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parabolic equation with continuous space parameter, and a Gaussian-correlated potential that
is white noise in time and homogeneous in space. We use the evolution form of that equation,
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1. INTRODUCTION

We study the almost-sure large time exponential behavior for the parabolic
equation of Anderson type with random potential:

%(l, X)=rAu{t, x) + V(t x)u(t, x)

u(0,x)=1 120

(1)

For discrete space parameter (x € 74, this problem has been studied in
detail in Carmona and Molchanov’'s AMS memoir Parabolic Anderson
Problem and Intermittency [2]. In their last chapter, with the potential ¥
taken to be white noise in time, they investigate the so-called afmost-sure
Lyapunov exponent for the solution, i.e. the random quantity lim, , ¢ ‘
log u(r, x). When the limit does not exist, it is still interesting to evaluate the
corresponding liminf and limsup. In [2], the following lower bound is
obtained for small x (smaller than some &), and with some constant c;:

liminf ¢ logu (¢, x) > almost surely.
I—oC

1
~ log k1’

In [3], Gaussian estimates are used to exploit the hypothesis that the family
(V (-, x) xe Z") of white noises that constitute the potential has a Gaussian
correlation. They yield the following upper bound for x > kg, and with
some constant ¢;:

I ' logu (1, x) < ———.
1fris31:p ogult, x) < Tog nT

almost surely.

Although there is little hope of conciliating ¢; and ¢; in general, this upper
bound constitutes an improvement on earlier works ([2], [8]) in which the
Gaussian property had not been fully used. The upper bound’s method of
proof suggests that it may be adaptable to the case of continuous space
parameter: then indeed, a Gaussian hypothesis on ¥ is a natural one. In this
article we show that this can indeed be done.

Specifically, a full Gaussian hypothesis on the family of white noises
(V (-, x)), means that ¥ is the formal time-derivative of a random field W
defined under some probability space (2, F, P) by the covariance

E[W(t, \)W(s. p)] = sAt-Q(x, )
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where Q is the kernel of a positive operator. The usual meaning given to the
pde 1 is its stochastic integral form. This equation cannot have a meaning in
the strong sense unless W is spatially C%. However the results proved herein
only require that W be spatially Holder-continuous (thus is equivalent to
Hypothesis 6 below). In this case, we must (and will from now on)
understand the stochastic pde in its less restrictive, evolution form, as
follows:

wte =1+ [ [ puss Wi i ),

>0, xeR?

(2)

Here p (s, x, y) =27k s) % exp (—(x—1)?/2 k 5) is the transition probability
density of Brownian motion with variance 2s. The upper bound result
mentioned in the previous paragraph holds when the stochastic integral is
understood in the sense of Stratonovitch.

For the sake of simplicity, we assume that W is spatially homogeneous,
ie. that O (x, y) = Q (x—y). In this situation in [4], Dawson and Salehi
showed that equation 2 has a unique L*(Q)- valued solution by exhibiting its
Wiener chaos expansion. This means introducing the Gaussian spectral
measure of W, ie. the unique independently scattered Gaussian random
measure M (ds, d\) with the properties

Wt x)= //Rd o e M (ds, d)) (3)

E[//f(/\,s)M(d/\,ds)//g(/\,s)M(d)\,ds) @
= [ [ 005 Qs

where Q is the Fourier transform Q. See [7] and [4] for details. In the next
section, we establish the following stochastic Feynman-Kac formula for this
solution:

THEOREM 1 Ler (u(1, x), t <0, x €RY) be the unique separable solution to
the Stratonovich stochastic evolution equation 2. Assume condition 6. Let
(b; > 0) be a standard Wiener Process started from x with diffusion 2 k, under
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its canonical probability space (C, F, P,) (where C = C (R": RY). Then P-
almost-surely,

ul(t, x):Ex[exp</Rd/0reM'}” “M(d/\,ds)ﬂ. >0, xeR?* (5

The proof for the Ito equation identifies each term in the Wiener chaos
expansion with a corresponding term in the expansion of exp in Hilbert
polynomials. The Stratonovich solution is trivially obtained by multiplying
the Ito one by exp O(0) ¢/2, yielding the above formula. This Feynman-Kac
representation confirms that for both stochastic and non-stochastic
equations, spatial smoothness of the data W is not a prerequisite. Its proof
indicates that the evolution equation is one step closer to a probabilistic
representation than a strong equation; indeed the heat kerner p(t—s, x, ),
which can be written probabilistically as P, [b,_, € dyv]/dy, appears explicity
the equation.

In Section 3 and 4 we proceed to the main quantitative result of this
paper. We exploit the Feynman-Kac formula by using Gaussian supremum
estimates (Borell-type inequality, Fernique’s theorem) and prove our main
result:

TuHeorREM 2 Let (W(t, x),t >0, x e RY) be a Gaussian process on (2, F,
P) with covariance E[W{(t,x) W{s,»)} =s At - Q(x—y), where Q is any
homogeneous covariance function such that its Fourier transform Q has a
moment of some order o > 0, I.e.

3o > 0 /l;dw"Q”(dA) “K, < . (6)

The stochastic parabolic evolution equation 2 in Stratonovitch form has a
unique continuous solution taking values in L* () and there are positive
deterministic constants kg and ¢ depending only on Q such that, for k < ko, P-
almost surely, the large-time exponential behavior is bounded above as follows:

lim sup ! log u(t, x) < _
SRV T 7 logk!
In Section 3 we show how to reduce the proof of this upper bound to a
situation in which the spatial parameters is in Z¢ instead of RY. This
discretization of space allows us, in Section 4, to finish the proof of the
upper bound much in the spirit of the proof of the corresponding result in
discrete space in [3] (also see [2], chapter 1V, paragraph 3).
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Regarding the Ito equation’s solution, the correction factor exp—Q(0)#/2,
valid in the homogeneous case, or merely if Q(x, x) is constant, has a trivial
effect on the upper bound in Theorem 2. When Q (x, x) is not constant, the
correction factor to be included inside the Feynman-Kac expection 5 is
exp — (1/2) fot Q(b,—3,b,_)ds; this modification is not trivial. We do not
investigate it here. :

2. THE FEYNMAN-KAC FORMULA

2.1. The Wiener Chaos Expansion

In [4], the unique L? (Q) -valued solution to the evolution equation 2 is
exhibited as the sum in L*(Q) of the series EX o Xn(t, x) defined by X, (.
x)=1 and

Xoattn) = [ [o=sxnmoomw@n)a @)

To establish Theorem 1 we express X, explicitly. From definition 3, first
rewrite equation 7 using the spectral measure M:

X1 (2, %) :/ (// plt—5,%,3) Xy (5,¥) eM')’M(d/\,ds)> dy.
R? [0.]xR¢

Now using a stochastic Fubini lemma (see [4], lemma 2.1) repetitively on the

variables y,, i=n —1...1 we obtain, with the convention s, = t and yo=x:
v )1 Vn ]—

dy,, d)\n, dsn) dy1M(d/\1,d31

// //HIOS”]SJ{/ /}HPSJ1—SJ,”\“

ne (8)
Yi-1:3))aVn - --d}’1}M(d>\n, dsy) ... M (dAy, ds1).

:/// /Er (H 1[0‘5j1]<5j)€i)\’"b"57>
o j=1
M (A, dsy) ... M (M. ds)).

In the last step, the spatial integral was represented thanks to the pro-
perty of independence of increments for Brownian motion, which yields
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for i <... <7,

P.[b,, € dxi;...: b, € dx,)

:P(Tlaxsxl)]?<7'2 - Tlax17x2> . -P(Tn — Th—1:Xn—1, xn) dxl e dxn~

The proof given in [4], lemma 2.1, of the stochastic Fubini lemma used
above is valid if one is prepared to accept the fact that if M is a Gaussian
spectral measure with covariance Q, and if g(x, ») is a measurbale function
which is in Lz(Q) in the x variable, then the random variables e () = [ g (x, »)
M (dx) are measurable in the parameter y. In the above use of the lemma,
the parameter y is in the space C of continuous functions under the Wiener
measure. Regularity conditions must then be imposed on g to obtain the
required measurability. A general result in this direction is in [9],
Proposition 2.1 and its corollaries. Here we will only need the following
consequence of these results:

PROPOSITION 3 Under Hypothesis 6, for all t > 0, x € RY and all positive
integer n, the process

j=1

M (dhg, dsy) ... M{d)y, dsy),

has a version which is a random variable in L*(C x Q).

We only recall the proof of the following analytic lemma, which is the
core of the proof of the Proposition 3, and will be of crucial importance
throughout this article:

LEMMA 4 If O is a finite measure on R? (total mass= Q(0) < o) satisfying
condition 6, i.e. 3o > 0: K, = [pu IA®Q(d)\) < oo, then for any a, b in RY,
we have

/\eiz\«a _ €M"]|2QA((2’/\) < Ka|(1 . b‘la/(2+c\)
Proof

/ ‘eiz\ra . ei/\-bIZQA(d)\)

< /{M} la-X—b- AP0\ +/ 20(dN)

{A=n}
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< 7la— 6 Q(0) +20(A 2 )
< rfla = bPQ(0) + 277 [ AG(aN

where we used Chebyshev’s inequality and the hypothesis of existence of the
moment of order a. Then optimizing over n > 0 (taking # such that
n” la—b|*=n""), we obtain the result of the Lemma. »

2.2. Proof of the Feynman-Kac Formula

By virtue of Proposition 3, we may apply the stochastic Fubini lemma again
to 8. We thus represent X, (¢, x) by E,[X(r,b)] where, for 0 < 5 < r and
so = s, X'(s.b) denotes the quantity

X, (s.0) = / / / / H (L5, 1(5)€™ ) M(dNg, dsy) ... M(d), ds))
:% / / / /guw(s,)e"*/"’f—v)M(dA,,,dsn)...M(dAl,dsl).

We transformed the integrand above by symmetrizing it since a multiple
stochastic integral is invariant under this operation (see [7], Chapter 4); the
symmetrization of I lio_sj_l](sj) with sp=s1s (n!)'lﬂ};ll[oys] (s;) and the rest
of the integrand in X7 (s, b) is symmetric. Now recall that by the It6 formula
for multiple integrals (see [7], Theorem 4.2), if £ (), r) is a function with unit
L*(dr - Q(d)\))-norm, then with H,, the n-th Hermite polynomial,

//.-.//f(/\l,sl)‘..f()\n,sn)M(d/\,,,dsn)...M(d/\l,ds])

=Hn<//f(/\, r)M(dA,dr))

We can use this result for X' (s, ) with the function (X, ) = 1y g (r)e™? -
after dividing by its norm ||/l 204 gar) = (fo [le™t 2(d\ydr)'? =
(Q(O)s)l/z, and obtain

n/2
Kt = L0, (100 [ [ 1 e arian an)

n!

9
(0(0))"? 172 ’
= —-———Hn(<Q(0>S> @f,b(S))

n!
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with e, 4(s)= [ [10.(r)e™ "~ M(d), dr). Notice that (e,(s): s€[0,1]) is a
continuous martingale with respect to the filtration F; = o{W(r,x}):
r<s,x e R%,s € [0,¢. Its quadratic variation is easy to compute:
{ern(+)), = Q(0)s (this shows that it is in fact a Brownian motion!). Also
recall the property that if NV is a continuous martingale, then we have

20 n/2
CXp <NS "%<N>s) - ZWH—!SHH(<N>;1/2NY)

n=0

(see [6], exercise 3.3.31). Applied to our martingale e, x(s), refering to 9, this
yields

exp (es(5) -3 000)5) = > X(5.0).

n=0

Taking s = and taking the expectation with respect to P, of this equation,
which is justified by Proposition 3 and the integrability of the right-hand
side, we obtain the Ité equation’s Feynman-Kac formula; the Stratonovich
equation’s formula 5 follows trivially P-almost surely for 7, x fixed. The left
hand side may also be expressed as an expectation with respect to Py, a
Wiener measure started from 0, not x, of the same quantity, with ». replaced
by b.+ x. The resulting process f, b, x—¢xp ¢, 5. + x. if chosen in its separable
form, yields a separable process after the Pg-expectation is taken. This
proves that the Feynman-Kac formula 5 represents the separable version of
u(t, x) P-almost-surely for all ¢, x. Under Hypothesis 6, by the Gronwall
inequality technique, it is easy to apply the Kolmogorov lemma ([6],
Problem 2.2.9) to establish the existence of a Holder-continuous version,
which of course coincides with the separable one. [ |

Let us remark that for ¢ and x fixed, the processes s— b, ; and s—x+
b,—b, have the same distribution under P,, so that formula 5 is the same as

t
u(t,x) = Eqg {exp(/}zd/o e"*'(”b"b‘“)M(d)\,ds))}, t>0, xcRY (10)

We will prefer to work with formula 10 in the sequel.

3. REDUCTION TO THE DISCRETE CASE

To prove the main Theorem 2, we decide to replace the Brownian path (w,:
s€[0, 1]) in the Feynman-Kac formula 10 by a path 5 that stays close to w



STOCHASTIC ANDERSON MODEL 259

proceeds only by jumps and lives in Z%. Our task begins by controlling the
error made by this substitution.

The proof of the upper bound in Theorem 2 being indifferent of the value
of x, we let x = 0 for notational simplicity.

3.1. The Approximating Path

Let € be a positive real and let b’ be the j-th component of the d-dimensional
path b; let T be the first time 4/ exits the interval (—¢, ¢); let 77, | be the
first time after 77, that b’ exits (by; —¢,b;y +¢). From the homogeneous

Markov property, for fixed j, the times (77, | — T7,)_, are independent and
identically distributed (I.1.D.) and the successive positions x/, = b7, , which

are independent of the jump times, form a one-dimensional symmetric
random walk on £Z in discrete time (x/, . = x!, are LLD., taking values
+¢ and —e with probability 1/2). Now let (T,):, be the increasing sequence
of all the (77,), ,, and let (x,),, be the nearest neighbour path in eZ? with
xo=0 whose j-th component takes the same step as x/ at time 7/ . We let b
be the path that jumps at time T, to site x,, and is constant between jumps. We
must note that (7,), and (x,), are not independent sequences and do not
have L.I.D. increments. At any time s, each coordinates of b, is within ¢ of
the corresponding one of b, so that the distance separating the two paths is

never more than e d"/2. We record this property for future reference:

PROPOSITION 5 Withb defined above, we have for all s >0, |b,— legad”?

3.2. Coatrolling the Error: Strategy

Let e, = [ [ 1 q(5)e®=PIAM(dN, ds), é,. = e, ;, and @ (2, x) =Eqlexp &,,].
If we decide to seek an upper bound for the quantity 4 =1lim sup t og i1,
0) instead of v = lim sup ¢ 'log u(z, 0), we should evaluate the “‘error”
commited by this switch. Using Schwartz’s inequality and the Feynman-Kac
formula 10 we may write P-a.s.:

u(1,0) < Eqlexp 2¢,,)*Eolexp 2e;5 — 26,4]"*

so that

. 1 .
~ < g+ lim supz—flog Eolexp 2erp — 265

=00

We refer to the second term in this formula as the error. The goal of this
paper is in fact to show that we can chose the edge-size ¢ of the
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approximation lattice ¢Z¢ as a function of » in such a way that in the regime
of small x, this error is negligeable in front of the contribution of 4. In this
section we compute the error. We have abused the notation ¥ because we
are disregarding the factors of 2, which are irrelevant in the absence of
information on the value of the final constant ¢ in Theorem 2.

First we operate a kind of discretization of time, using the continuity in ¢
of e and ¢ in the last step for measurability:

. 1 -
lim sup;log Eolexp e;p — &1
=00

. i N
=limsup sup -log Eglexpe,» — &) (11)

n—o0 refn—1n]

. 1 _
< lim sup;log Eo {exp sup (e, — e,!;,)} .

=0 teln—1,n]

By Chebyshev’s inequality, and using Fubini’s theorem, which again is
justified by the measurability of ¢ and &, we may write

P {EO {exp sup (enp — &) > A

te[n—1.4]

1
< XEOE [exp sup (ep —m)} (12)

ten—1.n]

From Proposition 6 below, choosing A=exp ¢’ne” with ¢’ > ¢ the left-
hand side of 12 becomes summable in n, so that, by the Borel-Cantelli
lemma, the upper bound on the error in inequality 11 contributes less that
¢’e”, which meuns that

. 1 )
limsup - log Eolexp e, — 5] < de’, P—as. (13)

t—oc 1
3.3. Controlling the Error: Main Estimate
ProPOSITION 6  There exist positive constants ¢ and (8 such that

EoE|exp sup (e —&)| <exp cns”. (14)
1€ n—11]

This entire section is devoted to the proof of this proposition. We begin
by observing that for a fixed path b, e, ,— €, is a Gaussian process. We will
estimate the left-hand side of equation 14 before E, is taken by using the
following elements of Gaussian theory.
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Let X=(X,t€T) be a centered Gaussian process indexed by some

metrizable space 7. Let |L.X| =sup.1rX,. Computing E||X]| is generally an

impossible task. however, sharp upper bounds on E{ X]| and P[||X|| > A] are
made accessible via the notion of canonical metric, namely the quantity

8(s,1) = (B(X, — X)) steT, (15)

together with its associated entropy N(n), the smallest number of balls of

diameter 1 in the metric & needed to cover the index set T. With Kuniy @

universal constant and o2 = sup,.7E(X?) the upper bounds are as follows
([1], Corollary 4.15 and Theorem 2.1 (Borell-type inequality) respectively):

E| X < K / " log 2N (n)dy (16)
0

1 3
P> X] < 2exp 55 (A~ EX )" (7
Now notice that for any Gaussian process X, using 17,
Efexpl X ] = | Plexplx| > lay

exp E1X]| o
= / P[|X ]| > log v]dv +/ P[|X|| > log v]adv
0

exp E{X|
o
SexpE[X|+2 [ expo o (log v~ EIX| dy
exp EJ|.X 20
2
= exp EXt|{1+(87rol)l/zexp<%>] (18)

In our case, by the covariance relation 4, and using proposition 5 and
Lemma 4

s

t L 'y ~
c?= sup // o br=bs) _ o= N (Bi=b) 12 G (d\) dis
Jo

tefn~1,n
< sup /[dSKa(Edl/z)za/(z*a) (19)
N tefn~1.n) JO

= nK,g/3te)

According to 16, controlling e®l¥lwhere ||X||= supep,,.j(ers — &.5)
reduces to evaluating the canonical metric of the process t— ¢, ,—é,,. It
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turns out that an estimate sufficient to complete the proof of proposition 6 is
obtained by separating E|| X]| into E|le., b|| and E|jé., b||. This fact means that
the error, which is of the form E exp || X/, can be measured via equation 18by
the contribution involving ¢ only, which is typical of a Gaussian situation.
The contribution involving E|X||,
altogether of a lower order, consistent with the fact that the application of
Jensen’s inequality yielding exp E|| X||<E exp || X|| should be a crude estimate.

For any fixed function b on [0, 7], we can compute the canonical metric for
t— e, explicitly:

2

b(s, 1)° VE{// Lo, (u)e™ B0 — 1 3 (u)e™ =) M (AN, du)

= (t+5)Q —7//[0 y NP b O(dN ) du (20)

= (1+5)Q(0 )_2'5/\tQ(b[_ bs)
= [t =5|Q(0) + 2.5 A H(Q(0) — Q(b; — by)).

Different tools must then be used depending on whether the path & is
Brownian motion or its e-approximation b.

3.3.1. Control of Eglexp E|€-,4|l]

By lemma 4, Q(0) — = [(1 = e“*)Q(d\) < KL|x|*/?**). Define the
1/4 -Holder constant of umform modulus of continuity for b on the interval

[n—1, n] as

‘bu - bu"

Ch,n = sup ‘1/4 .

u’ ucin—1n ku’ — U

Since moreover |t —s| < | — I“/“ 2+a)

8a(s, )" < Q)1 — s+ (1 + 20K, C ). (21)

The entropy of the metric on the right-hand side is bigger than that of §'s.
Thus with the notation ¢ = Q(0)"/*(1 + 2nKﬁ)CZ‘<nz+a))l/2 and v=8(2+ o)/
a, the quantity 1+ (c/n)” serves as an upper bound for Ny, (7).

Now in property 16, we may replace the infinite upper bound of
integration by 7.x, the diameter of {r—1, n] in the metric é;, because for
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N> Nmaxs N(n) = 1. Clearly nmax < 2n+1)"? 0 (0)"*= ¢’ since 8, cannot
exceed 2n+1) Q (0). We obtain:

E e < K [ toa (145 )an
< Kumv(v/Z)”z/OMlog”z(zcz/nz)dn+Kumv/d log' /224
chc’
< Kuniv(v/2)" /0l log'?(1/n)dn'2" e + 'K i,
= cKuniv(7/2)"7(1/2)"* + ¢ 'K .

We used the fact that fol log"2(1/n)dn = [ exp(—x?/2)dx = (m/2)'2.
Hence there is some constant K depending only on Q (and «) such that

Eolexp Elles] < Eolexp(2n)! 2K {(Cya) ™57 1 1)].

Now for any v’ > 0 and a > 0, simple calculus yields that there exists a
constant K., such that for every x, K> 0,

exp(Kx"') < exp(K¥C ="K )exp(ax?).
Using v =a/2 (2+a) < 1/2, we obtain 2/(2 — ') < 4/3. Thus
Eo[expE|le.s]|] < Coexp (n*°K") (22)

where g and C, are defined by Fernique’s theorem (see for example lemma
1.3.25 in {5]) applied to the modulus of continuity of Brownian motion:

b _ 2
da>0:C,=Eypexp a sup ('——'——%) < 0. |
seef0l] \ |t — 3|

3.3.2. Control of Eglexp E||é-,||]

Whenever two times s and ¢ are between two consecutive jumps of the
approximating path b, Q(&, — b;) = Q(0) and the explicit formula 20 for §;
becomes

8;(s,2)° = Q(0)t — 5] + 0
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so that calling M—1 the number of jumps of b in the interval [n—1, n], and
covering each of the M intervals determined by the jumps separately, we
obtain

N(n) < M(1V(Q(0) /7). (23)

We apply this entropy estimate to property 16 with the help of the following
elementary

LemMa 7 For any A € [0, 1],

/ A log"?(1/n*)dn < A((m/2)'? +10g"/2(1/4%)),
4]

and the fact that on [n—1, n), &; does not exceed ¢'=(Q(0) 2n+1))1/2, to
obtain:

E

é.s||

'

(0" ¢
= K(/ 10%1/‘(MQ(0)/77“)dn+/ i 1og‘/2Mdn>
70 0(0)"

M 172
e ((MQ(OW /0 log(1/n")dy/ +log'*M(c’ - Q(0)" 2>>

< Kuniv ((MQ(OWM”2<<7r/2>1~”2 +log" M) + (2nQ(0)10gM)”2)

< Ko(2n log M)"? 24
Q

where Ky is a constant depending only on Q. Now notice that M—1 = N, the
number of jumps between times n and n—1, has the same distribution as Ny, the
number of jumps berween times 0 and 1 except we must replace the first jump
by an independent “remaining life” jump; at any rate, if fis an increasing
function, Bf (N) < Ef (Ny+1). By definition N,= N\ + - + N¢ where N
refers to the j-th component of b. Thanks to inequality 24, with the notation
c=Kyo(2m"?, and by the independence of the N''s,

Eq exp E|jé.s]| = Eg exp ¢ log"? (2 + N} +--- + N9

< P ]og]'z'Z(EO exp ¢ logl/zN{)d

The following lemma allows to finish the proof.
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LemMmMA 8 There is a constant K = K, . depending only on k and ¢ such that
Po[N} = k] < K¥/k!

Indeed, with the help of the Stirling-type estimate k! > k*37%, this lemma
implies

E exp ¢ logl/zN}

=\ K*
< Z—la—exp ¢ log"?k
k=0 "
[c} Kk " < "
< ZFexp clog!?e+ Z (3K)*exp — k(logk — log'/k)
k=0 ° k=[c]+1

<exp K exp(clog'?c) + K’

where K', the sum of the second series for ¢ =0, is clearly finite for all values of
K, thus depends only on k and . Replacing c by its value gives that there is a K
depending only on Q, «, K, € such that

Eg exp E||é-] < K(1 +exp Kn'/?(1 + log!/?(n'/?))).

This estimate, together with 22, implies by Schwartz’s inequality that for
large n,

E exp E||é 5 — e || < exp(n3/4). |

This and the estimate 19, in conjunction with 18, imply the validity of
Proposition 6, and thus of the almost-sure exponential upper bound 13 on the
error, with 3 = 2a/(2+ a). |

Proof of Lemma 7 By the change of variables u* =log (1/m3),

A s
/ logl/z(l/nz)dn _ / u26~uz/2du_
0 1

og'?(1/4%)

Call this quantity F(logl/z(l/Az)). Let us compare F(x) to G(x)=(x +K)
e=*/2, Since G'(x)—F'(x)=(1—Kx)e */2, G—F first increases, then deceases
with x. By picking G(0) = F(0),1.e. K = F(0) = (7/2)"2, and by noting that
F(o0) = G(o0)=0, we can conclude that G > F everywhere, which is what
the lemma asserts. ]
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Proof of Lemma 8 As noted at the start of this section, the #-th jump time
T} of the first component of the path bis a sum of L.LD. random variables
ty,. .., t, with distribution that of the first exit time 7, . of the standard 2«-
Brownian motion from [—¢, €}. Let Fs,..(f) = Prob[r,. < 1] be its distribu-
tion function. By the scaling property of Brownian motion, F..(f) =
F11(2k,27%1). We conclude the proof by using the results and notation of
Proposition 9 below:

Po[Nl k PO 1‘1 et <l<y+ - +Zk+|]
/ / sttt ( 2/‘5 maX) dy, -+ ds, (1 = F(1 = sx))
_(2/‘66_2Fmax) JK! |

PROPOSITION 9  Let F(t) be the distribution function of the first exit time of
Brownian motion from the interval [— 1, 1]. Then F,x =sup; s of () <oo. Let
T, T, ... be the successive passage times of Brownian motion on the sites
of Z, excluding the return times to the last visited sites of Z. Then for all t > 0,

Po[Tl ceds;;To—Ti€dsy;...; Ty — Tyt €dsp; They > t]
= (1 — F(t — 5,))F(dsy,) ... F(dsy)F(ds).

Proof With T{ and T the first hitting times of 1 and —1 respectively, we
can write:

Po[T) € di) =Py[T] €ds; T > T{|+Po[TT €dt; Ty > T7]
=2Py[T] €d; TT > Ty]

1
L2P[T| €di] = ) exp (—Z>dz

which is a bounded function on R.. That is the first assertion. The second
statement is a general property of renewal processes (the 7, —T;_, are I.1.D.
with distribution function F), and is proved by successively conditioning by
the events {T\&€dsy; ...; Tr € dsi}. [ |

4. PROOF OF THE UPPER BOUND

By the validity of equation 13, to prove Theorem 2, it only remains to find
an upper bound on the approx1mat1ng Lyapunov exponent 7.

Recall the notation &, = [ 1 )&l b=t AM (A, ds), as well as ii(t,0) =
Folexp é,] and 4 = lim sup,_, .1~ ! log i(t,0).
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4.1. Reduction to Gaussian Fields with Finite Dimensional Index Sets

We decompose the expectation giving # according to the possible values of
the jump times of b. Denote by S(z, k) the simplex set {51,. cuSi 0< 5 < s <

&< t}. For a multi-index k= (k1,.. .,kp), let | k | = ki + -+ +kgy The set
of the first k; jump times of the j-th component of b is a point ( )lk’1 in
S(t,k)). Given the set of all jump times {s]:j € [1---dJ;ie[l...k]}, let

{81:1€[0, |k + 1]} be that same set, but ordered, and with the convention
5o = 0 and §4+; = t. Lastly, let b; be the value of b between the two jump
times §; and §; + 1. Then z can be written as:

keN?

/ / HPOT’eds1 ..... T’Edgk N7 = kj]
[k1 lk{ j=1
[k

Ep {exp Z W((51,5141), b0 — bl)}

=0

where the expectation Ey is conditional on the given jump times and we
denote the increment W(b,x) — W(a,x) by W((a,b).x). Now further
decompose 'z over the possible sites visited by b. While the path & is not
independent from the jump times (unless ¢ = 1), it is still true that the path
{b,~b;:1=0,--- k| + 1} may only follow, in reverse order, a so-called
nearest-neighbor path started from 0. Call Py the set the set of all such
paths, which is identifiable to {I,..., 2d}““ This simply yields

keN4

/ / HPOT’eds, T €ds); N = k)
S(tk1) S(r.ka) ! !
|k}

2> exp > WS, Sim). X)Polby — b= X 1= 0, k[ + 1],

XEP =0
(25)

we have for the j~th component of b:

Po[T) e dsii... ;T € dsi: NY = k)]
_P()[T] € dSl ..... T/ S dSk k+1 > Z}I{OSSISSZS'“fsykJSY}
=(1 = F(1 — s)) (dSk/ = St—1) -+ Fldsy — 1) F(dsi ) Lo<g <oz <)

k
SC /dsl e dsk/l{OSSISSZS”'SSkJS[}
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where we set C = F.cke 2 and used the results of Proposition 9 and the
scaling properties of Brownian motion. Replacing the conditional prob-
abilities in 25 by 1, and replacing the exponential term by its supremum over
all possible jump times we obtain

Clkl Ik ikl

u(1,0) < Z Z exp  sup Z W((31,5101). X1)-

d
keNd H‘:l k]‘ )?EPVC; O<s1 <S5t =0

This expression is increasing in 7. Denoting by Wx((s1;. . .; 5x)) the quantity
S fo W((s1,5041), %) we can write

i (Cn)™
J(n) = sup @(2,0) < Z Zexp sup  Wi(S) {(26)

teln—1.1] NdH w1 Kl iem,  sestnk)

For fixed n, k and fixed path ¥, W5 is simply a Gaussian process indexed by

field W.

4.2. Using Borell’s Inequality

The remainder of the Proof of Theorem 2 follows the strategy of the proofin
[3]. The goal is to find a deterministic function A(n) such that P-almost
surely J(n) = sup,ep,_; »#(2, 0) is less than A(n), and for which the Lyapunov
exponent is tractable. By the Borel-Cantelli lemma, an excellent choice of
() is such that the series Y_ - P[J(n) > A(n)] just barcly converges. Since
relation 26 provides an upper bound on J(»n) in the form of a series
D keNd erpw J(X.k.n), we will look for A(n) in the same form 3, \«
Z)?ka‘ XX, k.n), and write

P[J(n) > \(n)]
:P[ SN Hxkon) = MEkon) > 0}

keN? XEPy

<> > PU(E k) 2 AE K, n)] (27)

keN4 X€Py
AMX, kyn
e

We will need a slight improvement on the Borell-type inequality 17, which
comes for free when one applies inequality 17 separately on each ball of an 5
cover of the index set (see equation (5.10) on page 119 in [1]):

SZ ZP[ sup  Wi(S) > log

peNdXEPy  LSES(lk])
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LEmMa 10 Let {X(0):t€T} be a Gaussian process with canonical entropy
N(n). Then for any n >0, for any X\ > pu(n) = cyniv fy log! 2 N(n/)dn', with
o = supteTE[X(l‘)z],

Pl X|| > A} < 2N(n)exp — (A — u(n))*/20°.

We will use this inequality on each of the Gaussian processes W(S): S €
S(n, |k|)} for each fixed k, n and X € P);;. We must compute the entropy N of
each process and must choose a convenient 7 = 7z, . Let us first say that we
choose 77 =4Q(0) n; note that while the Borell-type inequality 17 is just
Lemma 10 with 5=y, in our case the é-diameter of the index set is
N max = 4Q(0) nk which, for large k, is significantly larger than our choice of
7; this is why the improvement of Lemma 10 is needed. For each », k and X,
we have the following estimate for the canonical metric of We:

LeMMA 11 Let 8:(S, T) = (E(W(S) = Wx(T )" We have:

3]
6:(S.7)* < 4Q(0)|T — S|, = 40(0) ) |1 — ]
=
Proof Lemma 2.1 in [3].

For integer k, we may use the following covering of S(n, k) with balls of
radius 1 in the metric |-|: all the balls of radius 1 centered at a point in the
set C,,_ . of points c= (cy, .. ., ¢x) of the lattice (k*IZ)K such that 0 < ¢;< <
-+ < ¢ < n. Indeed, for any s€S(n, k), the point ¢ defined by c¢;= [ks]/k
belongs to C, x and since k¢;<ks < k¢;+1, thus |s—¢| < Zf;l k7l =1,
Counting the set C,, is like counting the number of points (my, ..., my) with
integer coordinates increasing between 0 and nk. This number is well known
to be the binomial coefficent ("*%!™*). This number is bounded above by
2.6"1* as the following explicit computation shows (for large #, the factor 2
may be removed, and the value 6 may be replaced by e, but this is irrelevant
for the sequel):

d k!
<+ DMk + (n+ 1) /k!
< 2(n+ DF k!
< 2350 (1 4

<nk+1+k> _(nkt1+k)---(nk +2)

where we used the Stirling-like global bound k!>k*37%. Covering the
simplex S(4Q(0) n, |k|) with balls of radius less than 77 in the metric | - |, is
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like covering S(4Q (0) n/n?, k|) with balls of radius less than 1 if 4Q(0) n/n?
is an integer. If it is not, covering S ([4Q(0)n/n*] + 1, |k|) with balls of radius
1 is an even harder task. Thus we obtain

k|
N (n) < 2,65 (1 + 4Q(Ol”> (28)

2

For each ¥,n, k, we always have o= Q(0)n. To compute x (m = wp((40(0)
n)'"?), notice that n'? < 4Q(0)n implies Nx.. (1) < 2.6*"‘(%)‘“ and hence

-(4Q(0)m)

) < Coni / k] Log 2 (480(0)n /1) drf
0

172

12
= Cuan (45QUOIK)' [ log! (1

= ¢y (48Q(0)nlk )2,

Since the estimate 28 is uniform in ¥, which is not surprising since the
potential } is spatially homogeneous, the optimal choice of A(¥,n,k)
should be the same for all ¥x. Now Lemma 10 on each summand in 27 yields

PlJ(n) > Aln)]

Ak.n
I <10g[ﬁﬂjilkﬂ] >2 (29)

k| ¢
<Y (2d)*2.2Mexp - 200} (160(0)n k|

keN? —¢ :.miv
4.3. Computing A(n) and its Lyapunov Exponent

We choose A(k, n) such that each summand in the above series reduces to
n2(|k|*+1). Thus P[J (n) > A(n)] < n~ 2Kyny which is summable series in #
so that P-almost surely, for »n large enough, J(n) > \(n) and in particular,

: 1 . 1
lim sup—logi(z,0) < lim sup—logA(n), P-almost-surely. (30)
n

t—x 1 n—nc

By this choice of \ (k, n),

k

(26/(’?7)““ (20(0)n

)1/2
Aln) = Z mad g X 12 2
i Tk -((c’um.v + (log(4d ) + elixip)sloe )/ 2)
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To find the Lyapunov exponent for this quantity, we choose ¢ and &’
arbitrarily small numbers and decompose the sum according to whether or
not k| < (logn?)/¢, treat the simple case of lk| =0 separately (no jumps,
Borell’s inequality is not used; we omit the details) and require that » be so
large that for [k| = (log n*)/€, (log(1 + |k|*)/|k| be less than £’. We obtain A(n)
as the sum of the following three terms:

exp(2n0(0))'?

N
™ < Qﬂffc*n),—)exp(Q(O)nE“log R+ (2log n)?)
1<t Sloen) e L1kt

(2dc’1)rk' /2, 1 / 1/2
Y S POk Ry, + (2og 4d) + €7+ '),
|ki>(log n?y/e TT=1TT

The Lyapunov exponent of a sum of functions is the greatest of the
Lyapunov exponents of the individual functions. The first term has null
Lyapunov exponent. For the other two, note that

) |&e]
Z %ﬁk)'— = (exp2dCn)°.
VC‘ENd J=1 J:

The second term has Lyapunov exponent 2d2C. The third term, when the
sum is for |k| > 0, can be expressed as an expectation with respect the law
P (2dC) of a vector of d independent Poisson processes (N/,) with common
intensity 24C:

N(n) = e2dlanP(2dC) [eXpa/nl/z(erz T+t Ng)uz]

< eZdZCn (EP(2dC) [exp a,(nN,ll)l/z])d

where @ = Q(0)/*(c" ., + 22 (logdd + € +€)'%). Let a= Q(O)l/z(cﬁniﬁ'

univ
(2 log 4d)1/2). Because ¢, £’ are arbitraily small, and by inequality 30, we
thus have, P-almost-surely,

d

lim sup%logﬁ(l, 0) < 4d’CV lim Elog Eppa0)lexp a(nN})' /)
—oc n—o0

da* /4 (31)

<4d*Cv——.
log(2dC)~

For the last estimate we refer to [3] (Lemma 2.2 and calculation following)
where the above limit was evaluated in the case of small intensity using the
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Varadhan lemma (see [5], Theorem 2.1.10); namely, it is shown that if
A< e—l—a’

.1
lim Elong(,\)[exp a(nN}j)l/Z] < A

n—oc - log)\—l B

4.4, Conclusion

In view of the result (31) and of the almost-sure upper bound on the error
(13), we have proved that under hypothesis 6 there are positive numbers Cy
and K, depending only on Q (and d) such that for any x in RY if C=
Foaxke < Co, then

)
da*

1 )
lim sup—log u(z,x) < 2d*CV Koee/Crelp_g s,

AR 4log(2dC)™"

Notice that for C small enough (C < (), the first term on the right-hand
side reduces to da*/4log (2dC) . We are now free to choose ¢ as a function
of k (provided the condition C = Fyuke™? < Co A C; holds) to minimize
the upper bound. This is easily done with €= k¢ with ¢ arbitrarily small, to
obtain that 2@ *®W=,204/C2% ) s pegligeable next to log™'(c?/k)=
log !(x7'T4*9/2* %) Hence we obtain the upper bound in Theorem 2:
there is a universal constant ¢ and a positive number xq depending on @
such that for k < k¢ and for any x, P-amlost-surely,

_ 0)d(c + (2logdd)'/?)?
hmsupllogua,x)sQ( Yd(c + ( o d) )
o 1 log k™

References

[1] Adler, R. (1990). An Introduction to Continuity, Extrema and Related Topics for General
Gaussian Processes, Instit. Math. Stat., Hayward, CA, 12.

[2} Carmona, R.A. and Molchanov, S.A. (1994). Parabolic Anderson Model and Inter-
mittency, Memoirs of the Amer. Math. Soc., 518.

{3] Carmona, R. A., Molchanov. S. A. and Viens, F. G. (1996). Sharp Upper Bound on
Exponential Behavior of a Stochastic Partial Differential Equation, Random Operators and
Stochastic Equations, 4(1), 43—-49.

[4] Dawson, D. A. and Salehi, H. (1980). Spatially Homogeneous Random Evolutions, J.
Multivariate Analysis, 10, 141 --180.

{5} Deuschel, J.-D. and Strook, D. (1989). Large Deviations, Academic Press.

[6] Karatzas, 1. and Shreve, S. E. (1989). Brownian Motion and Stochastic Calculus, Graduate
Texts in Math. Springer Verlag.



STOCHASTIC ANDERSON MODEL 273

[7] Major, P. (1981). Multiple Wiener-1t6 Integrals, Lecture Notes in Math., 849, Springer
Verlag.

[8] Shiga, T. (1992). Ergodic theorems and exponential decay of sample paths for certain
interacting diffusion systems, Osaka J. Math., 29, 789-807.

[9] Viens, F. (1996). Ph.D. Dissertation, University of California at Irvine.




