—A) in Theorem
1 by (—A)_QH. Seeing this is obvious, for example, in the proof of the case H > 1/2
(see Lemma 1 below, and its usage). When A is non-positive with a spectral gap, one can
instead replace by Gg (—A) by (—A+ 1) for example. The spectral gap situation occurs
for example in the case of the Laplace-Beltrami operator on compact Lie groups; in this
situation, with H = 1/2, the trace condition with (—A + I)_QH was proved to be optimal in
[24]. This condition is equivalent to conditions presented in work done in [20] for both the
stochastic heat and wave equations in Euclidean space R® with d > 2; therein, the authors
even treat non-linear equations under a non-degeneracy assumption on the nonlinearity
function F' (F bounded above and below by positive numbers). Proposition 1 below shows
that we can have existence of a weak solution to (13) even if Py charges all of (—oo,a) for
some a > 0. In this case, using (—A) ">, or even (—A+ I)"* | instead of Gy (—A) for
a trace condition for existence is too strong to be necessary.



3.1 A fundamental example: the Laplacian on the circle

Before proving the theorem we discuss its consequences for the fundamental example in
which the operator A is the Laplacian A on the circle. This means that with e, (z) =
(2m) "t cosnzx and f,, (z) = (2r) "' sinna for each n € N, the set of functions {e,,, f, : n € N}
is not only an orthogonal basis for U = L? (S L dx) where dx is the normalized Lebesgue
measure on [—, 7), this set is exactly the set of eigenfunctions of A. An infinite-dimensional
fractional Brownian motion B in L?(S') can be defined by

BY (t,2) = 3 Vamen (2) 8 (1) + 3 it () B0 (1)
n=0 n=1

where { gl BH . ne N } is a family of IID standard fractional Brownian motions with
common parameter H. If > ¢, < oo then B is a bonafide L2(S"')-valued process. Oth-
erwise we can consider that it is a generalized-function-valued process in L?(S!), as in
remark 1. Note that B defined in this way is a Gaussian field on 7' x S' that is fBm
in time for fixed z and that is homogeneous in space for fixed t. The spatial covariance

function calculates to
Q(x—y)=E[B” (1,2) BY (1,y)] =) gncos (n(z —y))
n=0

To apply Theorem 1, we only need to represent BY as ®BH where B is cylin-
drical on L? (Sl). This is obviously achieved using ®e, = \/qnen, yielding the following
immediate Corollary.

Corollary 1 Let BY be the fBm on L?(S') with H € (0,1) and the assumptions above.
Then there exists a square integrable solution of (14) if and only if

> < oo, (17)
n=1

This corollary clearly shows that many generalized-function-valued fBm’s on L? (S 1)
yield a solution. More precisely, if we define a fractional “antiderivative” of order 2H of
B byY = (I - A);H B, we have existence if and only if Y is a bonafide L? (S*)-valued
process. The following examples may be enlightening, in view of the well-known results
for standard Brownian motion.

e Let BH be fBm in time and white-noise in space, i.e. let g, = 1. Then equation (13)
has a unique mild solution in L? (S') if and only if H > 1/4.

e More generally consider the equation (13) with space-time fractional noise as a gen-
eralization of the well-known space-time white noise. This would mean that B is
the space derivative of a field Z that is fBm in time and in space. Call H' the Hurst
parameter of Z in space. To translate this on the behavior of the ¢,’s we can say that,
by analogy with the standard white-noise, and at least up to universal multiplicative
constants, we can take /g, = nl/2=H’ Section 5.1 can be consulted for a justifica-
tion of this argument. Then equation (13) has a unique mild solution in L2 (S’ 1) if
and only if H > 1 — 2H. Thus if B is fractional Brownian in time with H > 1/2,
existence holds for any fractional noise behavior in space, while if B is fractional
Brownian in time with H < 1/2, existence holds if and only if the fractional noise
behavior in space exceeds 1 — 2H.



e In particular, for dBY that is space-time fractional noise with the same parameter
H in time and space, existence holds if and only if H > 1/3.

Remark 4 The thresholds obtained in the three situations above for the circle should also
hold for in any non-degenerate one-dimensional situation. This can be easily established
for the Laplace-Beltrami on a smooth compact one-dimensional manifold. We also believe
it should hold in non-compact situations such as for the Laplacian on R.

3.2 The case H > 1
Theorem 2 Assume H € (1/2,1). Then the result of Theorem 1 holds.

Proof: Let us estimate the mean square of the Wiener integral of ( 14). For every
t € T, it holds (C'(H) denoting a generic constant throughout this proof)

t ¢
/ e=DApdBH (s) Z/ e=94%e,dsH (s)
0 — Jo

t ot
= Z C(H) / / (et ABe, e ADe,, )y |u — v 2 dudy
- 0 Jo

2

2
Ii=F =K
\%4

\%4

t gt
=C(H) Z/o /0 (e~ u=Ae, Bey)y|u — v|*H " 2dudv

t u
=2C(H) Z/o (/0 (e(Qt2“*”)A<I>en,®en>vv2H2dv> du. (18)

Consider now the measure dy,(\) defined as
dn(N) = d{®Pey,, P\Pey,)y (19)

where P) is the spectral measure of the operator —A. We have

<e(2t—2u+v)Aq)€m (I)en>V — /Re(Qt—Qu-&-v))\d'un(/\) — /0 6—(2t—2u+v)>\d'un()\)

because, since A < 0, Py vanishes for A\ > 0. The expression (18) becomes, using Fubini
theorem

t  ru 00
I, =C(H) Z/ / v2H—2 (/ e_(zt_2"+”))‘d,un()\)> dvdu
— Jo Jo 0
00 t u
=C(H) Z/ 62t)‘/ e (/ UQHZe”)‘dv> dudjin ()
—Jo 0 0

and doing the change of variables vA = v’ in the integral with respect to dv, and integrating
by parts with respect to u, we get

00 t Au
I, =C(H) Z/ e_Qt’\Al_QH/ A </ UQH_Qe_”dv> dudpin (N)
—~Jo 0 0

[ At 62)\75 o 621;
— C(H) Z/ )\—QH (/ UQH_QQ_U I:T] dU) dﬂn(/\) (20)
— Jo 0
Denote by

AN = ( /0 QR [1 - 6_2()‘_U)] dv) . (21)

At this point we need the following technical lemma whose proof is given in the Appendix.



Lemma 1 There exist positive constants ¢(H) and C(H) depending only on H such that
(1) IfA>1,c(H) <A\ <C(H), and
(ii) if A< 1,c(H)< AN <C(H).

Using the notation A =< B for two quantities whose ratio is bounded above and
below by positive constants (in which case we say the quantities are commensurate), putting
the two estimations of A (\) together we obtain

1 00
I = Z/O d,un()\) +/1 >‘72Hdﬂn()\)
=2 /O (e (4 1) 2 dyan (),

where the constants needed in the < relations depend only on H. This yields the theorem
for t = 1. The case of general ¢ is not more complex: one only needs to multiply the
right-hand side in the last equation by t?/; the proof of this fact does not follow, strictly
speaking, from the scaling property of fBm, since this scaling does not hold for I;; we leave
the details to the reader. O

3.3 The case H < %

Theorem 3 Let H € (0, %), and let Py denote the spectral measure of —A. If there exists
a positive constant | such that
Supp (Py) C (I;00), (22)

then Theorem 1 holds.

Proof. We let P, denote the spectral measure of Q—A, and ., the corresponding
scalar measures as before. Denoting I; = E | X (t) — etAa:‘V, it is sufficient to estimate I
optimally from above and below. We have

2

t 2
I,=E / =949dBH(s)| =FE
0 14

t
Z/ e=94%e,dsH (s)
n Y0

Step 1 (Upper bound). We prove first the sufficient condition for the existence of a square
integrable mild solution of equation (13). We start with the following technical Lemma
(its proof is given in the Appendix).

\%4

Lemma 2 Let

1 s )
B(a, A) = / ds exp (—2as) [/ (expar — 1) r*dr
0 0

where a > 0 and A € (—1/2,0]. Then it holds
B(a, A) < K 402471

with K4 a positive constant depending only on A.

10



Using (7) and the representation (8), we have

Using the following inequality (see [10], Th. 3.2),

M=

K(t,s) < c(H)(t — s)H 25"~

the first sum above can be majorized in the following way

t
le(n) < c(H) Z/ (294G, Be, )y (t — 5)2H12H1 g5
n n Y0

— ¢(H) Zn: /OOO A—2H (/OQMe_”UQH_I(t - 21;)2H—1dv) dpin(N)

<)Y [T NC (0 H) dies )

— C () Tr(@"(~4) > ®) (2
where C (t, H) depends only on ¢ and H. Here we used the fact that
2Nt - O o
o210 U y2H-1y
0 ©v ( 2)\) v
o0 22Xt v
< (t/2)2H_1/ e—U,UQH—ldU + ()\t)2H_1/ 6—v(t _ _)QH—ldv
0 At 2\

< CO(t,H) + ()\t)2H—1 /At o—(2At—v") (U//(2)\))2H—1 '
0
<CtH)+CtH) e M)  =C(t, H).

For the second sum from above, we can write

¢ t b OK 0K
znjlz(n) :zn:/o ds/s dTl/s drza—rl(rl’s)ﬁ—m(r?’s)

% <(6(t7r1)A - e(w%s)A) e, (6(t77~2)A _ e(pg)A) be,)y

t t t K 0K
:zn:/o ds/S drl/s drga—rl(rl,s)a—m(rg,s)

% <(e(tfr1)A - e(w%s)A) (G(HQ)A _ e()%s)A) Be,, D)y

and, by the fact that %—If(r, s) <0 for every r,s € T and |%—If(7‘, )| <C(H)(r— S)H_%, we

11



get
t t t 8K 8[{
I = d - il
zn: 2(n) ;/0 8/5 dm/g drzarl (7“1,3)(%2 (ro,s)
+o0
“A(t=r1) _ o= A=) =A(t—r2) _ —A(t—s)
X e e e e d,U/n
I )( )
t u m
<C(H) ), / du / dv, / dvs(u — 1) 3 (u — 03)" 3
n 0 0 0
y /oo (e,/\(v1+v2) _ e Mutvz) _ —A(vitu) + 672)\u) djin
0

where we used the change of variables t —s = u, t —ry = v1, t — 9 = v9 and the symmetry
of A.

Let us note that the above quantities are positive and therefore we can apply Fubini
theorem, obtaining

;&(n) = ;/000 dpn, /Ot du /Ou dvy /Du dvg(u —v1) T2 (u — UQ)H—%

> (e—)\(m—f—vg) _ €—>\(u+’l}2) _ e—)\(vl-l—u) + e—2>\u)

- ;/ooo dhin /Ot du (/Ou(u — )3 (e e—/\v)dv)Q
— Z/OOO dpin /Ot o2 (/OS(GM B 1)TH_%dT>2dS

= /0 T L () (24

w

where on the last line we came back to the initial variables. Now, applying (24) and Lemma

2 to
t s 5 2
Iz(A,t)z/ e A </ (e”—l)rH—adr) ds,
0 0

with (23), we have the upper bound
< Y [N () = € 6 H) T (- ) ),
—Jo

Step 2 (Lower bound). To prove the necessity, note that

S [ (e ) Kt 515,05

t t OK
el (t-m)A _ (t—s)A
+ /0 < 59 (e ¢ )fbendr> dB(s)

Li=F

|
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and this equals

¢ 2
I = Z/o ‘e(t*S)Aéen‘VKQ(t,s)ds
! 'K -5 - —s
—1—22/0 K(t,s)/s W(T’ s) (et~ de,,, (e(t A _ glt )A) e, )y drds

+Zn:/0t

We let ¢ = 1 for simplicity and we use the measure du,(\) = d{®Pe,, P\xPe,)y. Taking
account that Py = 0 outside (—o0, —1), we get

I, = Zn:/loo </01 exp(—2A(1 — s))KQ(l,s)ds> dpin (M)
o) 1
+2Zn:/l /0 ds exp(—2A(1 — s))K (1, s)

x </1 (exp((r — $)A) — 1) %—f(r, s)dr) dpin(N)

2
ds

tOK
—(rys) e(t=rA _ o(t=s)A Pe,,dr
or ( ) v

S

00 1 1 OK 2
+ Z/ / exp(—2A(1 —s)) </ (exp((r —s)A\) — 1) W(r, s)dr> ds | dpn ()
n l 0 S
= [ a0
The conclusion of the theorem follows from the next lemma. O

Lemma 3 Let

1
J(A) = /0 exp(—2X(1 — 8))K%(1, 5)ds

+ 2/01 exp(—2A\(1 — 8))K (1, 5) (/1 (exp((r — $)A) — 1) %—f(r, s)dr) ds

1 1 oK 2
+/ exp(—2A(1 — s)) (/ (exp((r —s)\) — 1) B (r, 8)d’l“> ds
0 s r
Then J(A) > c(H)A™2 for every A > 1 > 0 with | arbitrary small.

Proof: See the Appendix. O

3.4 Extended existence for the weak equation

Assume now that V is a Hilbert space of functions on finite-dimensional Euclidean space
E, and assume A is a self-adjoint operator on V. One can interpret the noise term ®BY (t)
directly as a Gaussian field on T'x F that is fBm in time and possibly a generalized function
in space. For the formulation of an existence result, we keep using representation of this
field via the operator ® € £ (V, V) operating on a cylindrical B (t) in V. Equation (13)
is now reads,

X(dt,x) = [AX(t,)] (z) dt + [®@B"] (dt,z), X(0) = Xo € V,t >0,z € E

13



and its weak version is

t
/ ¢(z) X (t,z)dx = / o (x) Xo (x) dl‘—l—/ / X (t,x) Ao (x) dxdt—{—/ [@BH} (t,z)¢ (x) dx,
E E EJo E
(25)
for allt >0,z € E, ¢ € Dom (A). If it happens that the Gaussian field ®B on T x E is
generalized-function-valued in the parameter z, the last term in (25) must be interpreted
as

(@B (t,¢)

for all test functions ¢ in Dom (A) N dom [®BH (1)].

More generally, we can formulate a weak equation in an abstract separable Hilbert
space V. We assume that A is a self-adjoint operator on V, that B is a cylindrical fBm
in V, and that ® € £ (V, V). The generalization of (25) is

(X(t),¢>—<X(0),¢>+/O (X(S),A¢>d8+/0 (9*¢,dB" (s)), (26)

for all ¢ > 0 and all test functions ¢ in Dom (A), where (, ) denotes the scalar product in
V.

The following proposition shows that the spectral gap condition for existence can
be eliminated when dealing only with the weak equation.

Proposition 1 Let H € (0,1). Let BY be a cylindrical fBm in V, a separable Hilbert
space, and let A : Dom(A) CV — V be a self-adjoint operator on V' such that for some
Ao > 0, A— NI is a negative operator. Then for any fivzed ® € L(V,V), there exists a
solution (X (t,-))ier of (25) belonging to L*(Q; V) as long as ®*Gy(—A)® is a trace class
operator.

Proof. By hypothesis we can find positive numbers p and € such that A—pul < —el,
that is to say, the operator A = A — pul satisfies the hypotheses of both Theorem 2 and
Theorem 3. Therefore, in both the cases H < 1/2 and H > 1/2, we have existence and
uniqueness of a mild solution in L?(£2; V) to the following equation:

dY; = (A — pl) Yydt + ®dBJ

if and only if ® (ul — A)_2H ®* is trace class. Indeed, one should require, rather, that
OG (uI — A) ®* be trace class, but here the strict negativity of A allowed us to replace
the function Gz by the function Fiz (A\) = A2/, Now a simple repetition of arguments of
Da Prato and Zabczyk in [6] shows that for any Lipschitz function F on V, the equation

dZ; = (A — ul) Zydt + F (Z;) dt + ®dB}

also has a unique mild solution formed by considering the semigroup of the operator A—pul.
By taking F'(z) = puz we see that the following mild equation has a unique solution Z:

t t
Z(t) = etA=rD g 4 / et=) A=l gqBH () 4 1 / =)A=l 7 (s)ds.  (27)
0 0

The next step in the proof is to show that Z defined by (27) also satisfies (25). This
can be checked by a classical calculation for all test functions ¢ € Dom (A — ul). However
this domain is defined as the set of all functions ¢ € V' such that (A — pl) ¢ € V. Thus it
coincides with Dom (A), and the weak equation (25) is satisfied by Z.

14



The last step in the proof is to show that the trace condition on ® (ul — A)_QH ®* is
equivalent to the condition that @Gy (—A) ®* be trace class. Recall that for any function
F' we have

tr[BF (—A) ®*] = Z/_OO F () dpn (V)

where p,, defined in (19), is a positive measure for any n. Therefore it is sufficient to
show that the function Gy () = (max(1,A)) 2# is commensurable with the function
G\ = (A+p) 2", For A > 1 this is clear. For A\ < 1, we use the fact that the support
of all measures dy, is in [—\g; +00). Since it is no restriction to require that u > Ao +¢, we
have that for A € [~\g; 1], Gy ()) is bounded above by e 2 and below by (1 + u)_QH; in
this sense it is commensurable with Gy (\) since the latter is equal to 1 in that interval.[]

4 Spatial regularity of the solution: the general case

In this section, we give some general results on the spatial regularity of the solution to our
linear additive equation. As in Theorem 1, we assume that:

(R) the operator A is self adjoint and there exist € > 0 such that A < —eI.

As in Remark 2 we could also allow A to have 0 as an eigenvalue, with a finite
dimensional eigenspace, and then a spectral gap up to —e. We omit these details.

Our regularity result is based on a proposition taken from [6], which we enunciate
here for sake of completeness: let A be an unbounded operator satisfying condition (R).
For a,v € (0,1), p> 1 and ¢ € LP([0,T]; V), set

sin(«

Ro4(t) = sin(ar) /0 (t — o) Y (=A) e =D (0)do,

™

where AY has to be interpreted as in (15). It is a known fact (see [6, Proposition A.1.1])
that, if @ > v+ %, then

Ray € £ (LP(0,7;V); 0775 ((0,7]; D((-A)) ) (28)

Let now X be the process defined by relation (14) with x = 0, that is the usual stochastic
convolution of B by A. The main result of this section is the following:

Theorem 4 Let H € (0,1), and suppose that for a € (0, H), the operator
O (— A)2H-0)
is trace class. Then, for any v < a and any € < (o — ), almost surely,
X € Co7 (0, T); D ((—A)).
In particular, for any fized t > 0, X (t) € D((—A)7).

Proof: Under our assumptions, it can be shown by the usual factorization method
(see e.g. [6, Theorem 5.2.6]) that the process (—A)YX can be written as

(=AY X(t) = [RanYal (1),
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where the process Y, is defined by
Ya(s) = / (s — o)~ 43d B (5).
0

Then, using relation (28), we are reduced to showing that Y, € LP([0,T]; V), and since Y,
is a Gaussian process, it is sufficient to prove that Y, € L([0,T]; V).

We first treat the case of H > %: along the same lines as in the proof of Theorem
2, and taking up the notations introduced therein, it can be seen that

Pvaf] =ctm Y AN O, (),

At T
Mo\ t) = / x % " (/ y “(x— y)QH_Qe_ydy> dz.
0 0

Since M, is obviously bounded by a constant for all £, A > 0, whenever o < H, we get the
desired result.

Let us now turn to the case H < % Following again the proof of Theorem 3, we
can decompose E[|Y(t)[3] as

where

ZII )+ I2(n

where I3(n), that contains the main part of the contribution to the norm of Y, (t), is defined

by
B = | [ (6= ret g0, — - 9wt =000) G )

Now, the same computations as in the proof of Theorem 3 yield

(H / dpn (A /du/ dvl/ dva(u — vy) H 3/2( —v )H73/2
0

c
<7)11}2 g —A(v14wv2) —(vlu) o= Avi4u) (uvg) ap— )\(u+v2)_’_u—2a6—2>\u>

=C(H )/00 dpin () /Ot </Ou(u — )32 (u_o‘e_)‘“ —v % _’\”) dv> du

H) /0 T AN () djan (),

2

ds.
v

Iy(n)

IN

where N(7) is given by

N(r) = /OT (/Ox(x —y) 732 (y=oe™V — p7 %) dy) 2 dz.

The following lemma ends the proof. U
Lemma 4 Ifa < H, then sup,~o N (7) < 00

Proof: Left to the reader. O
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5 Spatial regularity of the solution: a detailed study of the
circle

The purpose of this section is to present a characterization of almost-sure spatial moduli
of continuity for the solution X of the linear additive equation. This characterization is
new for stochastic PDEs driven by fBm, even in the Brownian case H = 1/2. The proofs
are based on results characterizing the modulus of continuity for a purely spatial Gaussian
field. As far as we know, these results are new.

In our effort to give results that are as sharp as possible, we specialize to the case
of the Laplacian on the one-dimensional circle S'. It is easy to extend all our sufficient
conditions for continuity of X to higher-dimensional spaces, and/or much more general
operators; the difficulty is in extending the necessary conditions. We will tackle the issue
of sharp necessary conditions (“lower bounds”) for more general operators and spaces in
a subsequent publication. In our present situation, we will show that the necessary and
sufficient conditions coincide for a nontrivial class of moduli of continuity. The reader may
notice that our “lower bounds” proofs below make extensive use of a property of spatial
isotropy for W. Since we always assume that W is spatially homogeneous, in the case of
the circle S! isotropy is always satisfied. In higher-dimensional problems, we believe there
is hope of extending our one-dimensional lower bound results only in the isotropic case. We
consider two types of conditions for guaranteeing/characterizing the fact that X admits a
given fixed function f as an almost-sure uniform modulus of continuity:

e Type I (an intrinsic or pathwise condition): the fact that the same continuity holds
for the “fractional spatial antiderivative” of W, Y := (I — A)fH W

e Type II (a condition on the distribution): a convergence condition on the coefficients
of W’s spatial covariance.

Establishing Type I and Type II conditions will benefit greatly from the sharp cal-
culations that were performed in the previous sections to establish necessary and sufficient
conditions for existence of X. In fact, our work above reduces most of our task below to reg-
ularity questions for Gaussian fields on S* only (spatial dependence), as opposed to fields
on [0,00) x S (space-time dependence). To establish the “necessary”, or “lower bound”
portion of the Type I condition, we will need a technical assumption which amounts to
requiring that X is not Holder-continuous. Without this assumption, in the Holder scale,
we will show a slightly weaker result. For the Type II condition, the “necessary” condi-
tion requires an assumption which limits the regularity of X slightly, excluding the moduli
that are more irregular than any function f, defined by f, (r) = (log (1/r))”“ for a > 0.
The “sufficient”, or “upper bound” Type II condition requires a mild technical assumption
which does not limit the regularity scales one may wish to consider. Summarizing,

e Type I and Type II conditions are always sufficient;

e the Type I condition is necessary if the modulus is not too regular, i.e. not Holder;
in the Holder scale, the Type I condition is nearly necessary;

e the Type II condition is necessary if the modulus is not too irregular;

e there is a range of moduli for which both Type I and Type II conditions are necessary
and sufficient; it includes the class of moduli {f, : @ > 0} defined by

Jo(r) = (log (1/7))™.
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Extending the ranges of validity of the necessary conditions will be the subject of
future work. A partial extension is presented below, in Corollary 4, where it can be seen
that the Type II condition is morally necessary in all cases.

5.1 Tools

This section presents the tools that are required for our study. The results which we
establish, and their proofs, are of intrinsic value in the theory of Gaussian regularity. We
have specialized the study to the case of the circle. However, it is not difficult to modify the
arguments to fit many one-dimensional situations, and, as alluded to above, many isotropic
higher-dimensional settings as well. For the sake of continuity and readability, the proofs
are presented in the Appendix, in Sections 7.2 and 7.3.

The metric |-| on St identified to [0, 27) coincides with the usual Euclidean distance
on any subinterval of length 7, normalized by the factor 27, with an obvious extension to
the whole of S! due to the identification of 0 and 27. Let {e,} be the orthonormal basis
of L? = L? (S 1) made of trigonometric functions, namely the set of eigenfunctions of A on
S1. We recall the expression of the fBm on L?(S!) introduced in Section 2.

For {g,}, a sequence of nonnegative terms, let

B (tax) = B (t, :E) = Z \/q_nen (:L’) ﬂf (t) ’ (29)

n

where 8 are IID fBm’s with constant Hurst parameter H € (0,1). As before, we allow
this definition to be formal in z, i.e. we allow W (t,-) to be generalized-function-valued.
We've proved in Corollary 1 and Corollary 2 that the (unique L? (S 1)—function—vadued)
solution X to the stochastic heat equation (1) with F' =1 (exists and) is given by

X (t2) =Y Ve (@) /0 05 BH () (30)

if and only if
1
Z In 1 < O©-
n

We have assumed that X (0,-) = 0. Other initial conditions would not change the argu-
ments below. Note also that both W and X are spatially homogeneous Gaussian random
fields. In particular, we get that for fixed ¢, X (¢,-) is almost-surely in L? if and only if for

each fixed z, E [X (¢, 33)2} < 00. Our purpose now is to seek a stronger condition on (gy),,

which characterizes existence of a solution whose almost-sure spatial modulus of continuity
is specified. We start with some definitions.

Definition 1 Let f be a continuous increasing function on Ry such that limg+ f = 0.
Let {Y (z) : x € S'} be a bonafide random field on S* (Y (t) is almost-surely a bonafide
function,).

o We say that f is an almost-sure spatial uniform modulus of continuity for Y if there
exists an almost-surely positive (non-zero) random variable oy such that

o <) = sup Y (z) =Y W< fla).
z,y€S51;lz—y|<a
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e The canonical metric § of Y is defined as
1/2
6 (@)= (B|(v @) -y m)?]) "

Remark 5 If Y is a spatially homogeneous Gaussian field on S* (i.e. it is Gaussian
and its covariance depends only on differences between points) then 6 (z,y) = d§ (|x — y|)
where Ry > r +— 6 (r) is some continuous function on a neighborhood of 0. Indeed, by
homogeneity there exists some continuous function 0 such that 0 (z,y) =6 (x —y), and by
symmetry this also equals § (y — x), i.e. §(r) =46(|r]).

Definition 2 We call § (-) the canonical metric function of Y.
Note for example that for scalar fBm {B (t):t € [0,1]} we have § (r) = rf.

Condition A We will assume throughout that ¢§ is differentiable except at 0, and that
limg, &' = +o0o. Without loss of generality this implies that § is concave in a neigh-
borhood of 0.

In terms of regularity properties of Y, differentiability of § except at 0 introduces
no loss of generality. The condition that §’ at zero is infinite introduces no loss of generality
outside of the very narrow class of processes Y that are a.s. (#-Holder-continuous for all
B < 1 but that are not a.s. of class C'. For this class of processes, similar results to
those we prove here hold, but the methods of proof are substantially different. We do not
comment on these processes further.

Remark 6 Assumption A implies that § is strictly increasing in a neighborhood of 0.

Remark 7 (Random Fourier series representation) For any spatially homogeneous
Gaussian field Y on S with canonical metric function §, there exists a sequence {rn}ois
of non-negative terms such that

Z (1 — cos (nr)). (31)

Indeed, any such Y can be written as a random Fourier series

Y (x) = Yo /q0 + 2 Z /o {Y,, cos (nx) + Z,, sin (nx) } (32)
n=1

where all Yy,’s and Z,,’s are IID N (0,1) r.v.’s. Then just calculate §°.

We now introduce a condition needed for the lower bound proof of the next theorem
which characterizes the regularity of homogeneous Gaussian processes. This condition is
satisfied for the class of functions ¢ defined by ¢ (r) = (log (1/r))? for any p > 0 no matter
how large, and for all functions that are more irregular than this class, but is not satisfied
in the power scale defined by ¢ (r) = r® for any a € (0, 1).

Condition B There exists a constant ¢ > 0 such that in a neighborhood of 0 we have

> cd (a) v/log (e~ 1)

\/10g r 1
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Theorem 5 Let Y be a Gaussian random field on S' with canonical metric function 6.

Let
/ (/108 ——— =y (33)

/ 5 (r log(r s ey (@) Viog (e ) (34)

B 4] (mm( a))dr
_ /0 e (35)

= /Ooo ) <min (e‘“2,a>> dx. (36)

There is a constant K depending only on the law of Y such that the following hold.

(a) Lower bound. If Conditions A and B hold, if f is an almost-sure uniform modulus
of continuity for Y on S', then for all a small enough,

Kf(a) = fs(a). (37)

(b) Upper bound. If limy+ fs = 0 then K fs is an almost-sure modulus of continuity for
Y on St.

This theorem, whose upper bound is well-known, shows that the function fs is, up
to a constant, an exact uniform modulus of continuity for Y, as long as Y is more irregular
than Holder. The next theorem shows that one can do nearly as well in the Holder scale.

Corollary 2 Assume 6 (r) = r® for some o > 0. Note that this is the case of spatially
fractional Brownian motion. Then the Lower Bound (a) in Theorem 5 holds even though
Condition B is not satisfied, if one replaces f () by f (a)log(1/a) in line (37).

Theorem 5 and its Corollary are the key to our Type I characterization. Our Type
IT general theorem translates the magnitude of § — and thus, by Theorems 5 and Corollary
2, the regularity of Y — into a condition on the summability of the ¢,’s. For this Type II
characterization, the upper bound requires the following condition, which is stated relative
to the upper bound ¢ on the canonical metric in condition (c¢) below. One can think of
this condition as a condition on g = §2.

Condition C There exists constants ¢, yg > 0 such that for all 0 < x <y < yo
(x) /22— g (y) /v > c(g(y) — g (x)) /9.

The lower bound requires a different condition on the tail behavior of the converging
series > 7.

Condition C’ With B, := Y’ rp, with [z] denoting the integer part of z, for all n

large enough,
oo [2kmn]+5n—1

B, =< Z Z T'm-

k=0 m=[2kmn]+n+1
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Remark 8 Condition C’ can be shown to be implied the following two facts: (i) By =<
Blarn); and (i) the sequence (By, — By—1),, is monotone.

Conditions C and C’ essentially place no restriction on the regularity of the canon-
ical metrics that can be used in Type II characterizations. Indeed, both these conditions
are satisfied for all the following basic examples:

e “Holder” scale: & (r)? = 2% for any « € (0,1); up to logarithmic corrections, this
scale corresponds to the Holder scale of almost-sure uniform moduli of continuity
fr)y=re%

e logarithmic scale: 8 (r)? = (log (1/r)) ' 7% for any ¢ > 0; this scale corresponds to
the scale of moduli of continuity given by f (r) = (log (1/r))"%;

e iterated logarithmic scale:

—2—2¢

5 (1)? = (1o (1/r))" (loglog (1/r) - -logu 1) (1) (logge) (1/))

for any n € {2,3,---} and any ¢ > 0; here log(,,) denotes the n-fold iterated loga-
rithm; this scale corresponds to the scale of moduli of continuity given by f(r) =

(108 (1/7)

Conditions C and C’ even work in a scale which yields a.s. discontinuous Y, al-
though this scale cannot be used for our purposes:

e logarithmic scale for discontinuous processes: & (r)* = (log (1/r)) "¢ for any ¢ € (0,1].
Our Type II general theorem is the following.

Theorem 6 Let Y be a homogeneous Gaussian random field on S' with canonical metric
function 6. Let {r,}, be the sequence defined by the random Fourier series representa-
tion (32) for Y. Let g be a strictly increasing continuous function on Ry, continuously
differentiable on (0,00), with limy+ g = 0. Consider the following statements:

(c) There exist a constant K > 0 such that for all v >0, § (r) < K+/g ()

(d) For any strictly decreasing, positive function h on a neighborhood of 0 with fo h(z)dz <

oo (t) <=

Under Condition C’, we have (¢)==(d). The converse (d)=(c) holds if we assume
Condition C.

5.2 Type I characterization: pathwise

We now describe how to use the first theorem to compare the almost-sure regularities of
W and X. We still use the notation < for commensurate quantities: for positive functions
A and B of any variable &, A (£) < B (§) means their ratio is bounded away from 0 and
oo. In what follows t is a fixed positive value. The constants used below are either only
dependent on H or, if they also depend on ¢, they are bounded away from 0 and co as soon
as the same holds for .
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In the proof of Theorem 1, we have established that the variance of the cen-
tered Gaussian r.v. fot e (=) BH ({ds) is commensurate with n~*H (also see Corollary

1). Therefore, for fixed ¢t > 0, X (¢,-) is a homogeneous Gaussian process whose random
Fourier series expansion, given by (30), can be written as the expansion

X (t,) = Z Vnen (1) W

where the W, ’s are IID standard normals, where sy = qg, and where the coefficients
Sn,n > 1, which do depend on ¢, are nevertheless commensurate with g,/ ntH:

Sp X qn/n4H.

Let Y = (I — A);H W. The operator (I — A);H on L? is defined, as in (15), by saying
that .
(- A);H en (z) = en () / (1 + n2)

Y can be interpreted as an “antiderivative of order 2H” for W. For fixed ¢ > 0, the
expansion of Y is a random Fourier series of the form

Y (t7 ) = Z \/aen () W/l

where 7, is commensurate with s,,:

Sn X T (38)

Now assume that Y has for fixed ¢, an almost-sure uniform spatial modulus of
continuity f. Let dy be the canonical metric function for Y (¢,-). Assume Jy satisfies
Assumption A and Condition B. Then by Theorem 5 part (a), for some K > 0, for all

a small enough, .
Kf(a)> /0 oy (min (e_x2, a)) dx.

Because of formula (31) and the fact that s, =< r, we get that for some (possibly different)
constant K, for all small r,

Sy (1) = y/mm (1= cos (nr))

where Jx is the canonical metric function for X (¢,-). Thus for some constant K,

Kf(a)> /OOO dx (min <€_x2,06>> de = f5, (o),

Now use part (b) of Theorem 5: since limg+ f = 0, the same holds for f5,, and we get that
f5x 1s an almost-sure uniform modulus of continuity for X (¢,-) up to a constant. Since
Kf > fs5, we get that f itself is an almost-sure uniform modulus of continuity for X (¢, -).
Since s, < T, the roles of X and Y can be swapped, which proves the following theorem,
modulo the statements in the Holder case, which are clear given Corollary 2.
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Theorem 7 Let X,Y be as above, relative to W. Let the function dy be defined by
=1
dy (r) = z:lq"n‘*—H (1 — cos (nr))
n=

We assume Conditions A and B hold for §y. Let f be an increasing continuous function
on Ry with limy+ f = 0. For any firted t > 0, f s, up to a multiplicative constant, an
almost-sure uniform modulus of continuity for Y (t,-) if and only if f is, up to a multi-
plicative constant, an almost-sure uniform modulus of continuity for X (t,-). Also, dy 1is
the canonical metric function of Y (1,-), and the function fy defined by

fr (o) = /000 dy (min <e*x2, a)) dx

is also an almost-sure uniform modulus of continuity for both Y (t,-) and X (t,-), and is
bounded above by a constant multiple of f.

In the Holder case dy (r) = r® for some a € (0,1), Condition B is not satisfied.
However, we can assert that if f is, up to a multiplicative constant, an almost-sure uniform
modulus of continuity for Y (t,-), then f(r) = f(r)log(1/r) is an almost-sure uniform
modulus of continuity for X (t,-), and the same statement holds if one exchanges the roles

of X and Y.

As an illustration, we reconsider the examples after Corollary 1. In this develop-
ment, we omit the appellation “almost-sure, uniform” when talking about spatial moduli
of continuity.

e Consider the second example after Corollary 1 and assume H < 1/2. Specifically
assume that Z is a Gaussian field on R, x S! that is fBm in time with parameter H
and is fBm in space with parameter H’, and that B¥ = (I — A)l/2 Z. Then we have
Y =(I- A)l/z_H Z. We see again that there is existence of X if and only if H' >
1 — 2H. But if we cannot guarantee that H'exceeds 1 — 2H, Theorem 7 asserts that
only a spatial “derivative” of Z of order 1—2H needs to exist; specifically, for example,
the spatial modulus of continuity of X is commensurate with f, (r) = (log (1/7))"“
for some fixed a > 0 if and only if the same holds for the spatial derivative or order
1 —2H of Z. In this situation, Z is spatially more regular than fBm of parameter
1 — 2H, but is not spatially fBm for any parameter H > 1 — 2H.

e Consider now the case where indeed Z is spatially fBm with parameter H > 1 —
2H. One can check that a sharp spatial modulus of continuity for Y is f(r) =
pH'=1+2H 1661/2 (1 /1), Theorem 7 then asserts the following.

— For the equation (13) driven by space-time fractional noise with Hurst parame-
ters H and H' respectively, the evolution solution X admits

f (T) _ T‘H/_H_QH 10g1/2 (1/7“)

as a modulus of continuity. Note here that the full force of the characterization
is being used because we start with a bound on the canonical metric of the
potential, and can reprove Theorem 7 without needing to invoke the “lower
bound” portion (a) of Theorem 5 and Corollary 2 (see Corollary 3).
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— If the evolution solution of equation (13) has fractional Brownian regularity in
space, in the sense that for some H” € (0,1), it admits f (r) = 7" log!/? (1/r)
as a spatial modulus of continuity, then the equation’s potential is the spatial
derivative of a Gaussian field which admits f (r) = r#"t1-2H10g%2 (1/r) as a
spatial modulus of continuity

— In the previous “necessary condition implication”, we do not know if the loga-
rithmic corrections can be disposed of, because we do not know whether Corol-
lary 2 is sharp. However, in the Holder scale, these corrections can be viewed
as irrelevant.

e With regards to the situation in which H = H' = 1—2H = 1/3, since then Y cannot
be Holder continuous, we can try to invoke Theorem 5 without needing Corollary 2.
We get the following.

— For the equation (13) driven by space-time fractional noise with common Hurst
parameters 1/3 in time and space, the evolution solution X does not exist. This
can be established using the results of Section 3 only.

— However, in the case H = 1/3, assume Y admits f (r) = ri/3f (r) as a spatial
modulus of continuity where limg f = 0 and f () > r® for all « > 0. Then f (r)
is a spatial modulus of continuity for X, and the converse holds, still assuming
H=1/3.

5.3 Type II characterization: summability interpretation

A slightly weaker version of Theorem 7 can be formulated without Condition B if one
is willing to change from a pathwise to a distributional hypothesis. The distributional
hypothesis we make here is that the function fy, which can be calculate directly from the
law of W, is continuous at 0. The final conclusion of the corollary seems to be a pathwise
statement, but we still consider it a Type II characterization because fy is characterized
by the distribution of W.

Corollary 3 Let W, X,Y, dy, fy be as in Theorem 7, and let §x and fx be defined similarly
relative to X. We have

li = li =0.

rlfgfy (r) =0+ ;fgfx (r)=0
In that situation X (1,-) and Y (1,-) share both fy and fx as a.s. uniform moduli of
continuity. Consequently fy is an a.s. uniform spatial modulus of continuity of continuity
for X if and only if the same holds forY .

Proof: The proof follows from Theorem 5 part (b) and the fact, made trivial by
relations (31), (35), and (38), that fy =< fx. O

The next lemma shows how to invert the formula that gives the almost-sure modulus
of continuity from the canonical metric function. In the notation of Theorem 5, it is
interesting to note that this lemma implies that é — f5 is a bijective linear map.

Lemma 5 Let § be an increasing continuous function on Ry with limg+ § = 0. Let

fla)=fs(a):= /OOO ) (min (e_x2,oz)) dr = /0 ) V1og1/6—1 (¢)de. (39)

0(a
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Then

5 (a) = (a) = Of(a) (log 1/ (e)) "/ de
= [ 70y toga/r) 2 ar
— f @) log (/)2 = [ £ (1) Qg 1)) 2 (20) (40)
Proof: trivial. .

This lemma poses a difficulty in terms of monotonicity of § with respect to f,
because of the negative term in condition (40). We introduce the following condition to
circumvent this difficulty.

Condition D For some ¢ € (0,1), for @ small enough,
o
cf (a) (log (1/a)) /2 > /0 f(r) log (1/7)) 73/ (2r) " dr

This condition guarantees that the ¢ corresponding to f is bounded above and
below by constant multiples of f («) (log (1 /a))fl/ 2. This is satisfied for f of the form
(log (1/a)) P for some p > 0, and for all f of a lower order than this scale (e.g. the Holder
scale), but is not satisfied for f of the form 1/log,, (1/a), n > 2, where log, denotes the
n-fold iterated logarithm. We note that although this condition works in the opposite
direction as Condition B, the intersection of the ¢’s satisfying Conditions B and D contains
the class of 0’s defined by § (r) = (log (1/r))7(1/2+p) for any p > 0, or equivalently the class
of f’s defined by f (r) = (log (1/r))"* for any p > 0.

Theorem 8 Let f be an increasing continuous function on Ry with limg+ f = 0. Let § be
given by (40). Let W be defined by (29), and X, Y be as above relative to W. The following
conditions are equivalent:

(e) for some fixred t > 0, X (t,-) has a constant multiple of f as an almost-sure uniform
modulus of continuity;

(€’) for some fizred t > 0, Y (t,-) has a constant multiple of f as an almost-sure uniform
modulus of continuity;

(f) for allt >0, X (t,-) and Y (t,-) both have a constant multiple of f as an almost-sure
modulus of continuity;

If § satisfies Condition C, then (e), (€’) and (f) are implied by the following:

(g) for any continuous, decreasing, differentiable function h on (0, 1] with fol h(x)dz < oo,

A <5 <%>2> < 0. (41)

Conversely (g) is implied by any of the previous three conditions as long as f and
fy = fs, satisfy Conditions B, C’, and D, where dy is the canonical metric function of
Y (1,-).
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Remark 9 In [25], a conjecture in the direction of Theorem 8 was formulated. The authors
believed the above result would hold with h(r) = r~! in condition (g). This Theorem
shows that such a condition (g) would be too strong. In fact, one can say that the gap in
regularity that is introduced by the stronger version of (g) translates into a factor of order
(log ((5*2 (r)))l/Q; this factor is not visible in the Holder scale, which explains why in [24],
in which only the Hélder scale is considered, it had been possible to formulate necessary
and sufficient conditions whose naive generalization would lead the authors to the slightly
erroneous conjecture of [25].

Remark 10 In [24] and [25], the authors had formulated results similar to Theorems 7
and 8 in the belief that a Type II characterization was a necessary intermediate step in the
proof of a Type I characterization. The proofs we propose here show that the two types of
characterizations can be established independently of each other.

Proof. We first prove the “Converse” part. Note that under Condition B, the
equivalence of (e), (¢’) and (f) follows from Theorem 7. So we only need to prove (e’)
implies (g). First note by Theorem 7, with dy the canonical metric function of Y (1, ), (e’)
implies

fy (o) = /000 dy (min (6_3”2,04)) de < Kf(«a)

for some constant K > 0. Therefore, using equation (40) and Condition D, for some
constants K1, Ko, K3,

Jy (r) < K1 fy (a) (log (1/a)) ™"/

< K f (a) (log (1/a)) '/
< K36 () (42)

Recall that 7, = gon~* are the coefficients of the expansion of dy in the form of (31).
Assuming Condition C’, inequality (42) allows us to use the implication “(c) implies (d)”
from Theorem 6 with g = 6% to conclude that for any decreasing, differentiable function h

on [0, 1] with fol h (z)dr < oo,
2
In 1

n

We have thus proved (e’) implies (g).

For the first statement of the theorem, assuming (g), and since r,, = g,n~*" are still
the coefficients of the expansion of Jy, assuming Condition C, the implication “(d) implies
(¢)” in Theorem 6 proves that there exists K > 0 such that the inequality dy (o) < K ()
holds for small a. Applying the transformation ¢ — f5 to this inequality yields for small
«,

4H

fy (@) < Kfs (o) = Kf (o) .

where the last equality is by the definition of . Theorem 7 could now be used directly to
conclude on the moduli of continuity of X and Y. However, our claim is that condition
B is not needed. To see this, note that by hypothesis limg f = 0, so that the previous
inequality justifies invoking Corollary 3, which does not require any conditions, and implies
here that both X and Y share both f and fy as a.s. uniform spatial moduli of continuity.
0.
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The presence of Condition D in Theorem 8 masks the fact that the summability
condition (g) is a necessary condition for continuity even when D is not satisfied. We can

state this by rephrasing Theorem 8 in a slightly weaker form, assuming only conditions C
and C’:

Corollary 4 Let W be as in (29), and assume that Y = (I — A)" W has canonical
metric function ¢ satisfying conditions C and C’. Define f = f5 asin (39). Then conditions
(e’) and (g) are equivalent. Moreover, they are equivalent to each of the following:

(i) Y (1,-) is almost-surely bounded;
(i1) Y (1,-) is almost-surely continuous;
(idi) limos fs = 0
All these conditions are also equivalent to (e) and to (f) if we assume Condition B.

Proof. That (e’) is equivalent to (i), (ii) and (iii) is a well-known fact from the
general theory of homogeneous Gaussian processes (see [1]). The only part that has not
already been established is (e’)==(g). This follows by the proof of the same implication in
the proof of Theorem 8 because here since § = dy, inequality (42) holds automatically, so
there is no need to invoke condition D, and for the same reason there is no need to use part
(a) of Theorem 5, which makes condition B superfluous. The last statement is obvious by
Theorem 7. U

6 Existence and uniqueness of the solution and Feynman-
Kac formula in the linear multiplicative case

We study in this section the existence and uniqueness of the solution and we derive a
Feynman-Kac formula for the following parabolic stochastic partial differential equation

X(dt,z) = AX (t,x)dt + B (dt,z) X (t,z) (43)
X0,z)=1,teT=10,1]

We will assume that B is an infinite-dimensional fractional Brownian motion as in the
previous sections, with H > 1/2, with space variable x in R and the stochastic integral in
(43) is a Skorohod integral introduced in Section 2. Even in the case H = 1/2, contrary to
the linear additive equation, (43) does not known to have a mild solution if the behavior of
BH is worse than white-noise in the space parameter. Further, the Feynman-Kac formula
can only be established if B is assumed to be a bonafide function in the space parameter.
Since our goal is the proof of a Feynman-Kac formula, we will make the assumption that
B (t,.) is a function throughout. This will simplify the proof of existence as well.
Equation (43) can be written in its evolution form

X(t,z) = 1+/R/O pt_s(:):,y)X(s,y)BH(ds,y)dy (44)

In order to prove the existence and the uniqueness of the solution and to derive a Feynman-
Kac formula for the solution of (44), we will use the properties of the multiple stochastic
integrals with respect to the fractional Brownian motion. We begin by recalling some
elements on multiple integrals with respect to fBm in the one-dimensional case (t € T' =

[0; 1]).
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6.1 Multiple fractional integrals
6.1.1 Finite dimensional theory

We refer to [19] ,[7] and [8] for the notions presented below. Consider (Bf);cr the one-
dimensional fractional Brownian motion with Hurst parameter H € (0,1) and consider the
H-indexed process (B(¢))pen with E(B(¢)B(h)) = (¢, h)x defined in Section 2. Such a
process is an isonormal process and it is possible to construct multiple integrals with respect
to an isonormal process (see [18]). More precisely, in the case of fBm, define L2,(1™) the
space of functions f : T" — C such that HfH%z;{(Tn) = (f; f)y < oo where the scalar
product (-;-) is defined by

<f7g>H = /T2n X(ﬁlayl) o X(xnayn)f(xlv e a%z)?](yh o ayn) deldyh
i=1

where
x(z,y) = H2H — 1)|z — y[*7 2.

Define the operator (K*") between L% (T™) and L*(T™) as follows:
(K5 f) (o s tn) = dig(ty -+ tn)

% (If[%’n) ((a:lmn)Hféf(ﬂ?l, 79Un)) (t1,--  tn)

-H

N

where

an - 1 ! ! f(t17"' 7tn)
(12" F) @1 0) = e // Tyt

denotes the Liouville fractional integral for 0 < @ < 1 and n € N and the constant dp is
given by

1
2

o 2HT (3 — H)['(H + 1)
o= T'(2—2H)

The operator K*™ is a transfer operator: it transports the integration with respect
to Brownian motion to the fractional Brownian motion and therefore we have the following
relation between the multiple integral with respect to fBm and the multiple integrals with
respect to the Wiener process

LI(f) = L((K*" f)), for f € L3(T™) (45)
The operator K*" is an isometry (see [2] for n = 1 and [19] for the general case):
K=" fll2erny = 1 f 1l 22, (7m) (46)
We will also recall the isometry property of the fractional multiple integrals
E (I ()T} (g)) = 0 for m #n (47)
and 3
E (L (N1 (9) = nlf. 3)u (48)

where f denotes the symmetrization of f. We will need the following inequality (see [19])
for H > %

K" fll2rmy < I fllp2rmy (49)
Note that in fact L% (T coincides with the Reproducing kernel Hilbert space of fBm.
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6.1.2 Infinite dimensional theory

We can apply the above ideas to construct multiple integrals with respect to the infinite-
dimensional fBm B (t,2). Now, the process B (¢, z) will be assumed to be a Gaussian
random field on some probability space (2, F, P) with covariance

E (B(t,2)B" (s,y)) = R(t, s)Q(z,y)

where @ is the kernel of a positive operator. Note that we do not allow the dependence of
B on z to be in the sense of generalized functions. Instead, we are assuming that Q (z,y)
is defined for each pair (z,y). Moreover, we will suppose that B is spatially homogeneous
in the sense that Q(z,y) = Q(z —y). The use of R! as our space is a convenience. The
results presented would work equally well for any R? or any finite-dimensional Lie group.
Let MH be the Gaussian random spectral measure associated to BY. That is, M is the
unique Gaussian random measure such that

t .
Ht o) = / / e M (ds, d)).
0 JR

Equivalently the law of M is characterized by

H = S S 2
qALJmMM<wdmﬁlﬁQMMwwﬂn—AyxA)<Am,nmw>

if Q denotes the Fourier transform of Q. The spectral measure M can be also given
by its relationship with the spectral measure M associated with an infinite-dimensional
Brownian motion W with covariance |t — s| Q (z — y):

Ht \) /Kts M (ds, \),

W(t, x) // e M (ds, d).

One can define multiple integrals with respect to the Gaussian process B (or, with respect
to its associated spectral measure, see the book of P. Major [15]), by putting, for every

feLr? (T xL? (R”, Q®”>, and using the shorthand notation f(s;, A;) for f((si, A;) 14 =

1, ,n),
// //fs“ DM (s, dAr) - MP (dsn, dAn). (50)

By definition and using (46) we have

B |77 () / /\f DBy Q(dA1) - Q)

= [ [ [ LI 0 Paan) . Qs - ds,

Here and henceforth, for any function f that depends on both the time variables (s;); and
the Fourier variable ();),, and perhaps other variables z, (K*" f) (s;, A, 2) denote the action
of K*™ on the time variables only, that is (K™*" f) (s;, A\,) = K*"™(f (-, A, 2)) (s;). Since the
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dependence on \ is the same for W and B, the arguments of the finite-dimensional case
can be used to prove that, as in (45),

// // (K™ f) (si; A) M(ds1,dAy) - - M (dsp, dAn). (51)

Note that the isometry formulas (47) and (48) are also valid for the integral J!I, relative
to the inner product in L% (T™) x L? (R", Q®">.

6.2 Existence and uniqueness of the solution

Let L?(BY) be the set of square integrable random variables F' admitting a fractional
orthogonal decomposition F' = 3 -, J; H(f,), with f, € L%(T") and 32, || fall3 < oo.
Since we are using non-compact space Wlth a constant initial condition, it is convenient to
look for the solution to (44) in a weighted L? space. Therefore by L? (R) we understand a
space L? (R, w (z) dx) where w is a positive integrable function on R. The main result of
this section is the following.

Theorem 9 Let H > 1. Let B be an infinite-dimensional fBm with values in L? (R),
and assume that BT (1,-) is a bonafide spatially homogeneous Gaussian process, in the
sense that E [B (1,2) BY (1,y)] = Q (z — y) < 0o for all z,y € R®. Then equation (44)
admits a unique solution X = (X(t,x),t € T,z € R) in L*(T x R x Q) such that for every
te T,z € R, X(t,x) belongs to L*(B™).

Proof of existence We introduce the usual Picard iterations Xo(¢,z) = 1 and

Xy (t, ) = /R /0 Pr—s(,4) X (s, ) BY (ds, y)dy

= [ ([ [ st xasaeartas.an) ay
= [ (e Xt e oay) " as.an

We can compute iteratively the process X,, as in [4]. We will have

t t n
W(t, ://---//MHds,d/\ : H(ds,,d\, .
(t,x) s s (ds1,dA1) - ]1;[10]1

n
></ / [P Wi yp) e ¥ dyy, - - dyp
R IR

where yp = x and sg = t, and by the Markov property of Brownian motion, this expression
equals

t $ // / / HI[O 8j-1] SJ 1)\ b MH(dsbd)\l)MH(dSn;d/\n)

where, under the new probability measure P,, b is a standard Brownian motion started at
x. We can also write

t t
Xn(t,x):// // Fult, z, 50, M) M (dsy, d)\y) - - M (ds,, d\,)
RJO RJO
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where
n .
fu(t,x,8i, i) = By H 1[o,sj,1](8j)€M"bt75j
j=1

Now, using relation (45) between the multiple fractional integrals and the multiple integrals
with respect to the Brownian motion, we obtain

t t
Xn(t,w):/R/U /R/O(K o)tz 85, \i) M (dsy,dN\y) - - - M (dsy, d\y,)

with M (d\,ds) the orthogonally scattered Gaussian spectral measure associated to W.
Using inequality (49), the norm of X,,(¢,z) in L?(R x T x ) will be given by

HX HL2 RXTxQ)

/dm/ dt/ /an (t,z, AZ,SZ)HLQ (T dsy) Q(dA1) - --Q(d\y,)
< [ a / it [ [ ) By QN -+ Q)

= ||X1/1”L2(R><T><Q)

where

¢ ¢ n ‘
X;l(t’ ™) = / / o / / Ee H 1[0,Sj—1}(5j)82)\jbt_sj M(ds1,dAy) - - - M(dsp, dAn).
RJo RJo e

But, if we define

= ZX,’L(t, )

n>0
then X'(t, x) satisfies the evolution form of the equation (see [9], [4])
X'(dt,x) = AX'(t,z)dt + W (dt,z)X'(t, x)
X(0,2)=1,teT=10,1]

By the classical theory of evolution equations with respect to the infinite dimensional
Wiener process , we know that >, -, X, (¢, ) converges in L*(R x T x ) and therefore

the process defined by
= Xn(t,x)

n>0

exists and belongs to L?(R x T x ). To show that X is a solution of the equation (44),
one only needs to note that by definition we obtain

> Xpa(t,z) = //ptsmy > Xu(s.y) | BY(ds,y)dy

n>0 n>0

and therefore equation (44) is satisfied, since is not difficult to observe that the right side
of the above expression is convergent.

Proof of uniqueness. We show that the equation has a unique solution in
L*(B"). Consider Y (¢, z) another solution of (44):

Vi) -1+ [ | sl )Y (5. 5) B (ds, y)dy (52)
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and let Y, (¢, ) its projection on the n'* chaos of the fractional Brownian motion. Since
Y (t,x) belongs to L?(Bf) we can write its fractional chaos decomposition:

= ZYn(t,x).

n>0

Note first that
Yo(t,z) = E(Y(t,x)) =1 = Xo(t,x)

and, from (52) we have
> Y(t,x) / / pi—s(,y) Y(S7y)BH(d8,y)dy
n>1
Denote by f,, resp. g, the kernel of X, resp. Y, i.e.
Xn(t,l’) = Irlj(fn(taxv )) ) Yn(tv .CC) = If(gn(t,l’, ))

and put Z, = Xy, — Yy, Z(t,x) = 3,5 Zn(t, ). Thus the process Z verifies Zy(t,z) = 0
for every ¢,z and

ZZ (t,z) //ptsmyZZ (s,y) BT (ds,y)dy

n>1 n>0

Let us identify the first chaos in both sides of the above relation. It holds that

L (At e,) — gt 2, / / Pi-s(x,y) Zo(s,y) B (ds, y)dy = 0
and since the multiple integral is an isometry, we find

fl(t,l‘, ) = gl(t?x7 ) in L%—I(T)

In this way, we can kill step by step the chaos of any order n > 1 and we obtain that
X =Y in L?(BH). O

6.3 Fractional Feynman-Kac formula

In this section we establish the following stochastic Feynman-Kac formula for the solution
of equation (44).

Theorem 10 Let (X(t,z),t € T,x € R) be the unique solution of (44) with X(t,z) €
LQ(BH) for every t,x. Suppose moreover that there exists o > 0 such that

[ G < s (59
R

and let (by)ier a standard Wiener process starting from x on the standard Wiener space
(C=C(T;R),F,P;). Then, it holds that

X(t,z) = x[exp [// PNoe—r APH (N, dr) — t2HQ( )”,teT,xeR (54)

=E, [exp [/O B (dr,b;_,) — %tQHQ(O)” ,teT,z€R (55)
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Remark 11 As defined in this theorem, F, denotes the expectation with respect to b, which
bears no connection with the expectation E, which is with respect to W.

Remark 12 Condition (53) is essentially equivalent to requiring that BY is not only a
bonafide function in the variable x but that it is almost-surely B-Holder-continuous for any
B < «/2 in the variable x. The reader will easily be convinced of this fact by comparing
with the results in Section 5.1. A more difficult issue, which occurs also for H = 1/2, is
whether condition (53) can be weakened beyond the Hélder scale. The ideas in Section 5.1
can be used to prove that one may replace the function \* in (53) by any of the first three
examples for 8% in Section 5.1, since they yield fields BH that are a.s. in x. We do not
know if one can push the argument to include x-discontinuous fields, such as in the fourth
example in Section 5.1.

Proof. The equality of the right-hand sides of (54) and (55) can be understood as
a definition of the stochastic integral in (55). From the proof of existence in Theorem 9,
the solution of (44) has the fractional chaos expansion, for every t € T and x € R,

= Xu(t,z)
n=0

where the multiple integral of order n is given by

Xn(t, x)

t
- /R / / / Hl[osj (et | M sy, d) - MY (dsn, dA)
t t n )
:/ / / / K" By | T] Yous, 1 (s5)e™ 2 | | M(dsy, d)) -+ M(dsp, dn)
RJo RJo =

t t n
:// // E, | K*n H 0.5 1] et || M(dsy, d\y) - - - M(dsy, dAn)
rJo rJo il

since K™ is a deterministic linear operator acting only on the time variables s; so we can
interchange it with the operation F,. Now, we can use (53) and the same argument as in
[4] to apply Fubini’s theorem, that is, the mapping

¢ ¢ n ,
b / / o / / K H 1[078_71](%)6%)\]'51575]- M(dsl? d/\l) T M(dsm d)‘n)
RJo RJo =

has a version in L?(C x €2). By Fubini’s theorem, it holds that
X, (t,z) = Ey [ X)(t,0)]

where, for 0 < s < t,

t t n )
i) = [ [ [ LR [T (s)e™ s | M(dss,an) - M(ds,dx)
RJo RJO i1

33



with sp = s. But, since the multiple integral with respect to the fractional Brownian
motion is invariant under the symmetrization of the kernel, we can write

Xt

(s,b)
:// // Hl[OsJ (7)™ M (dsy dAa) - M (dsp, dD)
t n )
= —'// // H1[0,3](8]‘)61/\].%75]'MH(d81,d)\l)"‘MH<d8n,d)\n)
nJrJo RJO ;5

1 t t n -
o K5 T] Lo (s5)e™% 55 | M(dsy, dAr) -+ M(dsn, dAn
TL' /};/0 LA U [075](83)6 J ( S1, 1) ( S )\ )
t
:l'// // HK*I Los(s))e b S)M(dsl’dAl)“'M(dSmd)‘n)
n.Jr
t
:%// // Hl[Os] 57)€9% 5 M (dsy, dy) - - M (s, d\,)
*JR

For the last equality, we used the definition of the operator K™*™ to observe that
K" (i@ @ fo) = (K" f1) @ - @ (K™ fa) , if fi € L(T)

We will apply now Prop. 3.5. a) of [19] and we obtain

ZXt S b = €Xp </ / 1[0 s] Z)\bt TMH(dT d)\) ||1[0,5](7')€Mbt_r||i§{(T)®L2(dQ))

n>0
, 1
= exp (/ / Lio,s) (r)eZ)‘bt*TMH(dr, d\) — 5@(0)32H> (56)
0o JR
Putting s = ¢ and taking the expectation E, in the above relation, we obtain the Feynman-
Kac formula (54) for the solution of the Ité evolution equation (44). O

7 Appendix

7.1 Proofs of Lemmas 1, 2 and 3.

Proof of Lemma 1.

If A > 1, note that, by (20),

A(\) <C(H) < /0 ’ v2H =26y

N————

and also



and this a positive constant denoted generically by ¢(H). The assertion (i) is proved.
Suppose now that A < 1. We use the following facts: for 0 <z <1,

20 >1—e 2% > 2x/3
1>e®>1/3.

We use the notation A < [¢,C]B to mean ¢ < A/B < C. We obtain
A
A(N) < [1/3,1] / v?H27"2 (X — v) dv
0
A/2 A
=[1/3,1] - [)\/ UQH_Qe_”dv;D\/ v2H 2V dy)
0 0
A2 A
= A-[1/3,1] - [1/3/ UQHQdU;/ v2H=2dy]
0 0

2H-1 2H—1
S [01/3) (1722

1
=N [c(H);C (H)).

= X-[1/3,1]-

Proof of Lemma 2.

We need to show first another lemma.

Lemma 6 For all a > 0 and for all A € (—1,0], there exists a positive constant K4 such

that .
sup/ pAl (1 — e*‘”ﬂ) dr < Kaa™ .
t>0 Jo

Proof: First assume ¢t > a~!. Then we separate two pieces:

t

t 1/a
/ pA-l (1 — e*ar) dr = / pA-l (1 — e*‘“ﬂ) dr +/ pA-l (1 — e*‘”") dr
0 0 1

/a

1/a t
§/ rA_lardr+/ rA=tar
0 1/a

1/a t
= a/ rAdr—|—/ rA=1dr
0 1/a

ey, a4 g
= 131% +_A[a t4]

If t < (2a)"!, the same calculation can be used, omitting the integrals from (2a)™" to t,
which ends the proof. O
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We decompose B(a, A) into three pieces B(a, A) < C(P; + P> + P3) where

1 (1/a)A(s/2) A
P = / ds exp (—2as) / (expar — 1) rA~dr
0 0

2

i

1 s/2 2
P, / ds exp (—2as) / (expar — 1) rA~ dr| |
0 (

|/ (1/a)A(s/2)

2

)

1 S
P = / ds exp (—2as) / (expar — 1) A1 g,
0 s/2

where A = (—1/2,0). For the first term we note that since ar < 1, e*” —1 < 2ar and we
obtain

1/a
/ (expar — 1) rA~Ldr
0

1/a 9 1\ At 9
< / 2ardr = -2 <—> = a4,
0

A+1\a A+1
so that
¢ 4 24
P < / dsexp (—2as) ——=a~
1 0 ( ) (A+ 1)2
= (1 e 2 A
(A+1)?

for K4 = 2(A+1)"2. For the second term, if s/2 < 1/a we have P, = 0, and otherwise
we note that Lemma 2 yields
s/2
/ (e® — 1) tar
1

/a

s/2

S eas/?/ (1 _ e—(l’r’) T‘A_ldT‘
1/a

< 6as/2KACL_A,

for some constant K 4, so that

¢ 2
P < / dse 243 (6“8/2KAa7A)
0

t

_ KiaQA/ dse™ % — Kiaf(ZAJrl) (1 _ efat)
0

S KAG_(2A+1)

for some constant K 4. The last term to estimate is

2
3 S
s :/ ds exp (—2as) [/ (expar — l)rA‘ldr]
0 s/2
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we note first that r4=1 € [s471; (s/2)* 71, so for some constant K 4 the following estimate
is sharp:

t s
Py < KA/ ds exp (—2as) s*472 [/
0 s

2
B (expar — 1) dr]

t 2
= KA/ ds exp (—2as) s*472a72 [e“s — /2 as/Z}
0
t 2
= KAa_Q/ §2A2 [1 —e %2 _ (as/2) e_as} ds.
0

It is again convenient to decompose this integral into two pieces: P3 < Q1 + Q2 where

1/a 2
Q1 := KAaQ/ §2A=2 {1 — e /2 _ (as/2) 67(18} ds,
0

t
Qs = KAaQ/

2
L §24-2 [1 —e %2 _ (as/2) 67“5} ds.

We assume t > 1/a, since otherwise Qo = 0. For Q3 then, since s > 1/a, we get 1—e~9/2 ¢
[1 — e 1/2:1], while (as/2)e % < 27le™! < 1 — e /2 so that it is a sharp estimate to
write that for some new K4

¢
Q2 < KAG_Q/ 247245
(1/a)At

(a—(QA—l) _ t?A—l)

To estimate the last term @1, we perform the change of variable 7 = as/2, to obtain

1/2 92 92 2A—2
Q1= KAa_Q/ —dr <—T> (1 —e T — 7‘6_27)2

0 a a

1 2A+1 1/2 5
=Ky (—) 22’4_1/ r24-2 (1 —e " - 76_27) dr.
a 0

The last integral is in fact finite for any A € (—1/2,0). Indeed we can check by using a
power-series expansion that (1 —e 7T — 76*27) /72 is bounded. Consequently for some new
K >0,

1/2
0, < a(2A+1)KA/ FRAR2 g g (CA+D)
0

Proof of Lemma 3.

By the expression of K and 01 K, we note that, when H < %

K
K(t,s) >0 and 88—t(t’s) <0, for all t,s with ¢ > s.

Throughout this proof ¢y will be the constant appearing in the formula (4). To
prove this lemma we need to do a direct estimation of the kernel K. Integrating by parts
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in the right side of (4), we will find the following expression for K
H-1 l-m 2o H-3
K(l,s)=cy(l—s)""2s27" +¢p <— — H) 527 / u' T 2(s4+u)" 2du
0
Denote by g(s) = Ol_s uH_%(s + u)H_%du. Note also that, by the change of variables

r — s = u and relation (6) it holds that

1
/ (exp(r—s)A—1) %—[:(r, s)dr

1 1-s 1
- (5 . H> SéH/ (6)\“ _ 1)UH7%(’LL+ S)Hfédu =cy (5 — H) séfo()\, 8)
0

where we denoted 1—s
fOvs) = [ (@ = e )
0

Therefore, we have, with the notation e(\, s) = exp (—2A(1 — s)),

2

2
+c (% - H) /1 e(A, 8)s' M g?(s)ds — 2¢5; (% - H) /1 e(A,5)(1 — s)T=35172H f(), 5)ds
0 0

1 1 1
J(A) = c%/ e(\, s)(1 — )2 151720 g 4 92, <— - H> / e(A, s)(1— s)H_%sl_zHg(s)ds
0 0

Y3 <— . H> / Lo )5 g () F O, s)ds + (1 - H) / e, )51 12, 5)ds
2 O b b 2 0 bJ b

1
= C%{/ e(\,s)(1 — s)2H 11720 g
0

_l’_

% (3- H) / L0 )82 (f(Ms) — g(s)? ds

Now, concerning the term A we can write
A
A=cia! / 672UU2H71()\ - u)172Hdu.
0
Assume first that A < 1. In this case it holds that

A

v

l l
C%I)\_IE_Q/ W=\ — ) 2 gy, > C%{)\_le_QlQH_l/ (1 —u)t=2Hdy
0 0

=c(2—2H) e 2N > ¢(H, DA T2H

where for every H € (0,1/2) and every [ > 0 the constant ¢(H, ) is also positive. Note that
¢(H,l) — 0 when [ — 0, which indicates that our bound is of decaying quality for decreasing
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spectral gap... If A > 1, we find a lower bound by only integrating for u € [0;1/2]:
1/2
A > C%I)\—l/ 6—2uu2H—1 ()\ _ u)l—QH du
0

1/2
> C%{/\flef1 ()\/2)12H/ w1y
0
=C(H) 1,

It now suffices to prove that the term B = B(\) is positive. To this end we will
prove that the function

B(L8) = (F(05) — g(s)) ((% — H) (f(\s) — g(s) —2(1 - s>H%)

is positive. Note that, for every s € [0, 1], it holds

oh
5 8) = R 5) + BN, )

where al(\, 5) = 2 (f(\, 8) — g(s)) " (9f/ON) (A, s) and B(\, s) = 2(1—3)H7% (Of JON) (A, s).

Therefore we can write, for every A € [0, +00) and s € [0, 1]
et [ X a(rs)d
h()\, 8) = h(o,s)e o at,s _|_/ ,B(t, S)e ¢ a(rs)dr gp
0

It is easy to see that h(0,s) and ((t,s) are positive for every ¢,s and this finishes the
proof. O
7.2 Proof of Theorem 5

7.2.1 Proof of the lower bound of Theorem 5.

Let X = {X (¢t):t e I} be a bounded Gaussian field on an index set I. Let d be its
canonical metric, and B (z,¢) be the ball of radius ¢ centered at z in this metric. In this
general situation, we introduce some notation. For a fixed measure m on I, let

n
Y () = sup /0 Viog (1/m (B (z, 8)))de,

zel

O (n) = sup /077 \/log (1/sup{m ({u}) : u € B (z,¢)})de,

zel
¢s (n) = Elsup{X (z) = X (y) : z,y € [; 6 (z,y) <n}]
Bs (n) = SHI;E[SHP{IX(w) —XW)|:yeLé(zy) <nl].
xe
We note that 6,, > ~,,. Since X is centered, we have G5 < 2¢s5. Also we introduce the
metric entropy of 0: N (¢) is the smallest number of balls of radius € in the metric § that
are needed to cover I. Let D be the diameter of I in the metric §. Recall the following
result from Fernique’s general theory of suprema for Gaussian processes.

Proposition 2 [Theorem 17, part (a) in [23].] There exists a universal constant K (not
dependent on X ) such that with the notation as above, for any probability measure m on
I,

¢s (1) < Kym () -
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Theorem 17 in [23] also establishes the following lower bound which is original to
Talagrand’s paper: for some probability measure m on I,

O (1) < K B5 (1) + 1 (log (2N (n)) + 2log (2D /n) /log 2)"/? .

Yet this estimate is not sufficient for our purposes. In our specific situation however, we are
able to bring a slight improvement to Talagrand’s original lower bound proof, by assuming
condition B.

Step 1. A Talagrand-type lower bound. We begin with a lemma inspired by
Talagrand’s lower bound [proof of Theorem 17 part (b) in [23]].

Lemma 7 With the notation as above, with K denoting a universal constant (not depen-
dent on X ), let n > 0 be fizred. Let {Bj:j=1,---,N(n)} be a covering of I with balls
of radius no greater than n. There exists a probability measure m; on B; such that for all
T € Bj

[ (o e tns () 5 w0 <en ) P < mw, o

and moreover, defining the probability measure m = N (77)_1 Zﬁ({’) m;,

! C({u}) : 6 (z,u) <e})! 2 €
9m(n)§j€{lfggv(m};£j/0 (10g N (1) + log | (sup {m; ({u}) : 6 (2,u) <e}) ') zz |
58

Proof. Let u; be the center of the ball B;. On each ball B; : j =1,--- ,N (n) we
apply Theorem 14 in [23] to obtain the existence of a probability measure m; on B; such
that

diam(Bj)
[ (s [sw s (@b s <)) e < KB fswp x (0
0 z€B;
= KE seng(a?) — X (u;)| < KE Sélé)‘X(x) — X (uj) ] < Kfs5(n),

proving the lemma’s first assertion. For the second, fix z € I and let j be such that x € Bj;
then for any ¢ < n,

sup {m ({u}) : § (x,u) <e} > sup {m; ({u}) : 0 (x,u) < e},

N (n)
so that
/On (log (1/sup {m ({u}) : u € B (z,2)}))"/? de
< /077 (log N () + log (1/ sup {m; ({u}) : u € B (z,)}))"/? de,
and the result follows. .

Step 2. First majorizing measure integral estimation. Assume I is a compact Lie
group, let |-| and dx denote the Haar measure on I, and its differential, and assume X is
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homogeneous on I. Fix zg in I. Let B (xg,e) be the ball in the metric d centered at x
with radius €. Let

n
7 (1) :/0 Vg (1/|B (z¢,¢)])de.

Since X is homogeneous, 7 does not depend on zg, and we have the following equalities
for any fixed probability measure m on I:

/Im(B (2,¢)) d = /Im(x—xg 4 B (20,¢)) da
:ﬂm@%ﬂ@@@ﬂf
= [1v+ B @o.e)m @

— |B(0,¢)|.

Since the function u (z) = y/log (1/z) is convex for 0 < z < 1/2, for small 1, we can use
u (/m(B (x,s))dw) < /u(m (B (x,¢€))) dz.
I I

Therefore

u(|B (20,2)]) < / u(m (B (z,)) d,

I
which implies

T(n)g/ldx/onu(m(B(:n,s)))ds
§Sup/0 u(m (B (z,¢))) de

zel
= Ym (1) -
Step 3. Using the Talagrand-type lower bound. The last inequality, together with
inequality (58), proves, with the measures m and m; : j = 1,---, N (n), identified in
Lemma 7,

(1) < Ym () < O (1)
1/2

: jE{lfPBV(W)} zsélg] /0 (ng (n) + log |(sup {mj ({u}) : 0 (z,u) < 5})—1]) de.
(59)

Since we have no control over the term involving m; in the above expression, in comparison
to N (n), we have no choice, as did Talagrand himself, but to use the estimate v A+ B <
VA + V/B. Then, with inequality (57), we obtain
™ (n) < 1 (log N (1))"/? + K 35 (n)
<0 (log N (m)"? + K5 (). (60)

Step 4. Calculation of the majorizing measure integral. The next step in the proof
is to calculate 7. Here we specialize to the case of § on the circle I = S*. We denote by &
the inverse function of §. We have

1B (z0,8)| = {z : 6 (Jlo — o) < e} = |{z: |z — x0| < 5(5)}’ =20 (e).
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Therefore 7 becomes

() == /O " log (1] 1B (0, 2))de

_ /0" Vlog (1/ (26 (2))) de. (61)

We also note that because we are working on a one-dimensional index set, we have

1

N(n) = %) (62)

for any value of n that yields an integer in this formula.

Step 5. Using the hypothesis of a.s. modulus of continuity with a zero-one law
of Fernique. To complete the proof of the lower bound, we need to estimate ¢s5. To this
end, we use a zero-one-type result due to Fernique. Let Cf (I) be the space of continuous
functions on I that have f as an almost sure uniform modulus of continuity, up to a
multiplicative constant. For any « < 1, for any function g defined on I, set

Aulg) = |x§1;|p§a lg(x) — g(y)], N¢(g) = i}i}i “;a((g))

Then, following Fernique’s definitions [22, Definition 1.2.1], Ny is a gauge on Cf(G). In-
deed, it suffices to see that Ny is lower-semi-continuous, that is, for every M > 0, the set
Ky = {®; Ng(®) < M} is closed. Let ®,, be a sequence in Kj; converging uniformly to
®. Then, for every n and for every o < 1 and for every z,y such that |z —y| < «, we have

We obtain that ® € Ky when we let n — oco.

By assumption, we have the existence of an almost surely positive random variable
o such that, if a < ag then

Ay (V) < f(a).

Since Y is almost surely continuous, it is also almost surely bounded. This, together with
the last inequality, implies Ny (Y) is almost surely finite. A theorem of Fernique [22,
Lemma 1.2.3] implies E[N¢(Y')] := ¢ < oo where ¢ = ¢(f,Y) is a constant depending only
on f and the law of W. Therefore

¢s(n) <E sup |Y(x)—-Y(y)
5(lz—y))<n

=FE sup [Y(z)-Y(y)l
|z—y|<d(n)

<cf (6(n). (63)
Step 6. Conclusion. Combining (60), (61), and (62), we obtain

/077 \/Iog (1/ (26 (¢)))de < K5 () + 1 <10g <25;(77)>)1/2

Now let a be defined by a = 4. Then for small a, with (63) and formula (34),

@ dr — —
/0 5(T)W+6(a)\/log( 1/2) <6 (a) 0og (a=1/2) + cK f (a

or in other words

/ o (r log( Jog (D) <cKf(a). (64)

Condition B and the formula for f5 in (34) finish the proof of (a). O
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7.2.2 Proof of the upper bound of Theorem 5.

Part (b) is a consequence of a well-known property of homogeneous Gaussian processes
and the general theory of Gaussian regularity. Indeed, one only needs to apply Theorem
4.4 and Corollary 4.7 in [1]. The details are left to the reader. O
7.2.3 Proof of Corollary 2.

In the proof of Theorem 5, in the Holder case 0 (r) = r®, all lower bound calculations
are valid up to inequality (64). The conclusion of the corollary follows by calculating the
left-hand side of (64) and comparing it to f («)log (1/c). O
7.3 Proof of Theorem 6

7.3.1 Proof of (c)=(d)

Since ¢ is a canonical metric, the series ) r, converges. Let B, = ano:n Tm. The
hypothesis on ¢ in condition (c) means that for all n,

Ky (1) = Zm (1~ cos (j/m))
oo [2kmn)+5n—1

= SONED D

k 0 m=[2kmn|4+n+1

since for any integers n,k, and for any x € [[2kmn]/n + 1 + 1/n;[2k7n]/n + 5 — 1/n],
1 —cosz > 1/3. Condition C’ implies that for some constant K’, with K" = 3KK’, we
have

Bn < K"g(1/n).

For convenience we chose a function ¢ defined and increasing on [0; 1], with limg; g = 0,
such that B,, = g (1/n). The above inequality means that g (1/n) < K”g(1/n). With h as
in condition (d), what we want to prove is that the following series converges:

I= Zh (1/n)[g(1/n) —g(1/ (n+1))].
Since h is decreasing, we obtain

1< 850 (g0 1/m ) |7 () = 501/ (1)

n=1

9(1)/ K"
gK”/ h(z)dr < co.
0

modulo the fact that if h is not defined up to g (1), one should repeat the proof starting
from a higher value of n in I. This concludes the proof of (¢)=(d).

7.3.2 Proof of (d)=(c)

The following lemma on summation by parts will be useful.
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Lemma 8 Let (Ay), and (By), be sequences of real numbers. Let a1 = Ay, by = B1, and
forallj>2,a;=A; —Aj_1 and b; = B; — Bj_1. Then

AnBn =Y Ajbj+> Bj 1a;.
j=1 j=2

Proof: iterate the relation:
Aan — An (Bn - anl) + anl (An - Anfl) + Anlenfl-

from n to 1. U

Step 1. Space discretization. We first show that it is sufficient to show the con-
clusion of (c) for the z’s of the form x = 1/n where n is an integer. Indeed assume that
there exist K > 0 and nyi, an integer such that for all n > npi,:

§(1/n)* < Kg(1/n).
For an arbitrary « € (0;1/nmin], let n be such that = € (1/(n + 1);1/n]. We have
&% (x) < 6% (1/n) < Kg(1/n) (65)

= Kg(2) (1+W>.

By Condition A, without loss of generality, we can assume that g (0) = 0 and that § = g'/?

is concave near 0. This implies that if b > x > 0, [§(b) — g (x)]/[b—z] < g (x) /z. Using

this fact and the fact that 1/(n + 1) < = implies 1/n < 2z as long as < 1/2, we obtain:
g(/n)—g(x) g(/n)—g(x) 1/n—x

g(x) 1/n—x g (z)

Then we can estimate

g(/n)—g(@) _g/n)—g(=) g1/n)+g (=)

4 (@) i (@) @)
L Gm—g@ [0/ -3
= @ i@
<3

Returning to (65) we get
6% (z) < 3Kg ().

Step 2. Separating the head and the tail of §. Let ng be a fixed integer larger than
Nmin. We have

no—1 [e'e)
6% (1/ng) = Z T (1 — cos (n/ng)) + Z rn (1 — cos (n/ng))
n=1 n=ngo
no—1 o)
< Z T (n/no)2 + Z T
n=1 n=no

44



We only need to show that there exists K > 0 such that for all ng > nmnin, the following
two inequalities hold:

> ra(n/no)* < Kg(1/no), (66)

n=1
)

Z rn < Kg(1/ng). (67)
n=ng
We will assume (d) holds and will assume successively that each of these two inequalities
does not hold; we will obtain a contradiction in each case.

Step 3. Controlling the tail.

Step 3.1. Assuming the tail is unbounded. The negation of inequality (67) is
equivalent to the existence of a sequence of integers (NN,,),, that increases to 400, and a
sequence of positive reals (Kp,),, that increases to 400, satisfying for all m € N,

o0
> =g (1/Np) K. (68)
n=Nm
It will be convenient below to use the fact that without loss of generality, we can choose
K, to increase to infinity as slowly as we want, without effecting the sequence (N,,),,. Let
h be a function as in (d). Recall that n +— h(g(1/n)) is strictly increasing. We introduce
the following notation:

B = 3

n:Nm
_plm+1) . g(m) _ g(m+1) _ TNy + 0+ PN —1,
(m4+1) . p(m+1) _ p(m)
At . 4 A > 0,

By hypothesis (d) the tail 37\ rnh (g (1/n)) converges to 0 as m — co. We will calculate
this tail using the summation-by-parts lemma 8 with the A’s and B’s as above. This will
enable us to use the hypothesis (68) on this tail, and another application of Lemma 8 will
yield a contradiction thanks to an appropriately chosen h. Let mg be fixed. We have

00 oo Nmy1—1

Mo orah(g(/n)= Y > rmh(g(1/n)

n:NmO m=mg n=Np,

> 3 A (<)
m=mgo

= Z D pmtl) iy A(m) glm)

m— oo
m=mgo—1

where the last equality is by Lemma 8. We can prove that the last limit does in fact exist
and is equal to 0. Indeed

AM B — (g (1/Ny,) Z Ty
n=Nm
< ) rah(g(1/n))
n=Npm,
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and the last term converges to 0 as m — oo by hypothesis (d). Now we use (68), which
yields

o0 o0

S rh(g/n) = Y al™g (1/Ny) Ko,

n:Nm0 m=mg
[o¢]
> Ky Y, a™g(1/Np).
m=mg

We calculate this last series by Lemma 8 again, using the notation C(™) := g (1/N,,) and
—c™) = g (1/Np—1) — g (1/Nn):

i a™ g (1/Ny,) = i A(m=1) (—c<m>) + lim A(m) c(m)
m=mg m=mgo+1
= Y h(g(1/Np-1)[g (1/Nim—1) — g (1/Nm)]

m=mo+1

where the fact that the last limit is zero is a trivial consequence of the integrability of A
at 0. To summarize we have proved:

o rah(g(1/n) = Ky Y h(g(1/Nm-1))[g (1/Nim—1) = g (1/Nm)] . (69)
n:Nm0 m=mo+1

It is now sufficient to show that h can be chosen integrable at 0 and strictly decreasing,
and such that for all mg large enough,

1
Koo

Y h(g(1/Nu-1))lg (1/Nim-1) = g (1/Npn)] = (70)

m=mqo

Step 3.2. Choosing h. We let g, = g (1/Np,—1) and introduce a arbitrary sequence
(km),, such that limk,, = 0 and k,, > (Km)fl/Z. First we show that we can reduce the
problem of finding h as above to the problem of finding a strictly increasing sequence of
positive numbers (h,,),, such that

Z hm [gm - 9m+1] > kmg’ (71)

m=mo

and such that the series on the left converges. Indeed define a function h as follows: for
each fixed m, define h to be linear on the interval (g,,; gm—1], with endpoints set to

h (gmfl) = hmfla

l}m h(z) = min (hp; 2hpm—1) -
zlgm

Since (hp),, is strictly increasing, this h is strictly decreasing. Moreover it is clear that

Z han [9m — Gm+1]

= > h(g(1/Npu1)) [9(1/Nim—1) = g (1/N,)]
< /0 0, () dx < 2m;0 han [9m — gm1]



This implies that (70) holds and also that h is integrable at 0, which is what we want. Thus
we only need to find (h,),, as in (71). Because of the flexibility we have on the choice
of (Ky),, (being able to decrease all the values of K, as long as the resulting sequence
still converges to +00), there is no actual loss of generality in fixing the values of h,, and
searching for new values of K, such that (71) holds and k,, > (Km)fl/ %, More precisely
we choose hy,, = f(gm) where f is any positive strictly decreasing integrable function
(e.g. f(z) = 27'/2). Then we can simply define (ky,),, by imposing that (71) hold as an
equality. Note that we have

g1

f@yde =" f (9m) [9m — Gma] -

0 m=1

Therefore, k,, is the tail of this convergent series, and so it tends to zero. Therefore there
is no loss of generality in reassigning the values of K, to satisfy for all m > 1

1

K, <—.
" (suplZm kl)2

Step 4. Controlling the head. This step follows a similar structure to Step 3.

Step 4.1. Negating the head bound. The negation of inequality (66) is equivalent
to the existence of a sequence of integers (N, ),, that increases to 400, and a sequence of
positive reals (K,),, that increases to +oo, satisfying for all m € N,

NTYL

> 0Py = (Nm)? g (1/Npn) K. (72)
n=1

Let h be a function as in (d). We introduce the following notation:

N
B .= Zn2rn,
n=1

N,
o™ =B — BmD = N np,
n=Nm_1+1

A= (N1m)2h <g (Nim» !

am .— Am) _ g(m=1)

We will show in Step 4.3 that h can be chosen in such a way that with A, := n=2h (g (1/n)),
the sequence (A,),, is decreasing. This yields

S rhlg(fm)= S wrash(g(1/m)
n:NmO n:NmO

Vv
g
7|

no
>
—
@
—
Sl
~—
~—
)=
3[\7
&
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- ( m>)Bm D4 qim A gom)

m—00

m)) m—19 < ) (Nm—1)2
m= m0+l m 1

> Ko t1 ( al ) < Trlbl)(]\fml)2

m= m0+1

v

= Kpmgt1 Z Am) o(m) _n}gnooA( )om),
m=mg

where C(™ = ¢ (1/N,,) (Nyn)?. We note that A™C™ = ¢(1/N,,) k(g (1/Ny,)). How-
ever, since we assumed that h is decreasing and foh < oo, we get immediately that
lim,_,o zh (z) = 0, so that the last limit above is zero.

Step 4.2. Applying the method of Step 3. Thanks to the previous step we have:

00 [e’e] 2
S b (g (1) > Ky 3 h(g (1/N)) g(l/Nm>—%g<1/Nm_1>
n:NmO m=my m

In fact this implies that inequality (69) holds. Indeed by Condition C, we get

Y mah(g(1/n) = eKug Y h(g(1/Nw))lg (1/Nim—1) = g (1/Nyy)]
n=Nm m=mgo

which is stronger than (69) since h (g (1/Ny,)) > h (g (1/Nm—1)). We now apply the strat-
egy of Step 3 by saying that it is sufficient to find a function h integrable at 0 and strictly
decreasing, and such that for all mg large enough, (70) holds.

Step 4.3. Choosing h. We choose h (y) = 1 — y, defined in a neighborhood of 0.
Clearly this h is integrable at 0 and strictly decreasing. Now for each integer mg we define
kmo by

Z h 1/N [ (1/Nm—l)_g(1/Nm)] :kmO'

m=mg
Since h is bounded by 1, the left-hand side of this equality is the tail of a converging series.
Therefore k,, decreases to 0, and (70) holds by invoking the reassignment of the values of
(Kpm),, described at the end of Step 3.2.

The only thing left to prove is that this h is consistent with the condition, announced

at the beginning of Step 4.1, that A,, = n=2h (g (1/n)) is a decreasing sequence for n large
enough. That is, we want to show that for all n large enough,

(ni 1)2(1 —g(1/(n+ 1) < (%)2 (1—g(1/n))

which is equivalent to:

—g(1/(n+1))
—g(1/n)
To see this we can assume without loss of generality that near 0, either g is concave or
g () < x. In the first case, we have

—g9(1/(n+1)) _ / 1
— o (1/n) —1+[1+9(1/n)+0(9(1/”))]9(fn)m

<142/n+1/n%
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where £ € (1/(n+1);1/n). Since g is concave we have ¢’ (§,) < ¢’ (1/(n+1))), and also
g () < g(z)/z <1/z for small . Thus we get:

1-g(1/(n+1))
1—g(1/n)

For the other case, g (z) < x, we can also assume without loss of generality that g (x) > =
because of Condition A. Then we get for large n:

1-g(1/(n+1) 1—-(m+1)*> 1 1 2
—g(i/n) = 1-n1 _1+E+O<E><1+ﬁ'

<1+2/n.
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