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Abstract

In this article we study the exponential behavior of the continuous stochastic An-
derson model, i.e. the solution of the stochastic partial differential equation u(t,z) =
1 +f(;5 kA u (s, x) ds—l—fé W (ds, z) u (s, x), when the spatial parameter z is continuous,
specifically x € R, and W is a Gaussian field on R4 x R that is Brownian in time,
but whose spatial distribution is widely unrestricted. We give a partial existence re-
sult of the Lyapunov exponent defined as limy .. t ! logu(t, z). Furthermore, we find
upper and lower bounds for limsup,_, . ¢~ logu(t,z) and liminf; .. t~!log u(t, z) re-
spectively, as functions of the diffusion constant x which depend on the regularity of
W in x. Our bounds are sharper, work for a wider range of regularity scales, and
are significantly easier to prove than all previously known results. When the uniform
modulus of continuity of the process W is in the logarithmic scale, our bounds are
optimal.
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1 Preliminaries

1.1 Introduction

This article studies the almost-sure large-time exponential behavior of the so-called (stochas-
tic parabolic) Anderson model in R, i.e., the solution of the following stochastic parabolic
partial differential equation with linear multiplicative potential: for all x € R and all ¢t > 0,
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u(t,x)zl—i—/o /@% (s,x)d8+/0 W (ds,z)u(s,x). (1)

Here the potential W is a centered Gaussian field on Ry x R that is Brownian in the time
parameter t when the space parameter z is fixed, and has an arbitrary covariance structure in
the space parameter x. All previous work on this Anderson model with space-time-dependent
potential, whether in continuous or discrete space, has concentrated on the case where W is
homogeneous in space, e.g. [3], [4], [5], [6], [7], [8], [10], [16], [17]. Our article makes no such
assumption, asking only for milder regularity and non-degeneracy, and proving results that
strengthen all existing ones, using simpler, more efficient proofs. This introduction contains
a detailed narrative explaining the nature and significance of this article’s qualitative and
quantitative results; a casual reader will find, in Section 1.1.3, a short guide to extracting
precise statements of all results.

1.1.1 Qualitative outline and significance of results

This article connects the regularity properties of W with the quantitative behavior of u, a
direction which was never achieved precisely before, with potentially important consequences
for the physical systems connected to the Anderson model. We refer to [7] and [11] for specific
physical motivations in astrophysics, hydrodynamics, and other fields. In general modeling
terms, our ultimate regularity result says that if the potential’s spatial modulus of continuity
is known with some precision, one obtains sharp bounds on the exponential rate of increase
of w in time, and conversely under certain circumstances (Corollary 29). One can then argue
that if a given rate of increase is observable for u, which is typically the case for physical
systems modeled by u as time evolutions in a random potential W, then the regularity
properties of the random medium W can be estimated with excellent precision. This can
be achieved with little or no need for statistical inference, which is particularly useful in the
many situations where W is typically not directly observable.

Section 2 deals with general non-quantitative results on the existence of a Lyapunov
exponent (see (2)). Sections 3 and 4 provide lower and upper bounds respectively on this
exponential behavior. Section 5 investigates the exact quantitative meaning of these bounds
for some specific scales. The remainder of this introduction gives a detailed account of our
results, indicating which tools are employed, and comparing our results and techniques to
those used in the above-cited references.

Under some very mild boundedness and non-degeneracy conditions on the spatial covari-
ance structure of W, we prove that the so-called almost sure Lyapunov exponent \ defined



by
1
A= thm i logu (t,x), (2)

if it exists, is non-random, uniformly positive, and typically does not depend on x. We also
give a clear deterministic criterion under which existence of A\ holds. This is achieved in
Section 2. Our proof techniques are sharp in the sense that, in the spatially homogeneous
case, existence of A follows immediately, at least when ¢ tends to infinity along an arithmetic
sequence. They are also more efficient than those used in the works cited above. Our non-
degeneracy hypothesis is used to prove a crucial positivity result in Section 2.4 despite the
lack of any super- or sub-additivity property (such properties are crucial in previous works).
Inspired by a new idea in [15] in the context of directed polymers, we pioneer a use of the
Malliavin calculus for establishing existence of A. In our situation, the Gaussian property
of W appears to be far from necessary. Beyond being a measure of our methods’ efficiency,
this is an indication that many known almost sure results for the Anderson model may hold
with non-Gaussian potentials. We will investigate this last idea in another article.

Regardless of whether the Lyapunov exponent exists, we are able to find upper and lower
bounds for limsup, .t *logwu (t,z), and liminf, .. ¢t ' logu (¢, ) respectively, as functions
of the diffusion constant x when x is small enough, in Sections 3 and 4. The methods
employed are very simple compared with the existing upper- and lower-bound proofs in
the above-cited references in continuous space; they are no more complex than the proofs
in the simpler case of x € Z. Our techniques are also more powerful since they do not
require homogeneity. We borrowed a crucial idea based on Gaussian supremum estimation
techniques originally introduced in the present article’s second-named author’s own work [6],
and further sharpened in [4], which is to consider the expected value of the supremum over
all Feynman-Kac paths of the potential integrated along each path. Both of these references
are in discrete space x € Z? with homogeneous potential. In contrast to [4] and [6], however,
we work in continuous space, and our probabilistic estimations herein draw heavily on the
new ideas of Section 2.

One can compare our bounds with those previously obtained, when the potential W is
assumed to be essentially H-Holder-continuous in space, but not H’-Holder-continuous for
any H' > H. In this situation, the lower bound, derived in Section 3, is of the order x/(H+1),
The only previously known result in continuous space, computed in the same Hélder scale for
W homogeneous, can be found in [17]: a lower bound of order £™/(H+1) /1og(1=H)/A+H) (1 /10,
Moreover the techniques used in [17] are excruciatingly complicated, and are limited to the
said Holder scale only. Our new result improves the one in [17] slightly, extends beyond the
Holder scale, applies to the non-homogenous case, and the proofs are comparatively much
simpler.

In Section 5, we show that our lower bound is in fact optimal when the spatial regularity
of W is in a logarithmic scale: we find that liminf, .., t~'logu (¢, ) is bounded below by a
constant multiple of (log 1) when W admits the function (log )" /2172 a5 an almost-
sure uniform modulus of continuity on any interval in R. This is precisely the same value, up
to a constant, as the upper bound on limsup, . ¢t !logu (¢, z) which we obtain in Section
4. Even in this very irregular scale, our upper bound is an improvement over the known



result in continuous space, which was obtained for homogeneous W in [7], namely the order
(log /(1)_1. Our upper bound derivation, constructed for the nonhomogeneous case, is again
simpler than the proof in [7]. In the Holder scale, we obtain an even better result, namely
an upper bound of the order x#/GH+1)  We can see that for small H, the difference between
our upper and lower bounds become negligible, which is consistent with the fact that our
bounds are sharp in the logarithmic scale, since that scale can be understood as living within
the case H = 0.

The authors of [17] used a spatial discretization technique first introduced in [7], improv-
ing the original error estimate of 7] significantly. In our proof of the lower bound, we do not
need to use any discretization. We only rely on a discretization for the upper bound proof,
and then again essentially only in its original form as given in [7], i.e. without resorting to
the exceedingly delicate analytic arguments of the improved error estimate in [17].

1.1.2 Quantitative conclusions and heuristics

The global quantitative conclusion we can draw from our estimations is that, regardless of
any spatial homogeneity, the almost-sure exponential rate of increase of u (¢, x) in large time
(and, if it exists, the Lyapunov exponent) is closely related to the local spatial regularity of
W: if W is precisely H-Holder-continuous in space, the rate is sandwiched between rf/(H+1)
and x/GHFD.if W is more irregular yet, specifically if (logx™')"" is a sharp almost-sure
uniform modulus of continuity for W in space, then the rate is, up to a constant, equal to
(log 5_1)72%1, and a converse of this result in the logarithmic scale holds.

In view of the (small) gap between our upper and lower bounds, it is difficult to give an
intuitive idea, at least in the Holder scale, of why such results should even hold; if such an
idea were discernable, we would be in a position to formulate a conjecture as to what the
true Lyapunov exponent should be in all cases. In the logarithmic scale, however, things are
a little more clear, when one compares discrete and continuous models. In the discrete case,
one can consult [4] for a simple heuristic, based on the Gaussian property of the increments
of W and on the Poisson law for the sequence of jump times of the Feynman-Kac paths, to
see why the Lyapunov exponent should be of order log™* (k).

In one interpretation, to draw a link between discrete and continuous space cases, one
can say that the discrete case falls within the continuous framework: since the discrete-space
W can be considered as discontinuous on R at the points of Z, and since there is a great deal
of independence of the increments of W in space (the hypothesis is that {W (-, z) : x € Z}
are independent), it is natural to find a Lyapunov exponent which corresponds to a case
where W features no continuity: this is precisely what can be observed in the logarithmic
scale, where a discontinuous case, corresponding in the notation of Corollary 27 to the case
B =1, yields exactly the discrete case result (compare in particular with Corollary 28). That
the Lyapunov exponent gets smaller when (3 increases from 1 can be explained as follows.
What makes the Lyapunov exponent non-zero is the Feynman-Kac path b’s abilities to seek
out zones where W is large. In discrete space, one is stuck with a specific discretization
step € = 1, which boasts a fixed amount of independence at any scale, helping in b’s search
for high levels of W; in continuous space, the higher the regularity, the smaller one may
take the discretization step ¢ (for example, in the power scale ¢ = x'/(6#+2) in the log scale
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e < /rlog®/? (1/k), see Section 5), and thus the more dependence of W’s spatial increments
one is able to exploit to restrict b’s search.

Another, less optimistic, interpretation, points to the fact that the analogy between
discrete and continuous space may only be taken so far. Indeed, the discrete model is one
which should be called “space-time-white-noise” since W is independent at every site of Z.
In continuous space, between the limit of continuous fields W (e.g. case # > 1) and the case
of space-time white noise, there is an entire scale of regularity of W: in fractional derivatives
terminology, an entire 1/2-derivative must be taken, in a Schwartz distribution sense, to
go from the case § = 1 to the case of white noise. In this sense, there should be much
more space between the bounds of Corollary 27 and any result for space-time white noise
in continuous space. This would contradict any analogy between discrete and continuous
Anderson models driven by space-time white noise. A way out of this “paradox” may come
from the fact that, unlike the continuous Anderson model we study in this article, driven
by a potential that is a bonafide function in space, the same model driven by space-time
white-noise does not seem to have a Feynman-Kac representation, or even a proper physical
meaning. Alternately the paradox may point to a real physical difference between discrete
and continuous space models in all cases.

1.1.3 A casual reader’s guide to our results’ precise statements

The casual reader can skip Section 1.2 except for definitions (3), (4), and the Feynman-
Kac formula (8). After having taken into consideration the first two conditions (E) and
(E’) in Section 1.3, the reader will find the main existence result — relating U (t,z) =
Elogu (t,z) and a possible existence of A — in the statements of Theorem 2 and Proposition
3, both at the beginning of Section 2.1; the remainder of that section, and any further
references to the quantities A_ () and Ay (z) can be ignored on a first reading. The crux of
the proof of the almost-sure existence Theorem 2 is established in Proposition 11 (Section
2.3). Of fundamental quantitative importance for the entire paper is the quantity U, (t) :=
inf, U (¢, x), whose super-additivity is studied in Proposition 5 (Section 2.2), and for which
the basic positivity result sup, U.(t)/t > 0 is given in Proposition 12 (Section 2.4). All the
above results are of a qualitative nature.

Our quantitative results are best appreciated in the two examples of the Holder and
logarithmic regularity scales of Section 5: after having read Conditions (H) and (L) therein,
with notation relative to Conditions (E’-) and (E”) of Section 1.3, the reader will appreciate
the first three corollaries of Section 5 (Corollaries 25, 26, 27). Precise, more general upper and
lower bound results, i.e. not restricted to any given regularity scale, are given respectively
in Sections 3 and 4, in Theorems 14 and 23, still under hypotheses defined in Section 1.3.
The last two results of the article, Corollaries 28 and 29 in Section 5, show to what extent
the Lyapunov exponent and the potential’s modulus of continuity are intertwined.

We are grateful for the comments of two referees, which helped us improve an earlier
version, resulting in a sharper lower bound Theorem 14 and better readability.



1.2 The structure of W and the Feynman-Kac Formula

We define W specifically as follows: it is a separable centered Gaussian field on R, x R,
defined under some probability space (€2, F, P), such that for all s,¢in R, and all z,y in R:

E[W (t,2) W (s,y)] = min (s, 1) Q (z,y) , (3)

where E is the mathematical expectation with respect to P, and where () is a bonafide
covariance function for a real-valued separable Gaussian process on R.!

We define the spatial canonical metric § of W, by 6% (z,y) = E [(W (1,z) — W (1, y))ﬂ.
Then, we trivially have,

8 (z,y) = Q(z,2) + Q (y,y) — 2Q (z,y). (4)

Among the various conditions on () and/or 6 which we will use in this article, we mention
here that a convenient condition leading to our lower bound result, which was referred to
above as a non-H-Holder continuity condition, is of the type 8 (x,y) > ¢ |z — y|™ for |z — y|
small. For our upper bound result there is a condition of similar type: & (z,y) < C |z — y|".
However we will see, particularly in Section 5, that we are not restricted to this Hoélder scale,
and that we can choose other, more irregular functions f (| — y|) than |z — y|™.

It is occasionally convenient to represent () as follows: we can assume that there ex-

ists some positive sigma-finite measure g on some measurable set A, and some measurable
function f in L? (R x A;dz x du) such that

Q(z.2) = / f (@) Ty (dy). (5)

where the bar denotes complex conjugation. Information on this representation can be found
in P. Major’s text [13]. To fix ideas, we assume that A = R, and indeed all useful examples
can be found in this case. As a classical example, f (z,y) = ¢®¥ and u is symmetric and of
mass one if and only if W real-valued and spatially homogeneous.

When the Anderson model equation (1) is understood in the so-called Stratonovich sense
(this sense is used in all works mentioned in the Introduction), it is known that, with b
representing a Wiener process started at 0 with variance x defined on some other probability
space (€2, Fp, Py) which is not related to W, we have for fixed ¢ and x, the so-called Stochastic
Feynman-Kac formula

u(t,r) = E, {exp (/OtW(ds,bt—bs+x))], (6)

1

Many of the results in this article are valid if we replace R by R? for some integer d > 1, with essentially
identical proofs; for the sake of notational simplicity, we work with d = 1 throughout. Our Positivity and
Lower Bound sections are non-trivial to extend to higher dimensions: in fact, the transience properties of
b in higher dimensions make it less than clear that any generalization of our techniques is possible. The
extension of the Upper Bound section to d > 1 would presumably be feasible, but the price to pay are a
certain number of technical difficulties due to the dependence of the jump times and the discrete-time path
in our discretization method, as were encountered in [7].



as long as the regularity of W in the space parameter is sufficient to allow the right-hand
side of (6) to actually make sense from a measure-theoretic standpoint. When W is almost-
surely uniformly continuous in space, this formula can easily be established, by referring to
the proof in [7], or a different proof in [16], although these two articles make the additional
unnecessary assumption that W is Hélder-continuous in space in order to justify formula (6).
We do not know of another published proof of formula (6) under mere uniform continuity of
W, yet we do not elaborate further on this issue, since it is only tangential to our purpose.

For the reader who is simply curious as to whether the stochastic integral in formula
(6), and its unusual notation, is well-defined, it is convenient to assume that the spectral
measure 4 defining @) actually has a density: du/dy = q(y). Then, it is sufficient to recall
that T can be represented using a white-noise (independently and homogeneously scattered
Gaussian) measure M on R, x R, by the formula

W (t ) = /R Loy ()M (ds.dy) Va()f (1), (7)

so that we can take the following formula as a definition:

Jwasb- b= [ M s dy) Val)S - bt o).
0 [0,t]xR

This is a so-called Wiener-1t6 integral with respect to the white noise measure M associated
with W. Also, note that \/q can be absorbed into f. If Q) does not have a density ¢, one
can still define the stochastic integral in (6) by referring to the spectral measure of W itself.
For more details and a more general representation, consult [13].

We can already see that when ¢, x are fixed, we have the following non-time-reversed
Feynman-Kac formula:

w(tz) = B, {exp (/OtW(ds,erbs))}, (8)

where the equality holds in distribution under P. This formula holds by the independence
and stationarity of the increments of W in time, by reversing time in the stochastic integral
in (6). It is crucial to note that formula (8) does NOT hold for two values w (¢,z) and
u (', x) simultaneously. When trying to estimate the law of such a pair, one must revert to
the formula with time reversal. In this article, the formula (8) is only used to exploit the
law of w (¢, x) for fixed ¢, x, i.e. the marginal distributions of the stochastic process u (-, ).
As a last aid in understanding the structure of the Feynman-Kac formula, we mention
that for any fixed continuous path b and any fixed = in R, the process X’ (z) defined by

X! (x) = /Ot W (ds, x + by)

is in fact a {F]V} . -Martingale, where { "'} is the filtration induced by W, and that one
can easily calculate the joint variation

< Xbz), X¥(z) > () = /OtQ(x + bs, x + ) ds.
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The techniques used in this article do not need to refer to this specific Martingale property.
We are currently investigating directions where this property may be useful for tackling open
problems related to our current results (see end of Section 2.1).

1.3 Gaussian models - Assumptions

In this section we provide all the assumptions on W needed for our proofs. At the beginning
of each section we will specify the particular hypotheses needed. In order to make sure that
the Feynman-Kac formula holds, we will take almost-sure continuity of W in space as a
standing assumption in this entire article (see Remark 1 and paragraph following).

Define

A(e) :=inf{d(x,y) : |z —y| > ¢},
6 (e) ==sup{d(z,y) : v —y| < e}

Note that these are increasing functions for € > 0. Consider the following conditions on the
spatial distribution of W.

(E) [Boundedness of the variances]

sup{Q (z,z) :x € R} < >0

(E’) [Nondegeneracy]. There exists gy > 0 such that

Cy ‘= ’A(€0)|2 > 0.

(E’-) [Specific nondegeneracy]. There exists ¢y > 0 such that for all € € (0, &),

A(e) >0, lim A(e)=0.

e—0+t
(E”) [Specific regularity]. The following limit holds:

lim 6 (¢) = 0.

e—0t

Here follow an analysis of these conditions, including remarks on equivalent formulations
and significance.

e The boundedness condition (E) forces the generic magnitude of W not to get too big.
The nondegeneracy condition (E’) essentially only implies that W is not flat in space.
These are very weak conditions on (). In particular, one can see that the homogeneous
case is a small subset of those random fields satisfying (E) and (E’). These conditions
are all that is needed to derive all our basic existence and positivity results. Condition
(E) is equivalent to the existence of £y > 0 such that ¢ (x,y) > \/co for |z — y| > eo.



e The uniform nondegeneracy hypothesis (E’) has to be strengthened to (E’-) for certain
proofs in the Lower Bound and Upper Bound sections, when more quantitative argu-
ments are used. This condition is equivalent to the existence of a positive increasing
function A such that 6 (z,y) > A (¢) for all |z — y| > ¢.

e The generic upper bound found in 1998 in [7] was of the order log™" (k~!), an order
which coincides with the discrete space bounds, according to [6] and [4]. In order to
have a better upper bound in continuous space, it is necessary to assume something
like an upper-bound analogue of Condition (E’). This idea was already conjectured
in [17], in their Holder-scale condition (H), although no attempt was made there to
formulate an upper bound. Here, with Condition (E”), not only are we able to prove
an upper bound, but unlike in [17], spatial homogeneity will not be needed, and we are
not restricted to the Hélder scale. Condition (E”) is equivalent to the existence of a
positive increasing function ¢ with limg, 6 = 0 and & (x,y) < 0 () for all [z — y| < e.

Remark 1 Recall that we have as a standing assumption that W is almost-surely continuous.
The theory of Gaussian reqularity can be used to argue that we should then have, in the context

of Condition (E”), 6 (r) = o ((log (7"*1))_1/2)

e More specifically, under Condition (E”) on §, the Gaussian regularity theory implies

that d (r) (log (7"_1))1/ ? is an almost-sure modulus of continuity for W in space. For
example if 6 (r) < v (E”) implies that W is y-Hélder-continuous in z for all v < H.
This is the situation studied in [17]. Condition (E”) is not restricted to the Holder
scale since it encompasses the following logarithmic scale of regularity, studied in detail
in [18] and in [14], given by

§(r) = (log (7"_1))76

for any > 0: it is simple to see that continuity of W (i.e. the above Remark 1) only
imposes the restriction 4 > 1. This is a consequence of the so-called Dudley-Fernique
theory for Gaussian regularity [see details in [18] for example] which implies that if
(8 <1, the corresponding W is not uniformly continuous, in fact is unbounded, on any
interval in space. In this highly irregular situation, it is not clear to us that there is
any way to prove the Feynman-Kac formula; if there were a rigorous interpretation
of the formula, for example by using approximations, we conjecture that it would be
impossible to manipulate the formula to derive upper- and lower-bound results such
as those we obtain herein. Thus the condition > 1 in our logarithmic scale seems to
be necessary for any development using our techniques.



2 Existence of the almost-sure Lyapunov exponent

2.1 Introduction

In this section we study the existence of

|
A= lim et

t—o00

for a general Gaussian field W. Of paramount importance is the quantity
U(t,z) =E[logu(t,x)]. (9)
The goal of this entire section is to establish the following result.

Theorem 2 Assume (E) and (E’) are satisfied. With U defined in (9), if

Mao) i= Jim JU (t,0) (10
teN

exists for a fired xo € R, then the Lyapunov exponent for the solution of the stochastic

parabolic Anderson model (1) restricted to integers, i.e. lim; .o jent™logu (¢, 20), exists for

that z¢ almost surely, is finite, positive, and non-random. Specifically for any xy satisfying

(10), almost surely

1 1
tlim glogu (t,x0) = A(xp) = tlim ;U (t,z0) .

teN teN

Under some circumstances, one can prove that A(zg) is constant almost everywhere,
e.g as in the case of compact space (see Remark and 4 and Proposition 8), or in the next
proposition, which is obtained for free.

Proposition 3 (The Homogeneous case) Under the hypothesis of Theorem 2, if in ad-
dition the Gaussian field W is spatially homogeneous, then the Lyapunov exponent of the
Anderson model restricted to integers

1 1
A(x) = lim U (t,xz) = lim —logu (¢, x)
R R
exists almost surely, is finite, positive, non-random, and does not depend on x; i.e. there

exists A > 0 such that X (x) = A\, for all x.
In this paragraph, we give an overview of the structure and results of the Section. The

first step is to study the expected value U (t,z). Without a strong hypothesis such as
homogeneity, it may not be possible to control this quantity in large time. However, we show
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that the study of the function inf, U (¢, x) can be fruitful. A property of superadditivity is
proven for this function which implies the existence of the limit

Ae = tlim tHinf U (¢, 7).

Then, we connect this limit with ¢ 'U(¢,z). If the limit of ¢ 'U(¢,z) exists when ¢ — oo
for a particular x then this limit is at least as large as A.. Subsection 2.4 is devoted to the
proof of positivity of A. under the non-degeneracy condition (E’), which then immediately
implies the uniform positivity of A_ (x) := liminf, o, t 71U (¢, z). Although Subsection 2.4 is
relegated to the end of the present Section 2 for purposes of readability, the proof of A\, > 0
is entirely self-contained, within Subsection 2.4. A study of A_ (z), without the use of the
nondegeneracy condition (E’), is also given (Proposition 8), which includes a partial result
of constancy of A_ (z).

Remark 4 We leave it to the reader to rephrase the statements of Theorem 2 and Proposi-
tion 8 without the assumption (E’): one only needs to replace “positivity” by “non-negativity”.
It is also useful, and trivial, to see that if A\_ (x) is constant, then the Lyapunov exponents
identified in Theorem 2 and Proposition 3 coincide with this constant at any point x. See
Proposition 8 for non-homogeneous cases where this constancy holds.

The final step in proving the almost sure statement in Theorem 2 and Proposition 3 is
to make the connection between

tlirn Ut,x)/t = tlim E [t " logu(t,z)]

and lim; .t 'logu (¢,z) for those values of x € R for which the first limit exists. To
this end we estimate the Malliavin derivative of log u (t, z) efficiently, and use non-Gaussian
concentration inequalities in order to derive an almost-sure result (Proposition 11): we
obtain that [U (t,z) — logu (t,z)]/t converges to 0 almost surely; this holds regardless of
the behavior of U (t,z), but it is only when U is asymptotically linear that an almost-sure
Lyapunov exponent can be deduced.

Arguably, Proposition 11 can be valuable even if U (¢, z) is not asymptotically linear in
t. More precisely we can reformulate the proposition as

u(t,x) =exp (U (t,x) + o(t))

where it is known from Section 2.4 that U (¢, x) is the dominant term. We also prove herein
that U (t,z) < tsup, @ (z, ), which means that U does not grow faster than linearly. Thus
Proposition 11 gives a deterministic function around which the almost-sure exponential rate
of change of u concentrates, even if it is not asymptotically constant. Such a situation occurs
when Ay (z) := limsup,_, U (t,x) /t > A\_ () := limsup,_, ., U (t,x) /t. One then has an
exponential rate of increase ¢t~ log u (¢, ) which, almost surely, oscillates between the values
At () and A_ (x). Identifying examples of this situation is an open problem. Presumably,
one should be able to find such an example if the potential W is highly inhomogeneous in
space (e.g. such that Var [W (1, z)] achieves at least two very different levels).
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Our final existence result is expressed as a limit of the continuous time process ¢t ' logu (¢, )
along a fixed sequence of times. We use the sequence of positive integer times in this article,
although other sequences can be considered successfully. The majority of previous papers
on the almost-sure existence of Anderson models’ Lyapunov exponents also work with the
sequence of integers, but often ignore the fact that this does not prove existence of the limit
of t 'logu (t,x) when t is allowed to tend to infinity along arbitrary sequences of times. The
articles [7] and [16] do consider results along all possible sequences simultaneously, but do
not prove any existence results, and thus fall short of addressing the real problem. We are
well aware of this problem in our present work as well.

To give some insight as to why this is a much harder problem than many may believe,
note that one would need to show, for example, that [logu (t,z) — logu (n,z)] /n converges
to 0 as n — oo for all t € [n — 1,n]. One needs only to attempt writing down Ito’s formula
for the difference logu (t,x) — logu (n, ) to see that what appears to make the estimation
so arduous is precisely the time-reversal in the Feynman-Kac formula (6). We suspect that
if W is sufficiently regular in space, the result may be true, but all our attempts have failed
so far, even in the homogeneous case.

2.2 Convergence in the mean

Let U (t,x) be defined by (9) for all z € R and all ¢t € R;. The problem of existence of
the Lyapunov exponent when x € R has never been solved, and in the case when W is not
homogeneous, the question of existence has not been answered even for x € Z. One way
to understand why the non-homogeneous case is more difficult resides in the fact that the
superadditive or subadditive properties do not hold in general for U (-, z). However, consider
the quantity

Uec(t):=1inf U (t,z) = inlgE [logu (t,x)].
re

zeR

We have:

Proposition 5 Under the hypothesis (E), U, is a superadditive function (i.e., U, (t + s) >
U, (t) + U, (s) for all s,t in Ry ). The limit N\, := limy_,o t 71U, (1) emists, is non-negative,
is finite, and equals sup, U, (t) /t .

Proof. In this proof, we will make use of the following notation. For ¢ fixed,
Ey [F (b. = be + y)ll,—,
where F' depends on b. only via the values b, for » > t, represents the quantity

Ey [ (b. — b +y)]

where, after the expectation is taken, the fixed value y is replaced with the random value b;.
By the independence of increments of b, the above quantities are of course equal to

E, [F (b)|F/].

12



By the Feynman-Kac formula (8), and by conditioning inside E, with respect to the
filtration {]-"tb} >0 generated by b, and using the independence of increments of b, we have

U(t+s,2)=E [log (Eb {efg+sw(dr,x+br)}>]
— E -10g (Eb {ef(;5 W(dr7x+b7‘)€fzt+s W(drybt+br*bt+x)}):|

_E -log (Eb {efg W(drathn) g, [e 55 W (dr,by+br—bi+)

= E |log (Eb {Gfg Widrath) g, [eff“ W(dnbr—bt+y+x)}

ab)
)]

Now define the shifted potential 6;W by 6,W (t',2) = W (t +t',x) — W (¢t,z) for all z € R
and t' > 0. Note that then, §;1/ has the same distribution as W, and that r — b, — b; for ¢
fixed and r > t has the same distribution as r — b,_;. Thus, we can rewrite things as:

U(t+s,x)
efot W (dr,xz+b;)

E [ Iy 9tW(dr',y+br,+$):|
u(t, x) b|°

—E |log | B, [ef V@0 B,

y=bs
efg W (dr,br+x)

=U(t E |l E
U (t.) + B |log | B, § o

E, [@fos GtW(dr’,br/+y+z)]

y=by
Definition 6 We define a (random) measure Py . on the same space as Py, by the formula

exp <f0t W (dr, b, + x))
u(t, )

Pywis Al = E, 14] . (11)

Remark 7 By the Feynman-Kac formula (8), we have Py . [2] = 1 so (11) clearly defines
a probability measure.

Now, using Jensen’s inequality for the logarithm, we get

Ut+s,z)=U(t,z)+E {log (Eb,w,m {Eb [efdg 9tW(dT’7bw+y+x)}

")l
.l

It is important to note that we may not use Fubini’s theorem here because Py, depends
on the randomness in WW. However, we can revert to the original notation, which allows us
to use Fubini safely, and then exploit the fact that the terms involving W without the shift

>U(t,z) + E |:Eb,W,t,x {log E, [efos 9tW(der,ﬂ/+y+z)}

13



0, are independent of those involving this shift, to obtain:

U(t+s,2)>U((t,x)+E

EW(drbr+a
E, {—efo ( ) log Ey, [efos (’tW(dT'vbr”rerI)]

u(t, ) y=b: }]

W (drbr+a ‘
E {efo ( ) log B, [dg 9tW(dr',b,,/+y+x)]
y=bt} '

=U(t,x)+ E
( 7 x) ' u (t7 ZL’)
E [log E, [ef(‘f HtW(dT‘/,bT/+y+w):|i|

eJo W(drb+z)

E |:10g Eb |:€f0é etW(dT/,bT/-Fy—‘r:B)iH
u(t, )

:U<t,l‘)—|—Eb {E

Taking an infimum over all values of = yields
edo W(drb,+z)

u(t, )

y=by }

However, we can obtain a lower bound by taking an infimum over all possible values of =+,
after the expectation with respect to P is taken in the second term in the product above,
but before replacing y by b;. We then recognize the quantity U, (s) because P is 6;-invariant.
Then, using Fubini again we get

Te

U, (t+s)

> U, (t) + inf B, { E

ef(f W (dr,br+x)
z€R

inf {E |:10g Eb |:€f05 etW(dT/’bT/+y+m)i|] }
u (t,x)

z+yeR

y=bt

e J§ W (drbr+a)
=U.(t) + ;glgE E, WU* (s)
y=bt
_ exp (fot W (dr,b, + [L’))
= U, (t) + Ui (s) :;gff{E E, ) =U,(t)+U.(s).

Here we used Remark 7 which ends the proof of the proposition’s first statement. The
remaining statements are nearly trivial. First, since U, is super-additive, U, (t) /t has a limit
when ¢ — oo which equals sup, U, (t) /t. Thus we only need to show that U, (¢) /t is bounded
for all t. For b fixed, we calculate the variance of the centered Gaussian r.v. fot W (ds,bs + x)

using (7) as
E (/OtW(ds,bs+9:))2

:// |f (bs + z,y)|° 1 (dy) ds
0 JyeR

t
:/ Q (bs +x,bs+x)ds <tsupQ (z,z2).
0

zeR
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Then, note that by Jensen’s inequality and Fubini’s lemma, and the hypothesis (E),

t t
U(t,z) =ElogE, (exp/ W (ds, bs + a:)) <log EE; (exp/ W (ds, bs + a:))
0 0

( /Otws,bsmﬂ)

t
1
=log E,E <exp/ W (ds, bs + x)) = log Ey exp <§E
0

t t
< log Ey exp <§ sup @ (z, z)) = —sup@(z,2).

2eR 2 zeRr

This proves that the limit of U, (¢) /¢ is bounded above by 27! sup,.gr @ (2, ). To prove that
this limit is non-negative, we use Jensen’s inequality by moving the logarithm inside E;, to
get that:

t
U (t,z) > EE, (logexp/ W (ds,bs + x)) =0, (12)
0

finishing the proof of the proposition. m

Proposition 5 is of crucial importance for the proof of the lower bound in Section 3.
Moreover, in the homogeneous case this proposition enables us to conclude that the existence
of the Lyapunov exponent holds, as is spelled out in Corollary 3, where the Lyapunov
exponent is seen to be constant. The next proposition investigates the possible constancy of
another notion of lower bound.

Proposition 8 Define

A (x) := liminf 1U (t,x).

t—o0 t

Assume Condition (E). Let \iys := inf, A_ (). Then either the function A\_(z) is bounded
away from its infimum on any finite interval, or A_ (x) = A\iys for Lebesgue-almost every x.

The latter situation occurs when the SPDE (1) is defined for x in a compact smooth
manifold.

Proof. To establish the first statement, we can write:
U(t, ZL’) =E, _efol W(ds’w"'bs)eﬁ W(ds,w-i-bs)]

—-E, —Eb [efol W (ds,o+bs) , J} W (dsa+bs)

A

_E, _efol W(ds.z+bs) g, [eff W (ds,z+by +bs—by)

A

=E, _efol W(dS,I-l-bs)Eb |:€f0til 91W(dr,x+b1+br)]:|

9
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where we used the independence of the increments of b on [1,¢ — 1] respectively [0, 1]. Now
using Jensen’s inequality, Fubini, and the identical distribution of W and 6, W, we obtain:

1
Z E |:Eb |:/ W (dS, x + bs) + log Eb [efo_ 91W(dr,x+b1+br):| :|:|
0

= E, [E (W (ds,z +bs)| + E [log E, [efOH W(dnﬁbﬁbr)} H

= B, [E [logu(t — 1,2 + by)]]
=E,[U(t—1,2+b)].

Recall from (12) that for any x, U (¢,z) /t > 0. Therefore, by Fatou’s lemma we have, for
each fixed =,

t—o0 t—o00

1 1
liminng(t,x) > E, {liminf ;U (t—1,z+ bl)} :
i.e., for all x,

A (z) > Ep[A_ (x4 b)) = /p (dz) A (x + 2). (13)

where p (dz) is the Gaussian measure (27) /% dz exp (—22/2).
We proceed with a proof by contradiction. Let Ay = inf, A_ (z). Assume A_ is not a
constant a.e. Therefore, since p and the Lebesgue measure are equivalent, we have

p(z: A= (x) > Aing) > 0.
Hence by monotone convergence, There exists € > 0 such that
p(z:A_(z) > Ang +¢) > 0.

This means that there is a set Z of positive Lebesgue measure such that for all x € Z,
A (x) > Aint + €. By definition, even if Ay is not attained, there exists a sequence (z,,),
such that A_ (x,) converges to Aiys. Now, using (13), we have for each n,

A @)z [ o)Az +2)
:/Z p(dz)/\_(xn+z)+/ p(dz) A\ (z, + 2)

R\Z—zn
Z (5 + >\inf) 1Y (Z - xn) + )\inf (1 —p (I - xn))
= )\inf + ep (I - xn)

If we assume that the sequence (z,), has an accumulation point (non-infinite), then as
n — 00, p(Z — x,) will tend p (Z), and since A\_ (x,) tends to A, we obtain a contradiction.

16



If on the contrary we cannot assume that (z,), has an accumulation point, this implies
that with

enr + Ainf i=1nf{A_(z) : 2 € [-M, M},

ey > 0 for any M, which is the first alternative of the proposition.

To establish the third statement, we must reinterpret the law of b in the Feynman-Kac
formula to be that of the Markov process whose generator is the Laplace-Beltrami operator
on a smooth compact manifold. Since the Lebesgue measure is still absolutely continuous
with respect to the law of by, the previous arguments still hold, and we can apply the second
alternative of the proposition, since (x,), must have an accumulation point. m

Remark 9 The constancy of A_ in Proposition 8 is not needed for any of the other results
wn this paper to hold. In this sense, this constancy property appears as a bonus in our results,
for which homogeneity is not required.

2.3 Almost-sure convergence

We begin with a lemma from stochastic analysis. The filtration of M is the family of
sigma-fields (F;),~, defined by setting F; to be the sigma-field generated by all the random
variables M ([0, s] x B) where s < t and B is a Borel set in R. For a random variable F
in the space L?(Q,F,P) generated by M, its Malliavin derivative DF with respect to M,
when it exists, is a random field on R X R in accordance with the usual definitions from the
theory of abstract Wiener spaces. One may consult the corresponding chapter in [12] for a
precise definition. For our purposes, it will be sufficient to note the following two important

properties of D.

1. Let f be a non-random function in L? (Ry x R,ds x u(dy)). For any fixed t > 0, let
F= [[g,«r[(s,y) M(ds,dy).Let g be a function in C* (R), and let g’ be the usual

derivative of g. Then G = g (F') has a Malliavin derivative given for all s > 0 and all
y € R by

Ds,yG = g/ (F) f (S7y)
as long as ¢’ (F) is in L? (Q). Note in particular that D, F = f (s,y)

2. If G has a Malliavin derivative and G is F;-measurable for some ¢t > 0, then for all
y € R and all s >t we have D, ,G = 0.

It is informative to note that D is the only closable operator that satisfies all multi-
dimensional analogues of the first condition above (g in C! (Rd), d arbitrary). This fact
will not be used herein. It is convenient to define the domain of the Malliavin deriva-
tive D as the so-called set D%2. The book [12] can again be consulted for definitions and
properties of this set, but here it is sufficient to say that when G € D%?, then DG ¢
L*(Q x Ry x R,Pxds x p(dy)), and one immediately sees that the G' described in the first
property above is indeed in D2,
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Lemma 10 Let G be a centered random variable in L* (Q,F,P). Assume G € DY? and G
1s Fi-measurable. Then for every integer k > 0, there exists a constant CY, that only depends
on k such that

k

el <afe[[ [ (®D,GlE) 6]

Proof. We need the following version of the Clark-Ocone representation theorem (see
[12]). Since G € D'? and EG = 0,

G = // E[D,,G|F,| M (ds,dy) .
R xR

Note that the stochastic integral above is of It6 type, since the integrand E[D;,G|F]
is adapted to the filtration (Fj),., of M. In particular, assume now, as we may by our
hypothesis, that G is F;-measurable for some fixed ¢t > 0. Then we can rewrite the above
formula as G =Y (t) where the stochastic process Y is defined for all r € [0, ] by

Y (r) = / / W BIDGIF M (s, ).

Since the integral is of It6 type, with square-integrable integrand (using the hypothesis
G € D'?), we see that Y is a martingale and that its quadratic variation is given by

<Y>did8) _ /R (E[D,,G| F))? n(dy)

from which we immediately get

5 [ [[(®[D.,61 ) dsulay).

The Burkholder-Davis-Gundy inequality can be applied, yielding in particular the statement
of the lemma when r =+¢. m

We now apply this lemma to G = ¢t 'logu (t, ) where t and z are fixed. By property 2
above, we have D, ,G = 0 for s > t. By property 1 above, the operator D is clearly linear,
and operates only on the randomness of M, so that we may write, using the formula (8) for

1ﬁ ’ [Ds’yeXp (//[Ot}fo(bs+w’y)M(d8’dy))1
_%ﬁEb {f(b +7,y) exp(//w +x’y)M(d8’dy))}'

We rewrite this formula using the probability measure Py, defined by (11). We have

D, ,G =

1
Ds,yG = ;Eb,W,t,a: [f (bs + z, y)] . (14)

18



Now using the previous lemma for £ > 1 coupled with several uses of Jensen’s inequality
and Fubini’s lemma, plus hypothesis (E), we get

510~ B0)"] < e (B[ [ wn [ @B tr 0,4 r iz 0] b

k

IA

ﬂikck {E :/yERM (dy) /OtE [Evwes [|f (s +2,9) ] 1F] ds] }

= e {B[ [ B B [ wans o] 12] o }
— ﬁikck {E /Ot E [Epw.e [Q (bs + 2, bs + )] | F] ds] }k (15)

1
< —CysupQ (z,2)".
tk zeR

In the remainder of this section and the next one, we assume that ¢ can take only positive
integer values. What we have just proved is that for any fixed x € R and ¢t € N, we have

1 1 2
E (; log u (t,z) — ;U (t,x)) <t 0oy (16)

where Cg i, is a constant depending only on k and ). Now by Chebyshev’s inequality, for
any constant C (¢),

Cok

W. (17)

1 1
P Hglogu(t,z) — gU(t,x)

> C(t)} <

To be able to apply the Borel-Cantelli lemma, we may for example require that t*C (t)% =
where 3 > 1. This means C (t) = t~(*=%)/2k 5o that by choosing 3 —1 > 0 and small enough,
we only need to require that & > 1 to guarantee that lim; .., C' (t) = 0. In particular, we
can state the following result.

Proposition 11 Almost surely, for any fized x € R,

1 1
lim (g logu (t,x) — gU (t,x)) = 0.

N
Combining this with the result of the previous section, the proof of Theorem 2 is complete.
To prove Proposition 3, it is sufficient to note that by homogeneity, U (¢, z) does not depend
on x, so that U (t,z) = U, (t) is superadditive, and thus A = A\, = limy_o, U (¢, z) /t exists,
so that Proposition 3 follows immediately from Theorem 2 and Proposition 5.
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2.4 Positivity

The purpose of this section is only to establish the next proposition, whose proof does not
depend on any of the results described above. The proposition provides a structure and a
crucial ingredient for the proof Theorem 14.

Proposition 12 In the notation of Proposition 5, if (E) and (E’) hold, A\, > 0.

Proof. The main idea in this proof is to restrict the Feynman-Kac paths b to regions
where the canonical metric 6% is bounded below, using Condition (E’). Throughout the proof,
except for Step 3 where the superadditive limiting property of U, is used, our time t > 0 is
fixed (large enough) and = € R is fixed. We first choose a pair (zg, yy) such that xy = = and
Yo = = —&o. By Condition (E’) for all 2’ > x4 and y' < o, we have 6% (2/,y') > co. It will be
notationally convenient to keep the identities of xg and = separate. We will also introduce
the shorthand notation b := z 4 b,. Here we continue to use a standard Brownian motion
b starting from 0 under Py, so that b” starts from x under P,.

Step 1. Controlling the probabilities of b* being outside of [xo,yo|. Let

Ay = { inf b7 > a:o}, and A_ =< sup b <yp ..
s€E[t,2t] SEt,2t]

We begin with a simple result, whose proof we include for completeness. As stated, it
refers to the law of standard Brownian motion started from x = x(. If one prefers to use
the Brownian motion started from = with variance s (as is required when referring to the
Feynman-Kac formula for equation (1)), one only needs to replace ¢ by st in the statement
of the lemma below. This modification changes nothing to the usage of the lemma in the
current proof of the proposition.

Lemma. For any ¢ > 2, there exists ty non-dependent on x such that if t > ty then,
P, [AL] > (ent)™? and P,[A_] > (emt) V2.

Proof of the lemma. In this proof, as always, note that under P, b is a standard
Brownian motion started from 0. Then, with 7"_; the first hitting time of —1 by b, and the
Markov property at time ¢, we can write

Pb[A+]:/ Pb[bt+x€dz]Pb[ inf (bi—bf)—l—zExdbfzz]

0 s€(t,2t]

:/ Pb[bt—kxedz]Pb{inf 682:130—2}

o s€[0,t]

2/ Pb[bt+$€dZ]Pb|:inf b52—1:|
zo+1 s€l04]

~-P, [blz(xoﬂ—x)/\/%] Py [T, >1].
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In the last expression, as t — oo, the first term converges to 1/2 uniformly in x since
xo —x = 0, while the second satisfies lim; o, Py [T1 > {] Vi=+/2 /7. The result follows for

Ay. The proof for A_ starts identically. We then arrive at the fact that

P, [A]> P, b1g<y0—1—x)/\/£] P, [T, > 1].

Since yg — 1 —x = —1 — &y, the first factor in the last expression converges to 1/2 uniformly
in z, while the second satisfies lim;_, o, Py, [T} > 1] Vi=+/2 /7. The lemma follows. [ |

Continuing with the proof of the proposition, let z; > xy and let y; < 1o, and define

AL ={xy > b >z : Vs € [t,2t]},
A ={y < b7 <yo:Vset21]}.

If zy (resp. 1) tends to +oo (resp. —oo), then P, [/L] tends to Py [A,] (resp. P, [fl_]
tends to P, [A_]). Therefore, using the above lemma, for any fixed ¢ > ty, there exist fixed
values of z7 and y; (which may depend on ¢, z, ), such that
P[[l}>1 dP[A]>1
—— an > —
b + | = 4\/]_5 b - 4\/%
Step 2. Restricting b*. Let X, = X, (2t) = f W (ds, b%). We have

U (2t,2) = E [log By [¢]] > B [log By [¢¥15, + %14 ||

> E _logEb [max{ X”1~ e*1y }”
>E _max {logEb [eX”l,LL] ; log By |:€Xb1/i_:| H

= 5 e 1o (1 [0 Py [2,]) 10 ([0 | [ ]))]

By the result of the previous step, and using Jensen’s inequality, we have for any ¢t > t,

U (2t,2) > —log (4V2) + E [max { B, [ %4, | i B, [x,)4_] }]
— _log4— (logt) /2 + E [max {Z+, Z_}] .
Here we have introduced
Z.:=E, [Xb\/L] and Z_:=E, [befl,] :

these form a pair of centered jointly Gaussian random variables. Indeed, they are both
linear combinations of values of a single centered Gaussian field. This implies that the
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) ) ) o\ /2
random variable Z, — Z_ is centered Gaussian. Now let 0 = (E [<Z+ — Z_> }) . Then

(Z+ - Z_) /o is a standard normal random variable. Thus we can write E HZ+ - Z_‘ /o} =
\/2/m. This, plus the trivial fact that max (a,b) = (|a — b| + a +b) /2 , imply

]
= (27)" (E {(Z+ = Z_>2D1/2.

E|max{Z;. 7 }| =27'E Hz ~ 7

We thus conclude

U (2t,2) > —log 4 — (logt) /2 + (27) /2 (E {(A - Z_)Q} > "

Step 3. Statement of strategy. By definition of U,, and by the fact that A\, = sup, U, (t) /t,
we have \, > inf, U (2¢,z) /(2t) for any fixed ¢. So we only need to identify a single value ¢

such that U (2t, z) is bounded below uniformly in . From the result of the previous step, the
3 T\ /2
proposition will thus be established if we can prove that logt = o <E (ZJr - Z_> ,

and that this holds uniformly in x. In fact, we will prove more, namely that with ¢ the
constant identified in Condition (E’), for some ¢y, >0, for any fixed t > t,

E {<Z+ _ Z_)Q] > cot.

Step 4. Calculating the variance of Z+ — Z_. We introduce a new, time-free, random

field: let {W (x):zx € R} denote a centered Gaussian field satisfying E [W () W (y)} =
Q (z,y). Also, for every fixed s € [0,2t], let Z, (s) = E, [W (b%) |/~1+] and Z_(s) =
E, [W (b%) |/~1_} . We now prove the following formula.

E {(z - 2)2} _ /:t E {(@ (s)= 7 (s)ﬂ ds.

To begin with, writing squares of expected values (E, [F (b%)])* as expectations of products
Eyy [F (b7) F (V'*)] where under the measure Py, b° and b are independent copies of b%,
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2t 2t

B|(2.-2) | =B[ew | [ W [ w0 o]

+E (B | [ W s [ w sl 090 A0
0 0
2t 2t

<28 By | [ @) [ s A ) 0 A )|
2t ’ 5 ° 5
= Eb,b’ |:/ Q (b‘:’b;x) dS|A+ (bx> N A+ (b/x):|
0
2t
+Eyy { / Q (b2 ) ds|A_ (") N A (b’x)]
0
2t
— 2By { / Q (bZb) ds|AL (b") N A (b/x)] :
0

Now using Fubini’s theorem to bring the time integration outside, and using the formula
E [W ()W (y)] = @ (x,y), and another Fubini to bring this new E outside, we obtain

- - \2 2t - - - -
Eﬂzpqz)}:/ m%UWq@nvwgph@ﬂmAgwﬂw
0
2
41/ EENVhV@@VV@fHAfUFMWA,@“ﬂds
’ 2t . ~ ~ R
-_g/ BE, [W ()W (47) | A (%) 0 A (0)] ds.
0
Reintroducing squares and products of expectations with respect to P, we obtain
N 5 2 2t ~ N 2 2t N ~ 2
E|lZ, —Z_ :/ E{E W (b7)|A }ds+/E{E W (b7)|A- }ds
(z-2)|= [ e | ena]) e (B (o] )
2 R R R .
—2/ E [E,, [W (b§)|A+} E, [W (b7) |A_” ds
0
2t _ B _ B 2
= E|(E, (W () |Ar| —Ey [W (b7) A= ]ds
/ {(b[ o0 1A, ~ B, [ (62) 4]
which is what we set out to prove in this step.

Step 5. Estimating the variance of Z. — Z_. Conclusion. First we discard the entire

. N
first half of the expression for E {(ZJF - Z_) } just obtained, for s € [0, t], yielding the lower

bound
E {(z _ Z_)Q] > /t% E {(z (s)— 7. (s))Q] ds. (18)



Our initial goal here is to show that Z, — Z_ can be expressed as an increment of W
itself, albeit between random sites. By the assumption on the continuity of W, almost surely,

W defined in Step 4 is continuous on all of R. Therefore the set I, := {W () : z € [z, xl]}

is a closed interval. Also, for all s € [t, 2t], under the conditioning A., we have b € [xg, x1].
This implies that for each fixed s, Z (s) is a convex combination of points in the interval
I,; indeed, to be specific, if we denote by f , (dy) the distribution of bF given Ay, f is

supported by [xg, 1], has total mass 1, and we have Z, (s) = fjol fs+ (dy) W (y). Therefore,
since I, is convex, Z, (s) € I.. This proves there exists a point x; , € [20,71] such that
Z,(s)=W (asf;Jr) Similarly, there exists a point o} _ € [y1, yo] such that Zo(s)=W (:v* )

S,—
Note that 27 , and z7 _ are random; yet they are bounded as indicated, and conditional on

r, and z} _, W (a:2+) and W (x:_) are jointly Gaussian, with covariance given using the
function Q.

Now we can write

B|(2.0-2-0) | =B (7 () -1 ()]

~ B [B] (1 (1) -1 (1))’

=E 5(x* T )2}

s,+7 ¥s,—

Since x} , and z} _are supported by [z¢,21] and [y, y0] respectively, we can use the lower
bound on 2 given in Condition (E’), which, with the lower bound (18), yields

E [<Z+ — Z_>2} > /2t cods = cot,
t

which, by Step 3, ends the proof of the proposition. m

3 Lower Bound

With this section, we begin the quantitative analysis of the exponential behavior of u in
large time. We note that existence of the Lyapunov exponent is not required for any of the
results below.

Lemma 13 With the notations in the previous Section let \_ (z) = liminf, . U(t, x)/t.
Then A_ (z) is a lower bound for the exponential behavior of the solution of the Stochastic
parabolic Anderson PDE for x fized, almost surely:

ME)\,(@.

lim inf
t—o00
teN
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Proof. Let z be fixed and let § < A_ (z). We have, for k > 1,

p [logu (t,x)

. < ﬁ] =P llogu(t,x) < ft]

=Pllogu(t,x) = U (t,x) < =U (t,z) + (]
E [\logu(t,x) — U (t,z)[*
<
(U (t,z) = pt)**

Using the calculations in Subsection 2.3, more specifically (16), we obtain

log u (t, ) t*Co &
P [f = ﬁ} = (U (t,z) — pt)™* (19)

There exists a ty so large that Vt >t :

U(t,z) > (/\_ (z) W) t.

Thus, (19) is continued by

2k
pllenln) o)« Ml ey (1 2g) (20)

2k
C I ey
With k£ = 2 we see that the probability is summable for ¢ € N since 5 < A_ (x). Therefore,
we can apply the Borel-Cantelli lemma to assert that there exists an almost-surely finite
integer t_(w) such that for every integer t > t_(w), logu (t,x) /t > (3. In conclusion, for any
B < A_(z) and any x € R, we have almost surely
1 t
li{n inf —ogu( )

teN

> .

Since 3 can be taken arbitrarily close to A_ (), the result of the lemma follows. m
We now have a clear method for finding lower bounds for the Lyapunov exponent: a lower
bound for A_ (z) implies almost surely the same lower bound for lim inft?&o t~togul(t, z),
€

which is the starting point of the next theorem’s proof.

Theorem 14 (Lower Bound for the Lyapunov Exponent) There exists a universal con-
stant ¢, such that if u(t,x) is the solution of the stochastic parabolic Anderson PDE (1),
under Conditions (E) and (E’-), we have for small k, for fized x, almost surely:

—2
lim inf log u(t, ) > G A G — 67"’
R t 327 to (k) to (k) V327

where to (k) is the unique solution of the equation

cu = VoA (Vity) - (21)

25



Proof. Step 1. Strategy. To prove this theorem, we need to recall some earlier facts
found in Section 2. Since we trivially have A_ (z) > A, by definition, we will seek only to
bound A\, from below. By Proposition 5, we have that A\, > U,(t)/t for any t. Therefore,
we only need to identify a single time ¢y such that U (¢, z) /ty exceeds the announced lower
bound ¢, /(to\/327) uniformly for all z.

Step 2. Using prior setup with new scaling. We will proceed similarly to the proof of
Proposition 12. Now we should interpret 6* as having variance x and starting point x, but
in this proof it will be sufficient to use the notation b, as always, for our standard Brownian
motion under Py, started from 0. Multiplying b by /k will then yield the right variance.
We modify the definitions of A, and A_. The new choices we make for these events are not
symmetric, unlike in the proof of Proposition 12, which will result in a much larger lower
bound than if we had kept the choices made in that proof. We take

Al = {\/fxl > /Kby >Vt (xg — 1) : Vs € [t,Qt]},
and

A= {\/Eyl < VEby <Vit(yo — ) : Vs € [t,Zt]}.
Note that we have the following equalities in law under Py:

A law {1 > Vkby > (xo — ) : Vs € [1,2]},

A Ly VR < by < (yo— ) /K : Vs € [1,2]}

which proves in particular that the probabilities Py, [AJ and P, [fl_] do not depend on ¢.

By letting o = z, 1 = /K, we get that P, [/NLF} does not depend on z or k. To get the

same effect on fl_, we may take yo — x = —/k, and y; = —24/k. In other words, there is
a positive universal constant C), such that log (min {Pb [[14 Py [[L] }) = —(C,. In any

event, since [Lr and A_ are disjoint, we still have from the proof of Proposition 12
U@2t,x) > -C,+E [maX{Z+,Z_}] :
and

B [max{Z,,2 }| > %—W (/tQtE LICARE ds> 1/2,

where here the random variables x§ , and z; _ are bounded respectively below and above by
2oVt and yov/t. The other conclusion we can draw is that with these choices of z’s and y’s,
we get |zo — yo| = VK-
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Step 3. Optimization of the parameters. Using Condition (E’-), we see that
6 (x% ;) )2 > A% (e)

S,—

where € = |z¢ — yo| vVt = V/kt, as long as we can guarantee that y/st can be made small
when k is small. We would then have

U (2t,7) > —Cy + /1] 2m)A (\/E) .

It is clear we need to choose t =ty = ty (k) as a function of x, and that an optimal choice,
up to multiplicative universal constants, is one such that

2C,V2m = VoA (Vo) .

Since by Condition (E’-) A is a bijective function (near 0) with inverse A, we would have

to take
1 A-l 20,V 27 ’
K= — _— )
to Vit

This relation can of course be inverted to write ¢y as a function of x, although the expression
cannot be as explicit. We also have /skt, = A1 <C’u\/27r/t0>, and we see that since

lim, .o A (r) = 0, the same holds for A™!, and therefore rt, is small as long as t is large
enough.
Step 4. Checking ty can be made large enough when k is small. Since the above choice

for tg implies
—2
U (2tg, x) S Cu ﬁﬂ AL 2C,V 271
20 2ty 2 Vi ’
we will be able to conclude the proof of the theorem as long as we can justify that when & is

small, t( is large, since by Step 3, this would also imply that \/ktg is small, allowing the use of
Condition (E’-). Since W is assumed to be almost-surely continuous, the theory of Gaussian

regularity (see for example [18]) implies that A (r) = o <log_1/ (1 /r)) In particular, we

can assume that for small 7, A (r) < log™"/2 (1/r). Equivalently, for small z, we have
A7 (z) > e V7

Combining this inequality with the expression for x above yields
1
K>+ exp (—to/(4mCY)),
0

which indeed implies that if s is small, #; will have to be large. Hence the claim that kt,
can be made small enough is justified, and the proof of the theorem is complete. Note that
the universal constant ¢, in the statement of the theorem equals 2C,v27. m
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Corollary 15 By possibly adjusting the leading constant by a universal positive factor less
than 1, the previous theorem holds even if the liminf is taken over all timest € R (removing
the subscript t € N ).

Proof. The technique used in [17] and in [7] to handle the infimum of u (¢,z) for all
t € [n— 1,n] where n € N, can be used here again with no additional difficulty. We
omit these details since no new idea is required from those introduced in [17]. It is worth
mentioning that this technique cannot be adapted to solving the open problem at the end
of Section 2.1. This is because in [17], the authors only show a lower bound for the lim inf
of the quantity n~'log (inf {u (¢,z) : t € [n — 1,n]}). The same idea of how to handle all
t € [n — 1,n| simultaneously is used in the upper bound context in [7]. But when putting
the two together, a gap will always exist between lower and upper bounds. Thus the open
problem at the end of Section 2.1 remains. m

4 Upper Bound

For the upper bound we will use a discretization technique similar to those in [7] or [17],
while making some necessary improvements. We will approximate the Brownian path in the
Feynman-Kac formula (8) with a path that stays in €Z where ¢ is a small positive number
that will be chosen as a function of x.

4.1 Notations and basic results

For any Brownian motion path in C the space of continuous functions, let ¢, = 0 and for
i =1,2,3,... let t; be the first time after ¢;_; that b, — b;, | exits [—¢,e]. We define the
discretized path b as the right-continuous path that jumps at each time ¢; to the position
x; := by, and that is constant between jump times. For any time ¢, we define N; as the
number of jumps of b up to time ¢. Denote by

S(tn) ={t=(ti,t2,... . t)[0=tg <ty <ty <+ <t <t}

the simplex of all the possible sequences of n jump times, and by P, the set of all possible
visited sites & = (xg, 21, ..., z,). Under P; the inter-jump times 7; = t;—¢;_; are independent
and identically distributed and are independent of Z. The sequence 7 itself under P, is a
symmetric nearest-neighbor random walk on €Z started at x. Here and throughout, z is
fixed.

For b the discretized version of b, using the convention ty, 1 :=t, we define:

Xy (i, / W Z(W(tm,xn—wm,xi»,

u(t) = alt,r) = Eb[exp(2XNt( 7))] -
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Let A, = limsup, ..t 'logu(t,z) and A, = limsup, ..t 'log@(t). We may write
almost surely using the Cauchy-Schwarz inequality:

/2

ult,0) < E, |:€2th(x)—2XNt(t~,5c):|1 a)v?,

and thus,
1 ~
< =
S5 (64 0), (22)

with ¢ = limsup, .. log Ey exp(2X?(x) —2Xy, (£, )). This last quantity is the error commit-
ted by discretizing b, i.e. by replacing A, by (a constant multiple of) 5\+. We seek an upper
bound on both £ and 5\+. We note here that both £ and 5\+ are relative to the Gaussian field
2W rather than W.

4.2 FError estimate

We quote here a result that was originally in established in [7], and used subsequently in [17],
more specifically Proposition 3 therein. We do not repeat the proof, noting instead that the
measurability conditions that are required for a rigorous proof do not need to assume the
Holder-type conditions of [7] or [17], but that without continuity of W (see Remark 1 for an
interpretation in the context of Condition (E”)), we do not believe that the Feynman-Kac
formula even holds, or that the following result can be established. We have almost-surely:

¢ <limsup % log E;, [exp (Koi’b)} : (23)

n—oo

where, 07, = sup,c,_1, E [(th(x) — Xn, (¢, :i))z] and K a universal constant. We can

estimate o, , using the assumption (E”) as follows:
o2y= sw B|(X}(2) - Xn(0,5)]
te[n—1,n]
t t o\ 2
= sup E (/ W (ds, bs) —/ W(ds,bs))

te[n—1,n] 0 0

t _ n

sup / 52 <bs,b5> ds < / 52 < > ds.

teln—1,n] JO 0

Now using the fact that the two processes b and b are never more than ¢ apart, we obtain:

bs — bs

on, < nd”(e).
Finally, using this last estimate in (23) we find that the approximation error is bounded as

§ <K& (e) (24)
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4.3 Setup for use of Gaussian supremum estimates

We can write

u(t) = Ey [eQXNt (fi)}
_ i E, [eQXNt (£.3)

At this point, let us notice that every discretization b is characterized by the number of
jumps up to time ¢, the times of those jumps, and the direction of the jumps. That is, every
path b is equivalent to its triplet (N;,?,%). For any positive integer n and any « > 0, let us
then define

N; € [ta(n — 1), tan]| Py [N € [ta(n — 1), tan]]. (25)

Too = { (Ni.1,%)| N, < tno; t € S(t,N,); & € Py, } -
We will use the notations

*
Xn,t,a

= sup 2Xy, (f, 37:) ,
Tna

and

f(nont) = E [Sup 2X, (. gz)] .

Tna

In order to find an upper bound for the Lyapunov exponent we invoke two classical theorems
from Gaussian processes theory that can be found in [1].

Theorem 16 (V. Sudakov - C. Borell) Let T be a Polish space and {X;}ier be a cen-
tered, separable, Gaussian field with sup,cp Xy < 00 a.s.. Then E (sup,cp X;) < 0o and for
all X > 0 we have:

_2
P <\ sup X; — E (SupXt) | > )\) < 2e *F (26)
teT teT

where 03 = sup,;ep E(X?).

For a separable Gaussian field { X, };cr on T we use the following notation for its canonical
metric on the space T

p(s,t) = VE[(X, — X,)?.

Theorem 17 (Dudley-Fernique) There exists a universal constant K > 0 such that:

E (sup Xt> < K/ V1og N(n)dn (27)
teT 0
where N(n) is the smallest number of balls of radius n in the metric p required to cover the

space T'.
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Let us estimate the entropy function N(n) for the field Xy, (t ) defined over T,,. Let
m < tna, fixed. When N; = m is fixed, for t,5 € S(t,m) and ¥ € P, fixed, our metric is
defined as:

2

d((m,1,7),(m,3,7)" = E (X, ([, %) — X (5,7)) (28)

Remark 18 The diameter of T under the metric d (the mazimum distance of our metric)
does not exceed 21/t max, Q(z,z)

2 _
This fact is trivial to see since E {(fo W(ds,x ) ] < tmax, Q(z,z). Define now T,
similarly to T,,, but with the number of jumps fixed, equal with m.
T = { (N, 1, &)| N, =m;t € S(t,m); & € P}

We obviously have T, = ng[cmt]T k-

4.4 Gaussian estimations

Lemma 19 For t, m and & fized, the canonical metric for the Gaussian field {X,,(t, %)}z,
satisfies:

m

d((m,t,2),(m,5,1)) < 4Sl;p Q(z,x) Z |t — si-

1=0

Proof. This result is very similar to Lemma 2.1 in [6] for the homogeneous case. We
have chosen to reprove it since the difference, in our non-homogeneous setting, is not that
trivial. First note that by Cauchy-Schwarz,

Qle,y) < VQ(2,2) Q (:y) < sup Q(a, ). (29)
Using our metric, we can write:
d ((m,t,2),(m,s3, 55))2 = i@(zi, zi)(tiv1 — ti) + i Q(zi, ;) (Siv1 — Si)
i=0 =0
— 2EZ (tiv1, ;) — W(ti, t;)) f: W(sjt1,25) — W(sj, t5))
=0
< 2tsup Qz,z) — 22@ xi,x;) |At; N As;| — 2 i Q(z4, z;) |At; N Asyl .
i=0 1,j=0,i7#j

Using the notation At; = [t;,t;11] and respectively As; = [s;, s;+1] we obviously have:

i,j=0 i=0 1,7=0;i#£j
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and now using (29), we obtain:

Z Q(x;, xj) |At; N Asj| > —sup Q(z, x) Z |At; N As;l
§,j=0,i%j * i,j=0,i#j
= —sup Q(x,x) (t — Z |At; N Asﬂ) :
¥ i=0

Putting everything back together, we get:

d ((m, t,7),(m, S, :E))2 < 4supQ(z,x) <t — i |At; N Asi|> ,

=0

and now the lemma follows since we have

=0

1=0

[ |

Now, in order to use the Dudley-Fernique Theorem 17, we will need to count how many
balls of radius n are needed to cover T}, in the metric d. To do that, first we will see how
many balls are needed to cover T,,, for each m < tan. Since T, = Umgtome the number
of balls required to cover T, is less than the sum of the number of balls required to cover
each T,,.

Suppose that we are working on T,,. For any given sequence of jump times there are at
most 2™ possible sequences & € P,,. Thus, if we cover the simplex S(¢,m) with N balls we
will need 2™ N total balls to cover T,,. From Lemma 19 an upper bound for the metric (28)
is: d*(t,8) <4Q(0) >, |t — si|. Using this upper bound, we now exhibit a lattice of times
teenter Such that dz(f, fcenter) < n?, and then we will count how many points are in our lattice.

The next few paragraphs are similar to calculations performed originally in [7]. The
reader familiar with those can skip directly to equation (30). Consider the partition of the
interval [0,¢] by kt points with k& := 4sup, Q(x,x)mn2: {0, %, %, c % = t}. For any
sequence in S(t,m), say ti,ta, - ,ty,, forany i = 1,2 --- 'm, we can find a point j (i) t/k
in the partition such that |t; — J—kt\ < % Consider teenter = (4 (1) 1/ k), for a fixed sequence
(4 (4));~, of non-decreasing non-negative integers from 1 to tk, and consider the set of points
t satisfying [t; — %| < ¢ foralli=1,---,m. We obtain a cover of the entire set S (t,m)
by allowing j (+) to span all such sequences. Moreover, for each such teenter W€ have

n

d2(t~7 2?cemfer) S 4 sup Q(l’, .I') Z

=1

ti—%' < 1w Q) 3 =

Hence, the balls centered at all the foenter’s thus constructed, with radius n in the metric
d, cover the set S (t,m). The total number of these balls is the number of nondecreasing
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sequences of length m with values in {1,2,---  kt}. This number is easily computed to be

the binomial coefficient (kHT’:*l). We can also show, using Stirling’s formula, that
kt —1
( o ) < 3™ (kt +m)™m™.
m

Now since the set T,, is the union of the sets S (t,m) x {Z} where & spans the set of all
nearest-neighbor paths of length m, the total number N,,(n) of balls needed to cover T,, is
trivially bounded above as follows:

4 m
Ny(n) < 273" (kt +m)™m ™™ = 6™ ( sup, Q(z, 2)t | 1) |

02
where we used the definition of k.

Therefore, the following is again a trivial upper bound on the number N (7) of n-balls
required to cover T),:

wn ion [ Asup, Q(z, z)t tom
N(n) <Y Nun(n) < tanNn(n) < tanb = +1) .
m=1

For simplicity of notation, in the next few lines, we are going to use m instead of tan. We
use the Dudley-Fernique Theorem 17 to obtain:

~ MNmax
E[ swp X.00)|<K / Vog N(n)dn
0

(m,ﬂi)ETmn

2\/tsupx Q(z,x) 4 A\ ™
< K/ \/logm12m ( i i Ci(x,a:) >
0

Ui

2\/t sup,, Q(z,x) 4 t
< K/ \/logm+mlog 12 + mlog SUPs Ci(x,:c) dn
0 n

dsup, Q(z, z)t
72

1+ log 12 + log

2+/tsup, Q(x,z) ¢
dn.

SKW/O

Now denote ¢; = 1 + log12, ¢co = 4sup, Q(x,z). We are going to make the change of
variables: ,/c; + log%t = 2. With this change of variables, the endpoints of integration

become 400 and /c; and dn = —+/cat 2z exp(—22/2) exp(c1). Then, using the fact that the
second moment of a standard normal is equal to 1, we have:

~ o0 22
E sup  Xn(t,7) | < QK\/E\/CQte”\/Qﬂ/ e 7 dz
Cc1

(m,fﬁ:) eTtan

S KQ\/ mit
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for some constant K¢ depending only on @ (via the factor sup, @2 (x,x)). Thus, substi-
tuting back m = tan, we find

f(na,t) = 2E <Sup X, (¢, :z)) =E (X;,,) < 2tKgv/na. (30)

T’na

To proceed further, we will need to prove a lower bound on f(na,t) as well. We will need
to use the strengthened non-degeneracy hypothesis (E’-).

Lemma 20 Under the hypothesis (E’-), there exists a constant Cq such that for any fized
e>0:

f(na,t) > CoAle)ty/na.

Proof. Let us fix an m < nat. We will consider the function:

h(m,t) = E

sup X, (f, i‘)] ,

Tm

with the same T, defined earlier. We obviously have h(m,t) < f(nat), for all m < nat. The
idea is to maximize the increments defining X step by step. We will pick specific sequences
t and 7 and the value of EX,,(f,%)) will be a lower bound for the expected supremum
over all the sequences. Let the times in the sequence ¢ be equally spaced i.e., t, = kt/m,
k=0,1,...,m and write W (tyy1,2) — W (tx,x) = Wi (x). We let g = 0 and choose xy
recursively as follows:

i Te_1+ € if  Wi(xp—1 +¢) > Wi(agp_1 —¢)
g Tp_1— € otherwise

Since this is just a particular sequence in 7},, we obviously have:
m—1
h(m,t) > E [Wy, (zx)] -
k=0
By the independence and scaling of the increments of W in time, and the spatial distribution
of W, we immediately see that the values Wy, (z) are independent — which does not seem

to be crucial here —, but more importantly that the distribution of W, (x)) is equal to that
of the random variable:

Vit/mmax (Zy, 7))
where Zy,, Z}. is a pair of centered Gaussian variables that are independent of x;_; and satisfy

E(Z}) = Q(wr1—e), E(Z) = Q (wx1 +¢), and E [(Z — Z})*] = 6 (w1 + &, 01 — 2).
Now we can use the Hypotheses (E’-), coupled with the expected value of the maximum of
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two Gaussian random variables. Thus, for some constant Cg > 0 depending only on @), we
have for all k:

E [max (Zg, Z;)] > CoA(¢) .
This proves that for any fixed € > 0,

h(t,m) > mCoA (¢) %

We immediately obtain

f (na,t) > h(t,nat) > CoA (¢) tv/na.

Remark 21 Strictly speaking, the full strength of Condition (E’-) is not necessary to prove
this lemma. The only thing we need to assume is that for some increasing function A that
is positive except at 0, for all |x —y| small, 6 (z,y) > A (|Jz —y|).

The previous lemma is only needed for the application of the Borel-Cantelli lemma which
follows now. Since in the end we will choose the value € depending only on x, CoA (€) appears
as a fixed positive value that does not depend on n and ¢, and thus, it will be legitimate to
apply the Borel-Cantelli lemma assuming CgA (¢) is a positive constant. Next, using the
Sudakov-Borell inequality 16 and Lemma 20, we compute:

P X0, > 2f(na )] = P [X00 — flnast) > [(na,1)]
=P {X;’m -E <sup 2X n, (t, j)) > f(noz,t)}
Tha

using (30) and the fact that 0% = ¢t. To simplify notations, let us denote ¢ := CpA (g). We
consider the probability:

P [A;q] == P [3n > 1 such that X, , > 2f(na,t)]
< Z P [X;, o> 2f(nat)]
n>1
<Y 0
n>1
_ 26—62at/2 1

1 — e—c?at/2
< 46—02005/2
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Since ¢ > 0, this probability is summable for ¢ € N. We can then apply Borel-Cantelli
lemma to obtain that there exists a ty(w) < 0o a.s. such that for all t > to(w) AS is true.
That means that there exists to(w) < 0o a.s. such that for all ¢ > tg(w):

vn>1 X

n,t,a

< 2f(na,t).

Now we are ready to continue (25). For ¢ large enough ¢ > ty(w), we have:

a(t) <Y etfeViaPy [N, € [ta(n — 1), tan]]. (31)

n=1

4.5 Estimating the distribution of the number of jumps

According to the last inequality (31) above, we must find a sharp estimation of the distribu-
tion of the number of jumps up to time . We first connect this distribution with the jump
times themselves. More specifically, we denote the kth jump time by:

Sp =T+ T+ -+ Ty,
where T; is the ith inter-jump time. We then have:
{N; >k} ={Sp <t}.

We know that the inter-jump times 7; are independent and identically distributed random
variables independent of the sequence & = (zg,x1,...,2x), and Ty is the first exit time of
Brownian motion started at 0 with variance x from the interval [—¢, ]. To avoid confusion,
we will denote T} l('i) this first exit time for the Brownian motion with variance x. A standard
scaling argument easily connects its distribution with that of the first exit time 7' = T} of a
standard Brownian motion from the interval [—1,1]. If Tl(ﬁ), TQ(H), e ,Téﬁ) denote the times
between crossings of the grid €Z for a Brownian motion with variance x then:

N 2
) Distribution &7 ~
- .

7!

)

While the distribution of T is known explicitly as a series, the corresponding formula
is difficult to work with. To proceed with the estimation of the distribution of N;, we will
perform a specific estimation of T'. Let m be a fixed integer > 1. Then we have:

:Pb[TI+Tg+~~+Tm§%t
£
< ZPb[T1+T2+"'+Tm§§t 7| Pyl

zePpy,
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where P, is the set of all possible paths of a random walk started at 0 on the integer lattice
with m jumps. Since all the paths have the same probability we have Py, [Z] = 27 for all
% € P,,. Furthermore, since T}’s are independent of  the probability Py, [N; > m] remains
unchanged if one conditions by a particular realization of the sequence Z. Thus, using Sy,
for the time of the mth jump of b,

Pb[Nth]IPb [T1+f2++fm§£2t a:O:O,:cl:l,...:cm:m]
3
IPb [T1+f2+—i—ng%tande:O,xl:l,xm:m] /27m
5
= 2"Py [T+ Ty 4o+ Ty < St and by g g, = 1Vi < m]
< 2Py [ S, < St and by = m]
L g m

s<ke~2t

<2"Py, | sup b, > m] .

The reflection principle for Brownian motion states that, for any a > 0 fixed, sup,, bs and
|b,| have the same distribution. Thus we obtain,

P, [N, > m] < 2"P, Hb%t

=

me 1 2
—omP, ||Z] > = | < 9m_—4%/2
b{‘ '—m]— A

with Z a standard normal variate and A := me/+/kt. Thus, with m = tan > 1 we are able
to state the final result of this section.

Proposition 22 If N, is the number of jumps of the discretization b, defined in Section
4.1, of a Brownian motion b started at 0 with variance k on the lattice €Z, then as soon as
tan > 1 we have:

1

Py [N, > tan] < 200" ¢~ 5t0" 5
\/gomﬁ

Note that, while this result holds as soon as tan > 1, it only represents a tail estimate
when « is larger than a certain value depending on ke=2. When « is too small, the right-
hand side in the above will be greater than 1, and the proposition will not claim anything.
It is only in the tail estimate regime that this proposition will be used below, however. Still,
checking that tan exceeds 1 in the usage below is trivial, since we will only be using n > 1

and fixed o > 0 not dependent on ¢: the condition is met trivially for ¢ > o~
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4.6 Final step

Now we can use Proposition 22 in the equation (31). Notice that we can only apply the
result for n > 2. For those terms we have

Ze‘lK@thb [N; € [ta(n — 1), tan]] Z iKqy/(n+Datp, [N, > tan]]

n=2

< E 4KQ\/(n+l atgtan__ =, 1ta2n28

\/iomf
_ o 1 6—%t(a2n2%—2an log 2—8K g/ (n+1)a) ‘ (32)
n=1 \/I?(lnj—
We simply bound the term for n = 1 in (31) as follows:
VAP, [N, € [0, ta]] < e*fever, (33)

We can also see that the general term of the series in (32) decays faster than geometrically;
therefore the sum is dominated by a constant multiple of the term with n = 1.

Our purpose here is to choose our free parameter o to make the first term of the series in
(32) dominated by a quantity that decays to 0 so that the only contribution in the Lyapunov
exponent comes from (33). To this end choose «, so that:

2

1 1
Y —2alog2 — 8Kgva | < ——ta2€—
2 K 4 K

or
2
o’ — >4 (alog2+4Kgva).
K
Since we may insist on a < 1, the right-hand side above is bounded above as follows:
4 (a log 2 + 4KQ\/E) <4y/a(log2 + 4Kg) = Cy/a,

with C a constant. Thus, taking a = (C/%’Q)Z/ ° with A4 the almost sure Lyapunov upper
bound of the discretized u of Section 4.1, we have proved

5\+ < 01/43%6_%,
with C; a constant depending only on @, as long as k < £2.

Combining this with the error estimate (24) of Section 4.2, we obtain our general upper
bound theorem for arbitrary values of x and e.

Theorem 23 (Upper bound for the Lyapunov exponent) Letu be the solution of the
stochastic parabolic Anderson PDE (1). Under the Conditions (E), (E’-), and (E”) we
have almost surely:

lim sup — ; logu(t x) < Crie 5 + Co? (g),
t—00

teN

with C a constant depending only on Q, for all k < 2.
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Corollary 24 By possibly adjusting the leading constant C by a universal positive factor
less than 1, the previous theorem holds even if the limsup is taken over all timest € R
(removing the subscript t € N ).

Proof. The idea of the proof is identical to that of the corollary to Theorem 14. m

5 Examples of specific bounds

In this last section, we assume (E), (E’-), and (E”) hold.

5.1 Holder scale

In this paragraph, we assume the following.

(H) [Holder regularity scale] For two constant ¢, C' > 0, and a parameter H € (0,1), we
have, in a neighborhood of 0,

We refer to Section 1.3 for an explanation of how this is connected to W’s spatial Hoélder
continuity. The lower bound Theorem 14 yields the following.

Corollary 25 For some positive constant Cg depending only on @, for all small k and all
x, almost surely,

log Ut(tyx) > Cort/ U+,

lim inf
t—o0
Proof. From Condition (H) we calculate an upper bound on the unique solution ¢, to
equation (21), finding
ty < Ao H/HFL),
and the result follows immediately, with Cg = (\/ 3271’630)_1. [ ]
For an upper bound, we only need to optimize the value of ¢ in Theorem 23, now that
we know that 62 () is of order 2. Clearly, up to constant factors, it is optimal to choose

€ so that the error and the main term in the upper bound are equal:

1 2
€2H = R3& 3.

This gives ¢ = r/6H+2) 5o that the Lyapunov upper bound equals, up to a constant,

262 = 9 H/BHHY) Tn other words, we have the following.

Corollary 26 For some positive constant Cq depending only on @, for all small k and all
x, almost surely,

1 t

t—o0
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5.2 Logarithmic scale

In this paragraph, we assume the following.

(L) [Logarithmic regularity scale] For two constant ¢,C' > 0, and a parameter 3 > 1,

we have
1\ B2
J(r)y<cC (log ;) ,

1\ ~4/2
A(r)>c (log ;) .

We refer to Section 1.3, in particular Remark 1 and the paragraph following it, for an
explanation of why we must have § > 1 and how this is connected to W's spatial modulus
of continuity.

We trivially get the following result for upper and lower bounds, which we state together
to emphasize the fact that the two bounds are of the same order, showing that in the
logarithmic scale, our proofs are sharp.

Corollary 27 For some positive constants cq and Cq depending only on @, for all small k
and all x, almost surely,

1\ log u(t log u(t 1\
o (bg_) <timinf 28UED) g 108UED) o (1og_) |
K t—o0 t t—00 t K

Proof. For the upper bound, again, we choose € so that both of the quantities in Theorem
23 (and its corollary) are equal, i.e. choose ¢ so that

e Vi (log é) v (34)

With this choice, we have that the upper bound is commensurate with:

35\ —2/3 _
1 26 1 g
7BV = [ VK (log —> k3 = (log —) .
5 £

Now in order to return to a formula involving only k, it is sufficient to see that because of
relation (34), we have ¢ < k27 for any a > 0.

For the lower bound, we use Theorem 14 (and its corollary) as follows. Letting t, be the
unique solution to equation (21), we see that for small &, to has to be larger than 1 since no
value less than or equal to 1 solves (21). As a consequence we have

1

Rlo

< C’CiZﬁ logﬂ (l> )
K
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The corollary follows. m

This sharp result can also be related to the estimations in discrete space. It has been
known since [6], and has been confirmed in [4] (where explicit constants were computed),
that the Lyapunov upper and lower bounds for the stochastic Anderson model in Z? are

both of order
1\

In continuous space, since we must have 3 > 1 in order to even use the Feynman-Kac formula,
we see that there is a fundamental quantitative difference between discrete and continuous
space behaviors. The Anderson model in discrete space will always increase faster than
the same model in continuous space, as long as some spatial regularity is assumed for the
potential.

In order to further understand the above example of the logarithmic regularity scale,
one can write 6 (r) = (log %)_1/ °f (r). In [18] it is shown that W is uniformly continuous
in z if and only if lim,_, f (r) = 0, in which case f is, up to a non-random constant, an
almost-sure uniform modulus of continuity of W in space. The case # < 1 in the logarithmic
scale clearly does not satisfy this condition. The argument leading to the upper bound in
the last corollary can be repeated in the general situation to show that the factor f () will
always appear in any upper bound next to (log 5_1)_1. Then, using again the relation (34)
as above to return to s, we obtain precisely the following.

Corollary 28 Let f (r) be an almost-sure modulus of continuity for W in space. For some
positive constant Cq depending only on Q, for all small k and all x, almost surely,

log u(t, ) > (V)
t

lim sup < Cq o 1
Ogg

t—o0

This proves that the continuous-space exponential behavior is always of a lower order
than the discrete space one, and that the ratio of the two upper bounds, f? (1/k), is precisely
related to the almost-sure uniform modulus of continuity of W in space. This result makes
no use of the fact that ¢ is in the logarithmic scale. While we cannot draw any conclusion
for a lower bound in this general situation, Corollary 27 can still be reformulated using the
representation 6 (1) = (log %)_1/2 f(r), if f is assumed to be large enough. We state this as
the ultimate result of our article. It is an easy consequence of [18] and the calculations in
the proofs of Theorems 14 and 23 and all corollaries above. The conditions it refers to in [18]
are typically satisfied in all useful examples, including our logarithmic scale for 5 > 1. The
result proves that there is a precise relation between the almost-sure Lyapunov exponent of
the continuous-space Anderson model and the almost-sure spatial regularity of its potential.

Corollary 29 Let f be an increasing function defined near 0 such that f(r) > rf for
all H > 0, and lim,_o f (r) = 0, and f satisfies the technical conditions defined in [18].
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If W (1,-) admits a constant multiple of f for an exact almost-sure uniform modulus of
continuity on any interval in R, then

2 1 1 2
PR i 8000 o Tomutw) o PVR)
log - t—00 t t—00 t log P

CQ (35)

for some positive constants cq and Cg depending only on Q), for all small k and all x, almost
surely.

Conversely, assume that 6 (r) = (log %)_1/2 g (r) and A (r) = (log %)_1/2 h(r) for some g
and h satisfying the technical conditions defined in [18], and such that g (r),h (r) > r® for
all H > 0. If (35) holds almost surely for some x, then the ratios g/f and h/f are bounded
away from 0 and 400, and W (1,-) admits a constant multiple of f for an exact almost-sure
uniform modulus of continuity on any interval in R.
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