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ABSTRACT. We consider the Anderson polymer partition function
"t X (s)
u(t) :=EX [ejﬂ dBs ] ,

where {BY ; t > 0}, ca is a family of independent fractional Brownian motions
all with Hurst parameter H € (0,1), and {X(t)},cg>o0 is a continuous-time
simple symmetric random walk on Z<¢ with jump rate s and started from the
origin. EX is the expectation with respect to this random walk.

We prove that when H < 1/2, the function u(t) almost surely grows asymp-
totically like e**, where A > 0 is a deterministic number. More precisely, we
show that as t approaches +oo, the expression {% logu(t)}icg>0 converges
both almost surely and in the £! sense to some positive deterministic number
A

For H > 1/2, we first show that lim¢— oo % log u(t) exists both almost
surely and in the £! sense, and equals a strictly positive deterministic number
(possibly +00); hence almost surely u(t) grows asymptotically at least like et
for some deterministic constant a > 0. On the other hand, we also show that
almost surely and in the £! sense, limsup;_, . #@ log u(t) is a deterministic
finite real number (possibly zero), hence proving that almost surely u(t) grows
asymptotically at most like ePtVIost for some deterministic positive constant
B.

Finally, for H > 1/2 when Z® is replaced by a circle endowed with a
Hoélder continuous covariance function, we show that lim sup,_, .o % log u(t) is a
deterministic finite positive real number, hence proving that almost surely w(t)
grows asymptotically at most like et for some deterministic positive constant
c.
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INTRODUCTION

Let (Q%, FX, (FX)i>0,PX) be a complete filtered probability space with P
being the probability law of a simple symmetric random walk on Z? indexed by
t € R2° and started at the origin. We denote the jump rate of the random walk
by & , the corresponding expectation by EX and a random walk sample path by
X (-). We also denote by D7 the space of right-continuous paths X : [0,T] — 7
that have only a finite number of jumps all of which having length one. Let also
{B?; t > 0},czq be a family of stochastic processes indexed by Z¢ and independent
of the random walk.

The Anderson polymer model (with inverse temperature ) [3] is the Gibbs measure
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on Dr defined by (if it exists)

1 T 1 pX(s)
(1) /‘i{,@,T(-A) = mEX [eﬁ Jo dB: 1{x()eay] for any event A € Dy

where

u(T) := B~ {eﬁ o dBSX(S)} .

Here the stochastic integral is nothing more than a summation. Indeed, suppose
n is the number of jumps of the random walk X (-), the sequence {t;}?_; are the
jump times of X(-) in the time interval (0,7, and define to := 0 and tp41 := T
Also for each i let x; be the value of X (-) in the time interval [t;,¢;41). Then we

have
n

T
/ dBX() = Z(Bfi:l - B
0 i=0
The function u(-) is called the partition function of the polymer.
u(-) is also related to the solution of the parabolic Anderson model which is
described by the following equation

(2) %u(ta I) = IiAu(t,:E) + é(t,x) u(t,x), = 7.4 ,t>0

u(0,2) = uo(x),

where k£ > 0 is a diffusion constant and A is the discrete Laplacian defined by
Af(z) =5 Z|y—m|:l(f(y) — f(z)). The potential {{(¢, %)}, can be a random
or deterministic field or even a Schwartz distribution. For more on the parabolic
Anderson model we refer to the classical work of Carmona and Molchanov [2], as
well as the surveys [9, Bl [13].

By [21, if for every y € Z? the function {£(t,y)}, is locally integrable in ¢, and if
the following Feynman-Kac formula is finite, then it actually solves Equation (2]

(8)  ultw) = B [up(X (0)els €CX D] —BX [y (x (1))eli 45577

where B} := fot &(s,y)ds, and X () is a simple symmetric random walk on Z?, with
jump rate , started at x € Z% and independent of the family {£(¢,y)}+.,-

The parabolic Anderson model (PAM) has been extensively studied both when
the potential £(t,z) is a real-valued field (see e.g. [7, 8 [13] and the references
therein) and when it is a white Gaussian noise which is a distributional-valued field
(see e.g. [2L [1] and their cited references). On the contrary, very little is known on
the PAM driven by distributional-valued potentials other than the white Gaussian
noise. We study the asymptotic behavior of u(-) when the potential £(¢,z) is a
fractional noise by which we mean the corresponding {Bf ; t > 0},czq is a family
of independent fractional Brownian motions all with the same Hurst parameter
H € (0,1). Fractional Brownian motion (fBm) as a generalization of Brownian
motion, is widely used to incorporate long-range spatial or temporal correlations.
Many phenomena in physics, biology, economy and telecommunications show long
range memory (see e.g. [20] and references therein).

When the parabolic Anderson model is driven by fractional (or white) noise
which is the formal derivative of fractional (or standard) Brownian motion, the
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parabolic Anderson equation is formulated in the following mild sense

u(t,z) — u(0,z) = /i/o Au(s,x)ds —I—/O u(s,xz)dBY
u(0,2) = uo(x)

(4)

where {BY ; t > 0},¢za is a family of independent fractional Brownian motions all
with Hurst parameter H € (0,1), and the stochastic integral is of the Stratonovich
type [2, [12].

It has been shown that the Feynman-Kac formula (B]) solves Equation (@) when
it is driven by white noise [2] and when driven by fractional noise of any arbitrary
Hurst parameter [12].

The asymptotic behavior of u(-) has been studied in [2] and [4] for the case of
Brownian motion i.e. H = 1/2. It has been demonstrated [2, [4] that almost surely,
%1og u(t) converges to some deterministic positive constant A which is called the
Lyapunov exponent of w(-). These proofs make use of subadditivity properties
and independent increments of the Brownian motion which no longer apply to the
general case of H € (0,1).

In [24] the parabolic Anderson model on a circle (S') with Riemann-Liouville
fractional Brownian environment was considered. For H < 1/2, assuming quite
strong conditions on H, x, and the spatial covariance, it proves that { % logu(n)}nen
converges to some deterministic positive number. For H > 1/2; it tries to show

that logu(t) grows asymptotically faster than %, which is in contrast with our
results in Section B where we show that in the compact-space setup (for example a
circle), log u(t) grows linearly for H > 1/2 as well.

In this paper we consider

)

(5) u(t) = EX [efd 4B

where {BY ; t > 0},cza is a family of independent fractional Brownian motions all
with Hurst parameter H € (0,1). It should be noted that § in Equation () plays
no role in our arguments, hence for the sake of simplicity we take 8 equal to 1. Let
also

(6) U(t) :=Elogu(t),

where “E” denotes expectation with respect to the fractional Brownian motion field.
Although we assume that the fractional Brownian motions associated to different
sites of Z? are independent, our results remain valid for much more general spatial
covariance structures.

We summarize the results of this paper by the following two theorems.

Theorem 0.1. With the above notations, we have:

I. For H < 1/2, the limit of {%1ogu(t)}teR>o, as t approaches oo, exists both
almost surely and in the L' sense, and equals some strictly positive finite determin-
istic number.

II. For H > 1/2, the limit of {%1ogu(t)}teR>o, as t approaches oo, exists both
almost surely and in the L' sense, and equals some strictly positive determinis-

u(t)
ty/logt

tic number (possibly +o0c). Moreover, limsup,_, .

is a finite deterministic
number.
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As a by-product we also prove the next theorem that provides a time-linear upper
bound on the Anderson polymer partition function in the set-up of [24]. Setting
the stage, let {BY ; t > 0},er be a family of fractional Brownian motions of Hurst
parameter H € (0,1) with the following covariance structure

E(BfBY) = Ru(t,s) Q(z,y)

where Q : R x R — R is a positive semi-definite function 27-periodic in both
coordinates, and Ry (¢, s) is the fBm covariance function, i.e.

1
Rp(t,s) := §(It|2H + s —Jt = s[*).

Let uc(-) be defined as follows
(7) uelt) = BX [efi 45X

where X (-) is a symmetric random walk on R with unit jumps and started from the
origin, or equivalently a simple symmetric random walk on Z started from zero.
Note that this set-up is equivalent to the Anderson model over S' (unit circle).
Then we have

Theorem 0.2. Suppose Q(-,-) is Holder continuous of order o > 0, in the sense
that there exist positive constants C' and o such that

1 1
Q(z,y) — 5@(%3@) - QQ(%Z/” <Clz—y|* foreveryz,y € R.

Then there exists a deterministic constant 0 < A < oo such that almost surely
ue(t) < e for t sufficiently large.

The organization of this paper is as follows:

In Section [l we gather some background material which will be used in the
succeeding sections.

In Section 2] we show that the main contribution to U(t) comes from those ran-
dom walk occurrences that have at most 9 (to be defined there) number of jumps
over the time interval [0,¢]. We denote by U (t) the part of U(t) that comes from
this kind of random walk occurrences. We also show that as far as the asymptotic
behavior of {U(t)}rer>o is concerned we can confine our attention to the integer
values only, i.e. when ¢ € IN.

In Section Bl we develop a Lipschitz inequality that will serve as a building block
for all our subsequent arguments.

In Section @ we prove an approximate super-additivity for U (-). This would
then imply the convergence of %(7 (t) as ¢ goes to infinity.

Section [l is devoted to the quenched asymptotic behavior. In mathematical
physics terminology the quenched statements are those statements that are for-
mulated almost surely. Here we seek the almost sure behavior of logu(t) when ¢
approaches infinity. In this section we show that logu(-) has the same asymptotic
behavior as U (). In particular we obtain limits over the positive real ¢’s instead of
just positive integers.

In Section[Gl we establish a strictly positive asymptotic lower bound on {%ﬁ(t)}t,
for any x and H € (0,1). Hence along with the super-additivity result, it shows
that U (t) grows in ¢ at least as fast as At for some strictly positive A.
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Section [[] deals with finding an asymptotic upper bound on {%[7 (t)}+. There, a
finite asymptotic upper bound is easily found for the case of H < 1/2. For H > 1/2,
we show that { %ﬁ(t)}t is asymptotically bounded by Cty/logt for some positive
constant C.

Finally in Section 8] we deal with the compact-space setup of [24]. We show that
compactness can be utilized to improve our t/logt upper bound to a linear one.

1. PRELIMINARIES
We recall some basic elements that will be used in later sections.

1.1. Fractional Brownian Motion. A Gaussian random process { B; };cr is called
a fractional Brownian motion (fBm) of Hurst parameter H € (0, 1) if it has contin-
uous sample paths and its covariance function is of the following form:

(8) E(B:Bs) = Rul(t,s) = = ([t +|s|*" — |t — s]*").

1
2
Property 1.1. For a fractional Brownian motion with Hurst parameter H, the
increments over disjoint intervals are positively correlated for H > 1/2, negatively
correlated for H < 1/2, and independent for H = 1/2 (see e.g. [10]). In other
words, for a fractional Brownian motion { B} of Hurst parameter H, and for any
s <t < wu < v the covariance E((By — Bs)(By — By)) is positive for H > 1/2,
negative for H < 1/2, and zero for H =1/2.

Property 1.2. A fractional Brownian motion {Byi}y, of Hurst parameter H €
(0,1), can be represented as a Volterra process [18§]

) B, — /O Ku(t, s)dW, |

where Wy is a standard Brownian motion and the stochastic integral is in the Ito
sense. Kg(t,s) is the square-integrable kernel defined for every 0 < s < t as follows
For H > 1/2:

and for H < 1/2:

®» |+

Ky(t,s) = C}I((

where cg and cy are positive constants that depend only on H.

—1 1 t
)H é(t— S)Hfé —(H - g)séfH/ qu%(u— S)Hfédu) ,

For H < 1/2, we have the following equality
t
0K —1
Ky(t,s) = 102?51 i 6—tH(u, s)du + c}{(%)H (o — S)H*%.
This shows that for any H € (0,1) and any 0 < s < t; < t2 we have

2 9K
KH(tQ,S)—KH(tl,S)Z/ 8—tH
t1

ta
e [ -9 .
t1 S

(u, s)du

where cy = iy (H — %)
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1.2. Malliavin Calculus. Let (Q, F, P) be a probability space and G a Gaussian
linear space on it. Let also H be a Hilbert space with the isometry W : H — G.
Define S as the space of random variables F of the form:

F=f(W(e1),- -, W(en)),

where ¢; € H, f € C*(R"), f and all its partial derivatives have polynomial
growth. The Malliavin derivative of F, VF, is defined (see e.g. [I1l 23]) as an
H-valued random variable given by

6:51-

VE = (W(p1), ... W(pn)).0i

i=1
The operator V is closable from L?(2) into L?(Q2; H) and one defines the Sobolev
space D2 as the closure of S with respect to the following norm [I1]:

IFll2 = \/E(F?) + E(IVF|Z)-

For more on Malliavin calculus we refer to [11].

Let {Bf;t € R} cz¢ be a family of independent fractional Brownian motions
indexed by z € Z? all with Hurst parameter H.
Let ‘H be the Hilbert space defined by the completion of the linear span of indicator
functions 1jg x4} for t € R and x € Z% under the scalar product

(Lio,1x {=}> L[0,s]x {y}) 1 = Ru(t,s) 6= (y),

where § is the Kronecker delta, and Ry is as in (). For negative ¢ we assume the
convention 1[O,t]><{ac} = _l[t,O]X{m}-

The mapping B(1{g 4x{2}) := Bf can be extended to a linear isometry from H onto
the Gaussian space spanned by {B¥);t € R,z € Z?}. This is the only setting to
which we will apply Malliavin calculus in this paper.

1.3. Concentration inequalities. Let ({2, F, P) be a probability space, H be
a Gaussian Hilbert space on it and F(#) be the sigma algebra generated by H
[11]. The following theorem shows that the probability distribution of a Malliavin
derivable random variable with bounded derivative decays exponentially away from
its mean value. We will use this theorem in Section [l for establishing the quenched
limits.

Theorem 1.3 (B.8.1 in [23]). Suppose that ¢ € DYP for some p > 1 with V¢ €
LX(GH), i e ||Vo|ln is almost surely bounded. Then we have the following tail
probability estimate:

2

10 P{w; |p(w) —Elgl] > ¢} < 2eap{ro—m—
(10) s o) ~Elell > o} < 2eapl oy ——

}

Dudley’s theorem or Dudley’s entropy bound [I5] provides a tight upper bound
on the expectation of the maximum of a family of Gaussian random variables.

Theorem 1.4 (Dudley). Let {X;}:er be a separable centered Gaussian process
indexed by some topological space T and p be the pseudo-metric on T defined by

p(s,t) := \/E(X; — X5)2. Then we have
(11) E(sup X;) < K/ V1og N(e)de,
0

teT
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where N (€) is the minimum number of p-balls of radius € required to cover T, and
K is a universal positive constant.

Borell’s inequality [14] shows that under very weak conditions, the maximum
of a family of Gaussian random variables concentrates around its mean, and away
from its mean its probability tails decay exponentially.

Theorem 1.5 (Borell’s inequality). Let T be a topological space and {X;}ier be
a separable centered Gaussian process with sup;er X¢ < 00 almost surely. Then
[14] the expectation E(sup,cqp X¢) is finite and for any ¢ > 0

A2

]P’(| sup X; — E(sup X;)| > )\)g %e 7%
teT teT

where 03 := sup,cr E(X?).

2. CONSTRAINING THE NUMBER OF JUMPS AND QUANTIZATION

In this section we show that as far as the asymptotic behavior is concerned we can
confine our attention to only those random walk occurrences that have a specified
maximum number of jumps.

For any positive real number ¢t we define 91; as follows

|#2] for H > 1/2

(12) e = {kaat] for H <1/2,

where p := max{e®, k71}, and |z] denotes the floor of z, i.e. the largest integer
not greater than x.

For t > 0, let A; be the event that the number of jumps of the random walk in
the time interval [0, ] is less than or equal to 9%, and define U (t) as follows

(7(1%) := Elog EX [efot dBf(S)lAJ .
We have the following proposition:

Proposition 2.1. For any function f : R>° — R>? which satisfies als —t| <
[f(s) — f(t)] < Bls —tP for some fixed positive numbers a, B, and p, we have

lim sup M = lim sup M ,
oo [(t)  napen f(n)
and
lim inf M = lim inf M .
tooo f(t) 2R fn)

Proof. We show in the first part that % and g are asymptotically very close, and

then in the second part we show that the asymptotic behavior of % over integers
is the same as over real numbers.
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First part: We should examine how close U(t) is to U(t). Define Sk =
fot dBX®) . Using the inequality log(1 + a) < a and then Cauchy-Schwarz we have
X[
EX [e$§< 1 An]

EX [e$3<1,4c]
<E(grara))
EX [eSx14,]

< \/IE(EX [es%lAg})Q\/E(EX [653{1,4,5])727

where A{ is the complement of A;.
As 272 is convex and S% is Gaussian , we have

Ut) - U(t) = Elog(l +

]E(EX [653( 1At])_2 < pSEEX [67253( 14] < p;fEX [e2var(S§()1At] 7

Ay

where p . is the probability of A, and var(-) denotes variance with respect to the
environment, i.e. the fractional Brownian motion field.
For the other term, again by Cauchy-Schwarz we have

t 2 t t
E(EX [eSX 1A§]) <p EEX [ezsx 1A§] <D EX [ezvar(sX)lAg] :
where p s is the probability of A{. So we have
(13)  0<U@)—-U®) < p;tB/z p;/gz EX [621)("(5;()1_,4?] EX [ezuar(sg()lAt]

i) For H > 1/2: In this case as the increments of the fBm are positively correlated
(property [LT]), the maximum variance is achieved when the random walk stays on
a single site and never moves away. So we have

var(S%) < *7.
So
EX [e2var(8§)1AJ < pAt 62

hence by ([I3)), we have

t2H X [,2var(S} 2t2H
and E [e var( X)lAg] SpAtce

Ult)—U(t) < p;tlpAtc 2t
Let N denote the number of jumps of the random walk X (-) in the time interval
[0,¢]. Evidently N has a Poisson distribution with mean xt. But for a general
Poisson random variable N with mean A we have the following tail probability
bound [17]

e

(14) P(N >n) ge*A(Z)” forn > \.

Using this bound, for ¢ > ke? we have

ext

—nt( t2

2 _ _ 42
P <e )tSentet
t

)

which implies p,, > 1/2. Hence

2H

(15) 0<UR) —T@®) <2 2" ~ 0fe™).

ii) For H < 1/2: Let N be the number of jumps of the random walk X (-) in the
time interval [0,¢], and let {¢;}, be its jump times. We moreover define ¢y := 0
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and tx4+1 :=t. As the increments of the fBm are negatively correlated in this case
(property [L1)), the maximum variance is achieved if the random walk never visits
any site more than once. Hence we have

N

t
var(8%) < Y (tiyr — )" < (N +1)( )
= N +1

where we have used the concavity of the function z?# and the Hélder’s inequality.
So

EX [e2var(s§()1AJ < EX [ez(N“)lﬂHtw 1At] < EX [62(pme)172thH 1AJ

2 172Ht
< e2(pr) P,

and
EX [ezvar(sg()lAtc] < EX [62(N+1)(N;+1)2H lAg} < EX [62(N+1)(p,i)7zy 1Ag]

< EX 2(N+1)1 _ —kt (Kt)n 2n < —kt_e2kt

< [e Ag] =e Z e e e
n>|prt]

where we have used the fact that px > 1.

Finally using p > €% and Poisson tail probability bound (I4]) we have

ext

—Kt
( prt

prt —Kt  —5pkt
)Pt < e e ,

P S€
which also implies p,,, > 31/32.
Hence by ([I3]) we have
0<Ut)—U(t) < (31/32) Lexp{(pr) 2t — Kt/2 + €*kt /2 — Bprt/2}
~ 0™,

where we have used p > €5 and px > 1.
So in any case and using ﬁ ~ O(1) we have the following inequality

U U@ U@
CINICIREI0

Second part: ~We would like to show that by constraining ourselves to the

(16)

(17) +0(e™).

integers we do not lose any information on the asymptotic behavior of %

For any 0 < t; < t2 define Cy, 1, to be the event that the random walk has no jump
on the interval (t1,t]. Let n := [t], and for any = € Z? denote ABY , := Bf — BZ.
We have

a(t) = EX [l 45571, ] > BX [l 4551, 1, en 4B
=EX [efon 4B 14, 1cmeABf~(fn)]
> EX [efo" dB§‘<S)1An 1c, ] emimieisonn AB?,
— X [efo" dBX® lAn} PX(Cn,t) eMine<n, ABY

So we have

U(t) = Elogii(t) > U(n) — k(t —n) + ]E‘ I‘% ABZ,.

By elementary probability one can show that expected-value of the maximum of
m centered Gaussian random variables is bounded by o+v/2logm where o2 is the
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maximum of their variances [15]. As var(ABy ;) is bounded by 1 for every z, we

have
E AB® . < +/21og((201,,)4).
Jnax ALy, < 0g((20,)9)

U(t) > U(n) — K1+/log(n),

where K is a positive constant that only depends on x and d but not on any of
the other variables.
We can similarly show that

Un+1) > U(t) — K2/log(t) .

So we have

So we have
(18) U(n) — K+\/log(n) < U(t) < U(n+1) + K+/log(t) .
Hence the proposition follows from inequalities ([I8) and (IT). O

3. LipscHITZ CONTINUITY OF RESIDUES OF FBM INCREMENTS

In this section we consider the following stochastic process defined for every
u>n
n
Yo (u) := / (u—s)=# (2% aw,
0
and establish its Lipschitz continuity. This will play a vital role in the succeeding
sections. Indeed for n € N2! and n + 1 < t; < t5 we have

S

(19) B, — By, = / (KH(t%S) — Ky(ti, 8))dWs + Znty
0

where Z,, +, is measurable with respect to the sigma field generated by
{Ws =W, ; s €[n,ta]}.
Applying the stochastic Fubini’s theorem [I9] to the first right hand side term of

@) we get
n n to 3 .
/ (KH(tQ,s)—KH(tl,s))dWS :/ / (u— )H=3(L)H=% qu dw,
0 0 t1

S
to
= Y, (u) du.
t1

For k,n € N=! and u € [n + k,n + k + 1] we define the process Y,, . as Y, x(u) :=
Y, (u).

We denote by =< and < respectively, equality and inequality up to a positive con-
stant that only possibly depends on H.

Proposition 3.1. Let k,n € N2 and u,v € [n+k,n+ k +1]. Then
k

(20) E[(Yor(u) = Yo (0))?] Z (14 2)2H 1204 (4 — )2,

n

and

(21) E[(Yar(u)?] 2 (1+ S)QHfleHfz.
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Proof. Without loss of generality we may assume that « < v. Using the Ito isometry
for stochastic integrals [I9] we have

E[(You(u) = Yoi(v))?] = /On((u—s)H%(%)Hi - (U—S)H*%(E)Hf%)zds
<2 + I2),
where
" u _ _3 _8\2
I ::/0 (E)2H 1((u—s)H 2 —(v—s)" 2) ds,
and

n 2
L= / (v =522 (D)4 = (2)71) ds.
0 S S
We furthermore break I; and I into integrals over [0, 3] and [§,n] so that I; =
L, + Iy and Iy = I, + I, and we will bound these terms.

Using the following inequality
(22) (w—s)f72 —(v—s)f72] 2

which holds for s < u < v, we have

n S

Iy % (u—v)? / (2)2H =1 — 5)2H =5 ds,
2
and
1

¥l
2 2H-1
Lo X (u—v)°u /0 AT (y — 55 2A ds.

When § < sand u <n+k+1, for H > 1/2 we have

Uog—q _ n+k+1oh 4 k.om_1
u <(RrRtl 2142
R
and for H < 1/2 we have
Uiog—1 _ Ntk opg
= < (= )
(L=t < (2

So in any case we have

n

Ip Z (u—v)2(1+ %)QH_l / (u— )" ds

n

2

k
2 (u—v)*(1+ g)QH_leH_‘l.

Using u?#=1 * (n + k)22 =1 and the inequality u — s > k +n/2 = k + n, which
holds for s < 3, we have

n

3
Na Z (u—v)2 (n+ k)27 (n 4 k)25 / st2H s
0

_ (u _ U)2 (n 4 k)4H_6 n2—2H < (u _ U)2 (n 4 k)2H—4

S (u _ ,U)Q k2H74'
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For I, we apply [u=2 —vH=3| Z (v — w)u % and notice that for s < n/2
we havev — s > k+n/2 >= k 4+ n. We obtain

I < (n+ R / (s = () as

2
2 (TL—|— k)2H73(u _ ,U)QUQHfB/ 5172H ds
0

L (u—v)?(n + k) —6p2720
So
Ioa 2 (u—v)2(n+ k)" 5(n+ k)>2H < (u — )2k 4
Similarly for I, we have

n
Iop % (u— v)Qqufg/ s172H (y — 5)2H =3 5.

n

2

It can be seen that

n n
/ s172H (g _ 5)2H=3 45 = n172H/ (v — 5)2H=3 45 % pl 2H2H-2

n n

2 2

So we get
k
Iop X (u—v)2(1 4 =) 124
n

Finally for the variance bound (ZII), we similarly have

Bl(s)] = [P as= [k e,

0 S

We have

n/2 " n/2
J1 X (n+ k)QHfg/ (=) 1ds = (n+ k)4H74/ st72H 45
0 S 0
< (7’L+ k)4H74n272H 2 (1 + E)2H72k2H72
n
and

k " k
J2 2 (1 4 _)2H—1/ (’U, _ S)QH—B ds Z (1 4 —)2H_1k2H_2.
n ’ﬂ/2 n

4. SUPER-ADDITIVITY

In this section we show that {U(n)}nen which is not super-additive in the clas-
sical sense, still possesses a kind of approximate super-additivity that guarantees

the convergence of {%}nEIN'
Theorem 4.1. The sequence {@}neﬂ\l converges to some positive extended real
number X € [0, +o0].

While {U(n)}nen is not super-additive in general as it is in the Brownian mo-
tion case, we seek some approximate super-additivity. The almost-super-additivity
arguments in [24] were the main inspiration for this section.
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Let {f(n)}nen be a sequence of real numbers and {e(n)},en a sequence of non-
negative numbers with the property that

(i) lim €(n) =0; (i) Y

e(2™)
2

n

< 0.
n—oo n

Then {f(n)}nen is called almost super-additive relative to {e(n)}nen if
fn+m) = f(n)+ f(m) —e(n +m)
for any n,m € IN. We have the following theorem [24, [6]

Theorem 4.2. Let {f(n)}nen be almost super-additive relative to {e(n)}nen as
defined above.

(1) If sup,, @ < 400, then lim,, % exists and is finite.

(2) If sup,, @ = 400, then {@} diverges to +o0.

Lemma 4.3. For any n,m € IN we have
Un+m+1)>0Un)+U(m)— . (m +n)/log(m +n).

Proof of Lemma.

Step 1: Take arbitrary n,m € IN and without loss of generality assume that
n>m.

Let A, be the event that the number of jumps of the random walk in the time
interval [0,n) is less than N,, defined in ([I2), and similarly B,, be the event that
the random walk has less than 91, jumps in the interval [n + 1,n + m + 1). Let
also C be the event that the random walk has no jump in the interval [n,n + 1).
We have

X ()
e 0" dB; 1

rn+m+1 X(t
A, e-]n+ + dBt (t)
X (%)

(23) U(m+n+1)—U(n) > ElogEX —
(EX[SIO dB; 1-A'n,]

1Bmmc) .

Let F be the sigma field generated by the random walk up to time n. Then the
right-hand-side of the above equation is equal to

efn t © I A n+m-41 X(t
(21) EX 0 n EX ef" dBt ()] C|F .
EX [eff)n “ 1 ]
t An

For any t > n, let X(t) := X(t) — X(n). By the Markov property of the random
walk, and then the fact that {X(¢)};>, is independent of F we have

n4+m-41 X (t) n+m+41 X (t)
EX (el 4B 1, nel F) = EX (el B 1, ne| X (n))

X (£)+X (n)
= BX (BT X (n)
& n4m41 X (t)+X(n)
= EX (efn dBt 1Bmﬂc)
v n4m41 X(t)+Y
:Ex(efn dB; ]-Bmmc);

where Y := X (n).
Now denote by EY the expectation with respect to the random variable Y with the
following distribution

X(t
efon dB; )1

An
X (t)

D _ _ mX
P (s

1X(n):y) : Yy € Zd.
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So equations (23) and 24]) imply
Um+n+1)—Un) >ElogE" (E)} (efff”w‘+1 dBr Y 15mmc))
(25)

—Y & n+m X(t)+Y
>EE log EX (/4B 1 ).

Step 2: Let {ﬁ/\m}mezd be a family of independent standard Brownian motions,
which is independent of any random variable introduced so far, in particular in-
dependent of the random walks X (-) and X (-), the fractional Brownian motions
{B®},cza and hence their corresponding Brownian motions {W?}, .74 appearing
in their integral representation. For any x € Z% define WSI as

e Wf for0<t<n
L Wf—Wff—i—W,ff fort >n.

It is easily verified that W is itself a standard Brownian motion.
We define the following family of fractional Brownian motions indexed by Z¢

t
(26) By ::/ Kg(t,s)dWe.
0
It is clear that for t > n
n t
(27) By :/ Kpl(t, s)de—i—/ Ky(t,s)dW?.
0 n

Now let {t;}s, t; > n+1, be the jump times of the random walk after time ¢t = n+1,
and for every i let ; be the position of the random walk in the time interval [¢;, ¢;41).

Then by ([27) and noting Bf = fot K (t,s)dWZ we have

L R4y L R4y
/ dBt()+ :/ dBt()+ —|—AX,
n+1 n+1

where

AX ::Z/ (Ku(s,tiv1) — Ku(s, t;))dW?
B 0

- Z/OH(KH(S,UH) - KH(s,tl))de ,

By the definition of Ky and using the stochastic Fubini we have

S

tiv1 n
:CH/ / (u—5)=#(2)I=2 AW du
t; 0

S

n n o plig
/ (Ka(s,tiv1) — Kp (s, ti)) AW :CH/ / (U—S)H_%(E)H_%dudwsﬂ“
0 0 Ji;

tit1
:cH/ Y (u) du,
t

i

and similarly

n . tig1
/ (KH(S,tH_l) —KH(S,ti))dWSmi = CH/ Y;Z(U) du,

i
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where .
Y (u) = / (=)™ F ()
0
Hence we have

n+m+1 nt+m+1
AX = cH/ VX (4) du — cH/ Y X (4) du.
n+1 n+1

So under the event A, N By, AX is bounded from below as follows

m m

AX > cpy g inf Y¥(u) —cpy Z sup Y (u).
S Ja <R+ = <N+,
~tu€ntk,nt+k+1] T u€ntkntk41)

Also, under the event A,, N C we have
n+1 ~

> inf (BY,, - BY).
- \y\g‘ﬂn( n+1 n)

So under the event A,, NC N B,, we have

n+m-+1 )} v n+1 )Z v n+m-+1 "’)} v
/ dBX Y — / aBr Oy 4 / dBF I L AX
n n+1

n
L R4y
2/ ABXWTY 4 it (BY,, — BY)
n+1 ly|<N,
m m
+ep E inf Y5 (u) —cy E sup Y5 (u).
st |2 <N+ 1 2S940,
u€n+k,n+k+1] u€[n+k,n+k+1]

Step 3: Plugging this inequality into Equation (28] we get

~ ~ n4m41 dé}?(t)ﬂ/
t

Um+n+1)—-U(n) > EE" log E)Z(e nt1 15,.nc)

E inf (BY,, — BY E _mf Y7
+ ‘y‘lélmn( n+1 n)+cHZ |m|§011ri+‘ﬂm w ()
k=1 yelntkn+hk+1]

—cyE g sup Y7 (u)
k=1 ‘1‘Smn+mm
we[n+k,n+k+1]

Fort >n—+1,let X'(t) := X(t) — X(n+1). Then we have

—Y & ntm+1 ;mX()+Y
EE log EX (efnsi" 45 Bonc)

—Y X n+m+1d§X/(t)+Y
=EE logE (e n+1 ¢ 13mmc)

rntm+l  mX (H)+Y
dB;

—EE" log X’ (efn+1 1g,,) +1logP(C).

Let QA[O)n] be the sigma field generated by {Wf ; s€[0,n], x € Z?} and Gn,o0) the
sigma field generated by {W2 — W2 ; s € [n,00), € Z%}. Also denote by G, the
sigma field generated by {WZ ; s € [0,n], z € Z?}. Clearly G; is independent of
Go. It is evident that for any ¢ > n the process Ef is measurable with respect to

G = §[O,n] V Gn,o0) Where V denotes the smallest sigma field containing the both.
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So f::flﬂ df?;x(tHy is also measurable with respect to G;.

Using the notation f(Y) := log EX’ (e BT 13,,), we have
_ JoraBXq
EE" [f(Y)] = BEY [——— 54— f(V)]

n X (t)
elo 4B

ot )E(f(V))] -

EX [ejon dB; 1_,4"]

I dBrX(t) 1
e £ . .

————722%— is measurable with respect to G, and
EX[el6" 1PE 1 4,,]

hence independent of f(Y'). But for ever}? y € Z% the random variable f(y) =

ntm+1 35X ()+y L. . rm g X ()
EX' (efn+1 dB; lgm) has the same distribution as EX (efo dB; lAm). So
we have

=E*[E

where we used the fact that

E[f(Y)] = Elog EX (/" 42514, ) = U(m).
Hence we get the following conclusion
(28) Um—+n+1)—0U(n) >U(m) —en,m),

where

= N Yy _ By _ : x
€(n,m) := E\y\lg&JBwA BY) CHZE \m\galirif-i-mm Y (u)

k=1 w€[n+k,n+k+1]
—logP(C) + cyE Z sup Y (u)
1 |20+,
u€[n+k,n+k+1]
(29) m
=E sup (BY, ,—B}))+cu ZE sup Y7 (u)
‘y‘gmn i=1 |m|§mn+mm
we[n+k,n+k+1]

—log P(C) —i—cHIEZ sup Y (u).
k=1 |$|§mn+mm
u€[n+k,n+k+1]

Step 4: We are going to bound the terms in (29) applying Dudley’s theorem [[.4l
For the first term we use the fact from elementary probability [15] that expected-
value of the maximum of n centered Gaussian random variables is bounded by
ov/2logn where 02 is the maximum of their variances . As var(BY , — BY) =1
for any y and n, we have
(30) E sup (BY,, — BY) < /2logM, < ¢ g/logn,

ly| <9y
where Cf{, g7 1s a positive constant that only depends on « and H.

For I € NZ!, let {u;}!_; be the [ equally-spaced points on the interval (n+k,n+
k+1). Then for any u € [n+k, n+k+ 1] there exists a u; with |u—u;| < 4. Using
proposition B on the Lipschitz continuity of Y,, and noting that k < m < n, for
every = € Z® we have

1
@0

E[Y7(u) — er(ul)}z ek (u—u)? < ekt

n
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and

E(Y? () < Cuk?H2,
where cy and C'y are some positive constants that depend only on H. This means
that for 0 < & < ¢y k=2, where ¢}, := (/¢ /2, we can cover

{Yo(u); uen+knt+k+1,z€Z% x| <N, + N}

by (N, +N.n) c/HksHiz balls of radius e.

For ¢ k"2 < e < Cyk" =1, where C}; := +/2Cp, this set can be covered by I, +
N, e-balls. And finally for e > Cj; k71, the whole set can be cover with one single
ball. So by Dudley’s theorem [[.4] we have

k™2 o LH-2
E sup  Y7*u)< K/ log ((My, + M) L——) de
|z| <Ny 4N 0 €
we[n+i,n+i+1]
Cukf—1
+ K V01og(M,, + Nyy) de
C/ kH72

< KT g /log(n+m) .
So
ZIE sup <c,iH\/10gn+m ZkH !
(31) k=1 |#]|<0 49,
wE[n+i,n+i+1]
<l ymM\/log(n+m).
In the same way we have

m

(32) E E | |<(sﬁup N Y (u) < cl ym™/log(n +m).
— | <N+
k=1 w€[n+i,n+i+1]

As we additionally have P(C) = e~ ", by Equations 29), (0), (1), and B2) we
obtain the following inequality

e(n,m) < cxgm™ \/log(n +m).
This inequality along with Equation (28] completes the proof. O

Proof of Theorem[{.1] Applying the above lemma we can easily see that {ﬁ(n —
1)}new is almost-super-additive with respect to €(n) := ¢, gnf \/log(n). Then
theorem [.2] implies that {M}HGJN converges to some positive extended real

number and hence so does { }ne O

5. QUENCHED LIMITS

In this section we consider the quenched limits.
We introduce the following notation:

a(t) = EX[elo 4BY V1 4] and  T(t) := Eloga(t)

where A; is the same event defined after Eq. ([2). Recall also the definition of u(t)
from Eq. (@).
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In the first proposition we show that the convergence of {@}nem to a strictly
%}nem to A. Then in the second
proposition, we show that this in its turn implies the convergence of {logf(t) Her>o
to A as t goes off to +00. In the following proof we use arguments from the
Malliavin calculus. The use of Malliavin calculus to obtain concentration in the

polymer literature has appeared in earlier publications; see for examples [22, [3].

positive number X implies the convergence of {

Proposition 5.1. For any function f : R>% — R> that grows at least as fast as
a linear function, we have

AT T )

Proof. We will apply theorem[L.3 which provides concentration bounds on Malliavin
derivable random variables.

For X(-), an arbitrary but fixed sample path of the random walk and ¢ € R, let
g : R x Z% — R be the function defined as

gf((s,:v) = 1y0,4(5) 1x(s) ().

With the notions introduced in Section [l it can be easily seen that g;¥ is in H and
moreover

U log
nﬁoo( (n) M) =0 almost surely.

t
B(s) = [ 48X,
0
which shows that

t
v/ dBX(®) = gX.
0

Hence we have
Vi(n) = EX [ef: dBf(S)lAn 9]
and
V(log ﬂ(n)) = LVa(n) S
u(n) u(n)
For X;(-) and X5(-), independent random walks having the same law as X (-), we
have

EX[eff 05501 g

(VA = (B[ 2 1,
_ <]Ex1 [ ABXI Y, gX0] | EX [l 4B 952]>H

n X1(s) "n Xo(s)
C RN [l 991 7D (g% g

) BN [l 41 gX])

n JN

< EXEX: [efon B 41 eld 4B o (g% |y, ||9§2||H}

2
< (B (9 1l ) )
But we have .
lo¥ 5, = B( | aBX)".
0

So for H > 1/2 we have
llga |13, < 0,
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and for H < 1/2 and under A4,

9 1B < (=) < (o).
The fact that ||g;X ||, has an upper bound that doesn’t depend on the random walk
leads to the following bound

1V (log () ) 12 < (19X
So by theorem we have
P(}log u(n) — ﬁ(n)} > 2nH \/log n) < 2¢72logm — op =2,

As the right-hand-side of this inequality is summable we can apply Borel-Cantelli
lemma to conclude that almost surely there exists N such that for any n € IN with
n > N we have

llog@(n) — U(n)| < 2n"/logn,
which along with the assumption on the growth rate of f(-) implies the almost sure
limit R
lim log i(n) — M =0 almost surely.

noe f(n)  f(n)

O

Proposition 5.2. For any real positive function f : R™? — R>% which satisfies
als —t] < |f(s) = f(t)] < B|s —tP for some fized positive numbers o, B and p, we
have

1 t logu
lim sup og u(t) = lim sup 0 () almost surely,
ST T )
and ) log
t
lim inf LU() = limin 08 u(n) almost surely.
oo f(O) R f(n)
Proof.

Step 1: For l,n € IN=! let {;}._, be the [ uniformly spaced points on the interval
(n —1,n). Tt is evident that for any = € Z< and for any t € [n — 1,n], there exists
at; with |t —¢;] < % Then we have

E((Bt - By) — (B, — Bn)) = ]E(Bt - Bti) = @eE
So for 0 < & < 27 we can cover the set {Bf — BE; te€[n—1,n]} byl = 53
e-balls and for 277 < ¢ the whole set can be covered by a single element. So by
Dudley’s theorem we have

27H
1
E( Bw—Bg)<K/ Jlog —— = Ky |
n—sllgt)gn( ‘ ) = 0 08 Qe1/H !

where K and K7 are some universal constants.
We also have E(Bf — BZ)? < 1 for every t € [n — 1,n]. So by Borell’s inequality
[[H for any k € IN and any n large enough we have
P( sup (Bf —By)>(k+2)(d+1) 10gn)
n—1<t<n
< o-2(b+2)(d+1) logn _  —2(k+2)(d+1)
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So
P( U { sup (Bf—B,f)Z(k—l—Q)(d—i—l)logn})

< 200k 4 1)dn~ (2D < = (e42)
and hence
P( U U { suw (Bf -BY)=(k+2)(d+ 1)1ogn})
KEN |z|<R,nk MTISESR
< Zn_(k”) < m2,
k
By Borel-Cantelli lemma, almost surely there exists N7 such that for any n > N;
and for every k € IN we have
sup sup (Bf —By) < (k+2)(d+1)logn
‘m‘gmnnk n—1<t<n
which is equivalent to

(33) inf inf (Bf—Bf)>—(k+2)(d+1)logn.

|m|§mnnk n—1<t<n
Using the same procedure we can easily show that almost surely there exists N
such that for any n > Ny we have

. . s _pr Vs _
(34) ‘1‘12&”“7%25 o \Bi = Bry) = —logn

Step 2: For any given t € R”? and k € IN, let n := [¢] (the ceiling of t), i.e. the
smallest integer not larger than or equal to ¢, and define A, ; as the event that the
number of jumps of the random walk on [0,¢] is larger than or equal to 9,,n* but

strictly less than 91,n*T1. We use the following notations
(35) u(t) == EX [eJ‘J dBf“HAW] ,
and

(36) a(t) = EX [efrf a5 1At} .

For any given n € INZ! and k € IN:
For H > 1/2 we have

Eiie(n) = BX [14,  Befi P77] < P(A, )"

As in this case M, = n2, by the Poisson tail probability bound () we have
ERM | k2

For H <1/2 we have

Eiiy(n) = B []-An,kEefon dBi‘(‘*)} < E[1Anyke%J(%)zH
1 k+1 n oH
< P(Ayp)e ™ i)

)

where J is the number of jumps of the random walk on [0, n].
For this case M,, = |prn|, hence applying the Poisson tail probability bound (I4)

we have
EeRrRn )pnnkJrl

P(Anr) < (

pRnFL
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So in both cases, for n large enough and every k € IN we have
Ety(n) < e 2"
So by Markov’s inequality, for n large enough and every £ € IN we have

P(ﬂk(n) > e‘"k”e_(kﬂ)(dﬂ)logn) <n~k+2)

k42

and hence
P( U (T(n) > e—nk+2e,(k+1)(d+1)1ogn}) <om2,

As the right hand side of this inequality is summable, Borel-Cantelli lemma implies
that almost surely there exists N3 such that for any n > N3 and for any £ € IN we
have

(37) p(n) < e em(kHL(d+1)logn.
Step 3: Let t € R”° be a given number with ¢+ > max{Nj, Na, N3}. Define again
n = [t].
For any ti,ts € R>9, let Ct, .+, be the event that the random walk has no jump
in the time interval [t1,¢2]. Using Equation (B3)), for any k € IN, we have
ak(n) > EX [efon dBf(S)lAt’klchn}

inf k1 infn 1<i<n (B —Bf )p X tdBf(s)
> e™Miel<on noistsn DEX |elo 14, ,1c,.,

Y

o~ (k+3)(d+1) log np X {ef; dBX() 14, 1ct,n}

= 6_(k+3)(d+1) logn P(Ct)n) it\]g (t) )
Hence, using Equation [B7)), we obtain the following inequality for any k& € IN
(38) () < enelbHadrDlogn g, () < emn"en < remn (kL)

In a similar way, using Equation ([84) we get

(39) u(t) < efelosn u(n) = ne"u(n),
and
(40) u(t) > e feTlosn u(n—1),

which are valid for any k € IN.
So using Definitions [B5]) and (B8], and applying Inequalities [@0), (38]), and (B9))

we have
oo

u(t) = u(t) + Z ug(t) < ne®u(n) + " Z e (kD) < e u(n) + efe ™
k=0 k=0
So applying this inequality along with Equation (40)), and noting the inequality
log(a+1) < «a, we get
logu(n — 1) — 6, <logu(t) <logu(n)+ A,,
where )
A, =k +logn + —
n

u(n)e™’

In the next section, in Theorem [G.I] we show that {%}n converges to some

strictly positive number (possibly +oo for H > 1/2). Hence % converges to zero

and 0, :=k+logn.
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as n — +00. The convergence of ( ) to zero as n — +oo is also trivial. This
completes the proof. O

6. LOWER BOUND

In this section we prove the positivity of A = lim (n) for any H € (0,1) and
K> 0.

)

Theorem 6.1. \ = lim,,_,0c 2 is strictly positive for every H € (0,1) and k > 0.

n

The following well-known property of simple random walk on Z plays a vital role
in our argument (for a proof see e.g. [10]).

Lemma 6.2 (First return to the origin). Let {S,}n be a discrete-time random walk
on Z starting off the origin, i.e. S, =Y ,_, Xi where X; € {—1,+1} and Sy = 0.
Let vo,, be number of different paths for the random walk to visit the origin for the
first time at time 2m, i.e. So,, = 0 but Sy # 0 for every k € {1,--- ,2m —1}. The

we have
1 2m
Voam =
2m—1\m

Proof of Theorem [ For the d-dimensional simple random walk X (-) on Z9, Let
m; be the projection to the i-th coordinate; In other words if X = (x;);, then for
each 7 we have z; := m;0X.

Let T := 2md/k with m € INZ!. For any k € IN, let By be the event that
the random walk X (-) has the following property: for every i € {1,--- ,d}, the i-th
projection, i.e. m;0X be zero at time k7', make exactly 2m jumps in the time interval
(kT, (k+ 1)T) and at its 2m-th jump returns to zero for the first time. It is clear
that then for each i, m;0X doesn’t change sign in the time interval (KT, (k+1)T).
We have

~ n—1
U(nT) L X( frTdBX®
T > T ElogE (efo s H 13k) .

Using Markov property inductively, we have

n—1
Elog EX (efonT dBX(® H 1Bk> Z E log IEX( (k)T dBf(S)lBk X(kT) = 0) '
=0
So we have
[7 " X/ (DT X
> — Y ElogE (e et s | xXT) = o)
k=0

= TIElogIEX (efoT dBf(s)lgo)

where we have used the time invariance of the random walk and the random envi-
ronment, i.e. the fBm’s.
Taking the limit when n goes to co we obtain

1 s s
A> TIElogIEX (eJOTdBf( )130).

So it suffices to show the positivity of the right-hand-side of this inequality.
Let ® be the set of all possible paths of a 2md-step discrete-time random walk on
7 started at the origin with the property that its projection over each coordinate
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makes exactly 2m jumps the last of which (the 2m’th jump) is a first return to
the zero site of that coordinate. As By is an event that concerns only the number
and direction of jumps of the random walk, NOT its jump times, conditional on
the number of jumps it is independent of the jump times. Let E! denote the
expectation with respect to the jump times when the number of jumps is 2md, i.e.
expectation with respect to the jump times ¢, ,to,q distributed uniformly on
a 2md-dimensional simplex (in other words, t1,- -+ ,tom,q is the ascending list of
2md uniformly distributed points on (0,7)). Let also p,, be the probability that a
simple random walk has 2md jumps in the time interval [0, T].

We have

X

T X (s) 1 T 3()
BX (A 47 15, ) = o gz B (7).
jED

where X is a continuous-time random walk Z? whose skeleton (i.e. the sequence
of the sites it visits) is the same as j € ®. For each path j in © it is evident that
—j €. So let ©/2 be a subset of © with the property that from each pair (j, —j)
contains only one; In other words it is the equivalence class of ® under the relation
j~1 <= j = +i. Then we have

T qBX () 1 T3 X () =X ()
EX(efo dB] 150) ZPWW Z Et(ejo aB: 7"y [ aB; )7
jeD/2

hence

Elog EX (efoT dBx(® 130)
1 X;(2)
= logpm + E log W Z Et (GIUT dB.”’
(2d) jem/2

2 D Xj() ~Xj(9)
> logpm + 7= »_ E'Elog % (eff a7 | [T aB; )
91,50 (2d)

|©| 2 t T dBi(j(S) T dB:Xj(S)
= log pi + log W + W Z E Elog(efo s + elo E ) .
jeD/2

n ef(JT dB;Xj(S))

IfY; := fttlzmd dB;XJ(S) and Yy := Ltlzmd dBS—Xj(S) we have

X;(s) X;(s)

Xj(s) T —X;(s) t1 T J
gl am ) a5 (o orey

oI a
3 X () X ()

3 T ;
> ef()l st +‘]t2md st J emax{Yl,Yg}'

As Y7 and Y3 are independent identically-distributed zero-mean normal random
variables we have

|Y1—Y2|+Y1+Y2)_L
2 R

Emax{Y7, Y2} = E(

where o2 is the variance of Y;. So we have

—X;(s)

Xj(s)
EtElog(efoT dB. + elo 4Bs ) > Ko /\/T).

Let A := t1 + (T — toma), i.e. the total amount of time that the random walk
spends at the origin during the time interval [0, T]. As t1,- - toma are uniformly

distributed in (0,7T), it is clear that E*(A) = 2—2m:£+1.
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e When H < 1/2, as the increments are negatively correlated (property [[T]), staying
in a single site gives a lower bound on the variance, i.e. 0 > (T — A)?#. Using
the inequality ol > (%) TH which holds for any 0 < a<Tand 0 < H < 1 we
have o > (%) TH . Hence

S 2md+10 T
e When H > 1/2, as the increments are positively correlated (property [[LT]), visiting
every site no more than once gives a lower bound on the variance, ie. o2 >

ngd(ti —t;_1)?. Also note that the function z%# is convex for H > 1/2 and
hence for any o; > 0,i=1,--- , N we have

N 1
> ot > N5 o).

=1 i=1

So we have
2md
E'(0) > E*, | Y (ti — ti1)?H
i=2
2md
> B | (2md — 11280 (3 (1 — t50)) "
i=2
2md
= 2md — 1)V HE (N (8 — i)
i=2
2md
tme g
> (2md_1)1/2—H]Et(Zz:2 (T 1))TH
2md — 1

> (2md — 1)1/~ (2md+1)TH =m.

where we have used once again the inequality o > (%) TH.
Hence we showed that

. D
E log EX (efonBf( )150) > log pm + log (2d)|T|d+1 +ComY,

where C' is some positive constant and v := 1/2 for H > 1/2 and v := H for
H<1/2

Pm is the probability that a Poisson random variable of mean kT = 2md has
2md jumps. So by Stirling’s formula [21] we have

__—oma (2md)>™ 1

Pm = @2md)! T 2ev/mmd

hence
log py, < —logm.

QmQT‘ém) = % different

ways of distributing the 2md jumps uniformly between the d coordinates. For each
i=1,---,d, there are vy, different possible excursions for m;0X such that it starts

For determining |9/, first we notice that there are (
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from zero, makes 2d jumps and at its 2d-th jump returns to zero for the first time.
So we have
0] = (2md)!y2d ~ (2md)! (2m)!? 1 _ (2ma)! 1
C2m)d T (2m)ld (m)!12d (2m — 1)d  (m)!2d (2m — 1)d°
Again, by Stirling’s formula we have
(2md)! _ (2d)?™?
(m)!2d T m2d—1/27

Rl
(2d)2md+1

and hence

log = —logm.

This shows that
ElogEX (efoT dBf(s)lgo) > —Cilogm+ Cm”,

which guarantees the positivity of this expression for m large enough and hence
completing the proof. O

7. UPPER BOUND

In this section we establish an upper bound on U(T). For H < 1/2, we obtain
an upper bound that is linear in 7', which shows that A is finite. For H > 1/2 the
problem is much more complicated and we have only been able to prove that ﬁ(T)
and hence U(T) grow at most like T'\/log(T).

U

Theorem 7.1. For H <1/2, the limit limr_, # = \ is finite.

Proof. By convexity of log and using Jensen’s inequality and then by the negative
correlation of the fBms’ increments (property [[L1]), we have

ﬁ(T) < logIEX (EefoT dBSX(S)]—_AT)
= logEX(e%var(foT dBSX(s))lAT)
S log ]EX (e% ZITL:O(t'L+1—ti)2H 1AT) ,

where {t;}; are the jump times of the random walk X(-) in (0,T), including the
end points, and n is the number of jumps. Then as the function z2¥ is concave, by
Jensen’s inequality we have
1 A\ 2H T \2H

S < (S) " = ()

n+1 n+1 n+1

i

But under the event Ap, the number of jumps is smaller than 9Ny = pT'. So
ﬁ(T) < logEX(eé(n+1)1*2HT2H lAT)

< log EX (e%(”TH)lAT)

1
<3 (pT +1).
This shows that A = limp_, o ﬁSfT) is finite. [l

When H > 1/2, we apply a more elaborate method.
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Theorem 7.2. For H > 1/2, we have U(n) % n\/Iogn.

Proof. We chop up the interval [0, n] into subintervals {[l,{+1]};"- and decompose
each integral le dBX® into two parts: the residue part that comes from the
Brownian motions contributions up to time [ — 1, and the innovation part that
comes from the Brownian motions contributions from the interval [ — 1,1+ 1]. We
expect the innovation part to be the main contribution to the integral, and the
residue part to be reasonably small.

We begin by the Volterra representation (@) of a fBm. For [ € N22 and [ < 1 <

to <141, we have

-1
(41) Bi, — By, = / (Ke(ta, ) — Kn(tr, )W, + Zs, — Z,
0
where
t
(42) Zy= | Kglt s)dw,.

-1
For 0 <t <2 we also define Z; by

(43) Zy = /Ot Ky (t,s)dW,

Applying the stochastic Fubini theorem [19] to the first right-hand-side term of (1)
we have

(44)
/OZ_I(KH(tQ,s)—KH@l,s))dws_CH/OH /:(U_S>H O awa,

to
= Y (u) du,

t1
where

=1 3.,U 1
(45) Yi(u) := cH/O (u—s)H_é(g)H_E dWs.

Applying this procedure to the family {B®},czaq, there exists a family of inde-
pendent standard Brownian motions {W?} <z« such that

t
Bf:/ Ky(t,s)dW? .
0

So for each site z € Z<, the processes Y;* and Z can be defined as above.
Back to the integral fon dB;X(S) it can be easily verified that

(46) / dB}X® = / az® +Z / v, X0
0 0

We will show that the first term grows hnearly in n and the second term grows no
faster than n+/logn.

For fon dZ;X(t), the idea is that by adjoining some terms to it we may turn it
into a summation of f mostly independent terms and hence getting a linear upper
bound. Indeed, let {W"*},cz4 1 be a family of independent standard Brownian
motions, independent of any process introduced so far, in particular independent of
the random walk X (.), the fractional Brownian motions {B”} ¢z« and hence their
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corresponding Brownian motions {W?},cz« appearing in their integral representa-
tion. For any | € NZ2 and 2 € Z¢ define Wh? as

e . Wsl”” for s€0,l—1]
O\ WE-WE L WY for se(l—1,00).

and for [ = 0,1, define Wh* := W=,
It is easily verified that W is itself a standard Brownian motion and hence the
following expression
t -1 t
(47) BT .= / Ku(t,s)dWhe = [ Ku(t,)dWh + [ Kyt s)dw?,
0 0 1-1
is a fractional Brownian motion of Hurst parameter H.
Note also that for any 2 € Z? and [ <t <[+ 1, we have
t

7= | Kyt s)dwe.
-1
By the same procedure as in equations (@Il) through (5, for any t € [I,I + 1)

we have

I+1 I+1 I+1

/ dzX® = / dBhX® / X0 (nya

! ! !

where

-1
Y/ (t) ::cH/ (u—s)H 5 (VI3 aqWle for te[l,l+1).
0

We therefore have

n n-1l cl41 n-l a1
/O az' 0 =3 /l aBpr - %" / YXO(pyae.
=0

1=2 /1

S

This along with (@) implies that

(48)
n n—1 .l41 R n-l nl41 n—1 .l4+1

/ aBX =% / a3y / Y O+ > / Y W t)at.
0 1=0 /! 1=2 /1 1=2 7!

So we have

(49)

U(n) = ElogEX (e o dB 1An)

n
< BlogBXe=i0 1P L ST ( sup [F7(u)| + sup (Y (w))
1=2 |z|<n? |z <n?
I<u<i+1 I<u<i+1
First we find an upper bound on the first right-hand-side term. Here we need an
casy observation. Let &' be the sigma field generated by {Wh* ; s € [0,1— 1], z €
74} and o' be the sigma field generated by {WZ% — W7 | ; s € (I-1,1+1], z € Z4}.
It is evident by {7)) that for any I < ¢ < [+ 1 the process Eiz is measurable with
respect to 0! V&' where V denotes the smallest sigma field containing the both. So
lel dB\i’X(t) is also measurable with respect to o' vV &'. As ¢! V&' and o* v 5¥

are independent for |k — | > 2, this shows that fll+1 dB ™ and f:“ dBH® are
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independent for [k — | > 2. Hence, using the inequality EXY < 1(EX? + EY?),
we have

n—1 n—
b SLX (L) . b SLX (L)
var E : dB, <3 E var : dB, .
1=0 =0

We also notice that
+1 N

(50) var / ABM*® <1,
l

which follows from the fact that the upper bound is attained when the random
walk stays in a single site for the whole time interval [I,] + 1) as the increments of
the fBm are positively correlated (property [LT]).

Hence we have

n—1 pl SULX (¢ n—1 fl BLX(t
E(eXi<o JithaB, @ — ez varXi, J/ T dB, “
€ (&
- BLX(t
(51) < 6% Sy var fll+1 dB, ®

3
5N
2

€ )

IN

Now we turn to the second right-hand-side term of Equation ([9).
Applying Dudley’s theorem, for any I € IN22? we have

B( s ) <K [ VNG de.

|| <n?
[<u<l+1
where K is a universal constant.
Using proposition B1] for any u,v € [I,] 4+ 1] we have

E[Yi(u) — Yi(v)]* % (u —v)?.

Particularly the upper bound doesn’t depend on I.

So with the same argument given in Section M it follows that there are positive
numbers M; and Ms depending only on H, such that N(eg) < % for 0 < e < My,
N(g) x n?? for My < e < Mj and finally N(g) = 1 for ¢ > M3 and. So there exists
a positive constant K3 such that for every [

IE( sup |Yf(u)|) < Kj+/logn.
z|<n?
lIS’lIJ«_Sl-‘rl

The same is true for Y;*

IE( sup |§/}lm(u)|> < Kov/logn.
z|<n?

llglfglﬂ

Hence we have

U(n) < 3/2n+ Kny/logn,

where K is a positive constant that doesn’t depend on anything other than H. [
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8. COMPACT-SPACE SETUP

In this section, we consider the compact-space model studied in [24]. It turns
out that our method to obtain an upper bound on U (t) for the case of independent
sites of Z?, can be modified to give a much stronger upper bound in the compact
set-up. Indeed we show that in the compact setup, U(t) grows linearly in ¢ and
hence u(t) grows exponentially in ¢. This is in contrast with [24] where its authors
tried to show that U(t) grows at least as fast as %. We identified the passage
from (41) to (42) in Section 6.2 of [24] as a probable source of the discrepancy
with our article, which, when combined with other delicate arguments in [24], lead
them to obtain an incorrect lower bound when H > 1/2. In particular, the passage
from (41) to (42) in [24], which is detailed at the bottom of the page where those
equations appear therein, seems to be justified by invoking spatial homogeneity of
the potential W, when in reality the authors of [24] should have investigated the
distribution of the potential W conditional on the past and current values of the
maximized path. In particular, if the maximized path’s increment from time step
k to time step j in their argument happens to be large, then for a W which has a
strong decay of spatial correlation, a modification of their argument can probably
work. But we believe that when this increment is small, the argument is incorrect,
and leads to a bias in the quantitative estimates of the lower bound later in [24].
The fact that this discrepancy occurs for H > 1/2 means that this bias is likely
to manifest itself in a positive way because of the positivity of the increments of
fractional Brownian motion in that case; this is indeed what appears to happen, as
the lower bound in Theorem 6.7 in [24] is larger than it should be.

Replacing Z¢ by S' (unit circle) is equivalent to considering the model on R
with a 2m-periodic covariance function, i.e. a positive semi-definite function @ :
R x R — R such that

Q(z+2m,y) = Qx,y) = Q(z,y + 2m) for every z,y € R.
We additionally assume that Q(z,y) has a positive order Holder continuity. In
other words there exist positive constants C' and « such that
(2) QM) ~ 5@ 2) ~ 5QMy)| < Cla — gl for every zy €R.

Now we consider a family of fractional Brownian motions {B*},cr with the fol-
lowing space covariance structure

E(B{;EBE) = RH(tu 8) Q(.’L',y) 3
where Ry (t,s) is as in (), i.e.

1
Ru(t,s) := 5 (P + [ = |t = s|*).

Defining {W?*},cr as a family of standard Brownian motions with space covariance
structure Q(-, ), i.e. E(WFZWY) = min(s,t) Q(x,y), we can easily verify that all the
arguments in the proof of theorem up to Equation (0] hold true in this new
setting as well. Then we define {Wl"z}mezd) len as a family of standard Brownian
motions independent of all the other random processes involved, with the following
(space) covariance structure:

E(W}"WEY) = min(s, t) 0x(1) Q(x,y) .
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So in particular Whe's are independent for different I’s, but are correlated for
different x’s.

We can easily show that with this definition everything goes well until Equation
[@9). There we have

(53) Uln) = ElogBX (e 9P7") < Blog BXeXino' i7" a5 ™

n—1

+ ZE( sup |V (u)| + sup |Ylm(u)|) .
1—2 zeR zeR
= I<u<l+1 I<u<i+1

We can easily verify that the arguments following Equation (9) up to Equation
B0) are still valid. Using the fact that the increments of a fBm with a Hurst
parameter larger than half are positively correlated (property [[LT]) we have

+1 =N
var / dB* M < ar
1

where M := sup, ,cp Q(z,y). Note that the finiteness of M is guaranteed by
Condition (52). So we have

n—1 pl+1 ;5L,X (1) 3
]Eezl:() fl dBt S egM’ﬂ

)

which establishes a linear upper bound on the first term of the right-hand-side of
Equation (B3).

Turning to the second right-hand-side term of Equation (53]), we show that basi-
cally the same arguments provide us with a linear upper bound instead of K n+/logn
which was the best upper bound we managed to get in the non-compact setting.
Indeed, let W be a standard Brownian motion independent of any process already
defined and let Y;(-) be related to W as in Equation ([@3]). Using the polarization
identity we have [Wh% W], = t Q(x,y) where [WH% Wh¥], denotes the covaria-
tion of the two Brownian motions [I9]. So using Itd’s isometry [19] we have

E(Y" ()Y (u)) = Q(z,y) E(Yi(w)Yi(u)) .
Applying proposition B and Condition (2)), for any u,v € [I,1 4+ 1] we have
xr 2 «
E(Y(u) =Y/ (v))” < C(lu—vf* + ]z —y|*),

where C' only depends on H. In particular it does not depend on I, u, v, x, or y.
Let {x;}, be the m equally-distanced points in the interval (—m,7) (or equiva-

lently on S8'), and {t; };—1 be the p equally-distanced points in the interval (I,1+1).

Then with the notation of [L4] the set of e-balls centered at {Y;**(¢;)};,; cover the

whole of {Y;*(t)} zer provided that \/O((l)o‘ + (5£)?) < e. So the correspond-
1<t<I+1 m P

ing N (e) in Dudley’s theorem is bounded by C1e~7 for every ¢ < gy where C1, 7,
and g( are strictly positive constants which only depend on H and «. So by Dud-
ley’s theorem, there exists a positive constant K} which depends only on H and «
such that for every [ we have

E( s [()) <K
z€R
1<u<l+1



ANDERSON POLYMER IN FRACTIONAL ENVIRONMENT 31

One can easily verify that the same is true for }A/lm:

E( suwp %)) < K3
zeR
[<u<l+1

This establishes an n-linear upper bound on U(n) as claimed.
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