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1. Introduction

For random fields, “anisotropy” is a distinct property from those of one-parameter pro-
cesses and is not only important in probability (e.g., stochastic partial differential equa-
tions) and statistics (e.g., spatio-temporal modeling), but also for many applied areas
such as economic, ecological, geophysical and medical sciences. See, for example, Ben-
son, et al. [6], Bonami and Estrade [10], Chilés and Delfiner [11], Davies and Hall [12],
Stein [24, 25], Wackernagel [27], Zhang [36], and their combined references for further
information.
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Many anisotropic random fields Y = {Y(¢), t € RV} in the literature have the follow-
ing scaling property: There exists a linear operator £ (which may not be unique) on R¥
such that for all constants ¢ > 0,

{(Y(ct), t e RV} =2 {ev (1), t e RV (1.1)
Here and in the sequel, 25 means equality in all finite-dimensional distributions and,
for ¢ > 0, c¥ is the linear operator on R defined by ¢® = > On%ﬂ A random field
Y = {Y(t), t € RN} which satisfies (1.1), is called operator-scaling in the time variable
(or simply operating-scaling) with exponent E. Two important examples of real-valued
operator-scaling Gaussian random fields are fractional Brownian sheets introduced by
Kamont [14] and those with stationary increments introduced by Biermé, Meerschaert
and Scheffler [8]. Multivariate random fields with operator-scaling properties in both time
and space variables have been constructed by Li and Xiao [16].

Several authors have studied probabilistic and geometric properties of anisotropic
Gaussian random fields. For example, Dunker [13], Mason and Shi [20], Belinski and
Linde [5], Kiithn and Linde [15] studied the small ball probabilities of a fractional Brow-
nian sheet B, where H = (Hy,...,Hy) € (0,1)". Mason and Shi [20] also computed
the Hausdorff dimension of some exceptional sets related to the oscillation of the sample
paths of BH. Ayache and Xiao [2], Ayache, et al. [3], Wang [28], Wu and Xiao [29],
Xiao and Zhang [35] studied uniform modulus of continuity, law of iterated logarithm,
fractal properties and joint continuity of the local times of fractional Brownian sheets.
Wu and Xiao [30] proved sharp uniform and local moduli of continuity for the local times
of Gaussian fields which satisfy sectorial local nondeterminism. Luan and Xiao [18] de-
termined the exact Hausdorff measure functions for the ranges of Gaussian fields which
satisfy strong local nondeterminism. Meerschaert, et al. [22] established exact modulus of
continuity for Gaussian fields which satisfy the condition of sectorial local nondetermin-
ism. Their results and methods are applicable to fractional Brownian sheets and certain
operator-scaling Gaussian random fields with stationary increments whose scaling expo-
nent is a diagonal matrix. We remark that there are subtle differences between certain
sample path properties of fractional Brownian sheets and those of anisotropic Gaussian
random fields with stationary increments. This is due to their different properties of local
nondeterminism; see Xiao [33] for more information.

For an operator-scaling Gaussian random field X = {X(¢),t € R} with stationary
increments, Biermé, et al. [8] showed that the critical global or directional Hoélder ex-
ponents are given by the real parts of the eigenvalues of the exponent matrix F. The
main objective of this paper is to improve their results and to establish exact uniform
and local moduli of continuity for these Gaussian fields. Our approach is an extension
of the method in Meerschaert, et al. [22]. In particular, we prove in Theorem 3.1 that
X has the property of strong local nondeterminism, which is expressed in terms of the
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natural quasi-metric 7, (¢ — s) associated with the scaling exponent E (see Section 2 for
its definition and properties). As an application of Theorem 3.1 and the method in [22],
we establish exact uniform and local moduli of continuity for X (see Theorems 4.3 and
5.1 below).

It should be mentioned that Biermé, et al. [8] constructed a large class of operator-
scaling a-stable random fields for any « € (0,2]. By using a LePage-type series repre-
sentation for stable random fields, Biermé and Lacaux [7] studied uniform modulus of
continuity of these operator-scaling stable random fields. See also Xiao [34] for related
results using a different approach based on the chaining argument. In this paper we
will focus on the Gaussian case (i.e., @ = 2) and our Theorem 4.3 establishes the exact
uniform modulus of continuity, which is more precise than the results in [7] and [34].

The rest of this paper is divided into five sections. In Section 2, we prove some basic
properties on the quasi-metric 7, associated with the scaling exponent E and recall
from [8] the definition of an operator-scaling Gaussian field X = {X(¢),t € RV} with
stationary increments. In Section 3, we prove the strong local nondeterminism of X, and
in Sections 4 and 5 we prove the exact uniform and local moduli of continuity of X,
respectively. In Section 6 we provide two examples to illustrate our main theorems.

We end the Introduction with some notation. The parameter space is RY, endowed
with the Euclidean norm ||-||. For any given two points s = (s1,, -+ ,sn),t = (t1,- -+ ,tN),
the inner product of s,t € RY is denoted by (s,t). For € R, let logz := In (x\/ e) and
loglogz :=In ((ln )V e). Throughout this paper we will use C' to denote an unspecified
positive and finite constant which may be different in each occurrence. More specific
constants are numbered as C1,Cy, - - -.

2. Preliminaries

In this section we show some basic properties of a real N x N matrix E and prove several
lemmas on the quasi-metric 7, on RY. Then we recall from Biermé, et al. [8] the definition
of operator-scaling Gaussian random fields with a harmonizable representation.

For a real N x N matrix F, it is well-known that F is similar to a real Jordan canonical
form, i.e. there exists a real invertible N x N matrix P such that

E =PDpP!,
where D is a real N x N matrix of the form
J 0 - 0
0 Jy - 0

D= (2.1)

00 - J
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and J;, 1 <1i <p, is either Jordan cell matrix of the form

A0 O 0
1 X 0 0
0 1 X 0 (2.2)
00 0 -+ A

with A a real eigenvalue of E or blocks of the form

A OO --- 0

Ih A O --- 0 )

0 Ib A - 0 . _ 1 0 _(a -

o . with I <0 1 and A b oa ) (2.3)
o0 o0 --- A

where the complex numbers a + ib (b # 0) are complex conjugated eigenvalues of E.
Denote the size of Jy, by I and let ai be the real part of the corresponding eigenvalue(s)
of Ji. Throughout this paper, we always suppose that

1<a; <ap <--- < ay.

Note that p < N, Iy + Iy + -+ 1, = N and Q := trace(E) = >.°_, ajl;.

j=1
As done in Biermé and Lacaux [7], we can construct the E-invariant subspace Wi
associated with Ji by

N

—1 k
Wk:Span{fj : l~i+1_j§2l~i}a
=1

=1

where f; is the j-th column vector of the matrix P. Then RY has a direct sum decom-
position of
RV =Wi& & W,

It follows from Meerschaert and Scheffler [21, Chapter 6] (see also [8, Section 2]) that
there exists a norm ||| g on RY such that for the unit sphere Sg = {z € RY : ||z g = 1}
the mapping VU : (0,00) x Sg — R¥\{0} defined by ¥(r,6) = rZ0 is a homeomorphism.
Hence, every z € RY \ {0} can be written uniquely as = = (7, (z))¥lg(z) for some radial
part 7,(z) > 0 and some direction lg(z) € Sg such that the functions z — 7, () and
z + lg(z) are continuous. For € RV\{0}, (7,(z),lp(z)) is referred to as its polar
coordinates associated with E.

It is shown in [21] that 7,(z) = 7,(—z) and 7,(rfz) = r7,(z) for all » > 0 and
x € RM\{0}. Moreover, 7, (x) — oo as * — oo and 7, (z) — 0 as  — 0. Hence we can
extend 7, (z) continuously to RY by setting 7,(0) = 0.
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The function 7, (z) will play essential roles in this paper. We first recall some known
facts about it.

(i) Lemma 2.2 in [8] shows that there exists a constant C' > 1 such that
(@ +y) S C(rp(2) + 7, (), VYV, yeRY (2.4)

Hence, we can regard 7, (z — y) as a quasi-metric on R¥.

(ii) Since the norms || - |z and || - || are equivalent, Lemma 2.1 in [8] implies that for
any 0 < § < ay there exist finite constants C1,Cs > 0, which may depend on ¢,
such that for all ||z|| <1 or all 7 (x) <1,

Cullal|V/ (4= < 7, (2) < Cofjal|/(#+), (2.5)
and, for all ||z|| > 1 or all 7, (z) > 1,
Cullal|/ 1+ < 7 () < Coja /(). (2.6)

(iii) Biermé and Lacaux [7, Corollary 3.4] proved the following improvement of (2.5):
For any n € (0, 1), there exists a finite constant C's > 1 such that for all x € W;\ {0},
1 <j<p, with [lz]| <7

- aj —(3=1)/a; a; i=1)/a;
C5 [l In [l < 7, (2) < Csllz]|*/* | In ]| , (27)

where I = Iy if Ji is a Jordan cell matrix as in (2.2) or I}, = l~k/2 if Ji is of the
form (2.3).

We remark that, as shown by Example 6.2 below, both the upper and lower bounds in
(2.7) can be achieved and this fact makes the regularity properties of an operator-scaling
Gaussian field with a general exponent E more intriguing.

For any z € RV, let x = 71 ® Z2 & - - & T, be the direct sum decomposition of = in
the E-invariant subspaces W;, j = 1,2,---,p. This notation is used in Lemmas 2.1 and
2.2.

Lemma 2.1. There exists a finite constant C > 0 such that for all x € RN and
7 =1,2,---,p, we have
T, (%) < C1,(x). (2.8)

Proof. Since (2.8) holds trivially for z = 0. We only consider z € RV \{0}, which can be
written as = (7g(x))¥ lg(x) for some I (z) € Sg. Denote the direct sum decomposition
of [g(z) in the E-invariant subspaces Wj, j = 1,2,--- ,p, by Ig(z) = 27 ®--- @ z,. Then
from the fact that (TE (J:))Ex; e W, forall j =1,2,---,p, it follows that

7 = (rp ()" .
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Since Sg is bounded, i.e. there exists M > 0 such that Sg C {y € RY : |y|| < M},

we can easily see that 2} € {y € RN : |y| < M} for all j = 1,2,---,p. Let C =

max||< Te(x) € (0,00). Then for all j =1,2,--- ,p
Te(Z;) = Te(2)TE(2}) < CTR(2),
which is the desired conclusion. O

As a consequence of (2.4) and Lemma 2.1, we have

Lemma 2.2. There is a finite constant C > 1 such that
C'> rp(@) S7p(a) <C Y 7p(@), VaeRN (2.9)

The following lemma implies that the function 7 (z) is O-regular varying at both the
origin and the infinity (cf. Bingham, et al. [9, pp.65-67]).

Lemma 2.3. Give any constants 0 < a < b < oo, there exists a finite constant Cy > 1
such that for all x € RN and B € [a, b],

Cylry(z) < 7, (Bx) < Cary (). (2.10)

Proof. To prove the left inequality in (2.10), note that A = {Bz : © € Sg, 8 € [a, b]} is
a compact set which does not contain 0. This and the continuity of 7, (-) on RV, imply
mingen 7, (r) > 0. Hence, by taking C; ' = 1 A mingep 7, (2), we have

7 (Bz) = 7o (b7, (2)lp(2)) = 7, (2)7, (Ble(2)) > CF M7, (2).

The right inequality in (2.10) can be proved in the same way. This finishes the proof. [

Lemma 2.4. There is a subsequence {ny}ren € N such that ni, > k for all k > 1 and

: co—Tp —1 —ng
min o (6277) 2 Ot (7)), (21)
where (¢} = (¢c,c, - ,¢) € RN for any c € R.

Proof. Suppose minj<;<aon 7, ((127™)) is attained at ¢ = K,,. There is an integer m,, €
[0, 7n] such that 2n~™n~1 < K, < 27=™n_ Therefore we can rewrite K,27" as 32~ ™ for
some ( € (1/2,1]. Since {27, i=1,---,2™} C {i27",i=1,---,2"}, we have

i 7 (277) 2 min m(127) = m((8277) 2 O (277)),
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where the last inequality follows from Lemma 2.3 with [a, b] = [1/2, 1]. Furthermore, by
the fact

i 7 (527) £ 7,((277) 0,
as n — 0o, we know that 7,((27")) — 0 which implies that m,, — oo as n — oco. Hence
a desired subsequence {ny}ren can be selected from {m,, }. O

Let E' be the transpose of E. An E’-homogeneous function 3 : RY — [0,00) is a
function which satisfies that ¢ (x) > 0 and ¢ (r® z) = r(z) for all * > 0 and z € RV\{0}.
For any continuous E’-homogeneous function ¢ : RY — [0, c0), Biermé, et al. [8, Theorem
4.1] showed that the real-valued Gaussian random field Xy = {Xy(¢),t € RV}, where

Xy(t) = Re /RN (e'8) —1) 1/)(/?)%2/2’ te RN, (2.12)
is well defined and stochastic continuous if and only if min;<;<;, a; > 1. In the latter case,
they further proved that X, satisfies (1.1) and has stationary increments. Here Mis a
centered complex-valued Gaussian random measure in RY with the Lebesgue measure
mpy as its control measure. Namely, M is a centered complex-valued Gaussian process
defined on the family A = {4 C RY : my(A) < oo} which satisfies

E(M(A)M(B)) = my(ANB) and M(—A) = M(A) (2.13)
for all A, B € A.

Remark 2.1 The following are some remarks on the Gaussian random field X.

e If, in addition, ¢ is symmetric in the sense that (£) = (=€) for all £ € RY,
then because of (2.13) the Wiener-type integral in the right-hand side of (2.12) is
real-valued. Thus, in this latter case, “Re” in (2.12) is not needed. For simplicity,
we assume that v is symmetric in the rest of the paper. A large class of continuous,
symmetric E’-homogeneous functions has been constructed in [8, Theorem 2.1].

e By replacing M in (2.12) by a complex-valued isotropic a-stable random measure
M, with Lebesgue control measure (see [23, p.281]), Biermé, et al. [8, Theorem
3.1] obtained a class of harmonizable operator-scaling a-stable random fields. They
also defined a class of operator-scaling a-stable fields by using moving-average
representations. When o € (0,2), stable random fields with harmonizable and
moving-average representations are generally different. However, for the Gaussian
case of @ = 2, the Planchrel theorem implies that every Gaussian random field with
a moving-average representation in [8] also has a harmonizable representation of
the form (2.12).
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3. Strong local nondeterminism of operator-scaling
Gaussian fields

Let E be an N x N matrix such that the real parts of its eigenvalues satisfy min; <<, a; >

1 and let ¢ be a continuous, symmetric, E’-homogeneous function with ¢(x) > 0 for z # 0

as in Section 2. Let X, = {Xy(t),t € RV} be the operator-scaling Gaussian field with

scaling exponent E, defined by (2.12). For simplicity, we write X, as X. Note that the
assumptions on ¢ imply

0 <my = min Y(z) < My = max Y(x) < 0. (3.1)

€Sy zE€SE

The dependence structure of the operator-scaling Gaussian field X is complicated
for a general matrix E. In order to study sample path properties and characterize the
anisotropic nature of X, we prove that X has the property of “strong local nondeter-
minism” with respect to the quasi-metric 7, (s — t). The main result of this section is
Theorem 3.2, which extends Theorem 3.2 in Xiao [33] and will play an important role in
Section 4 below.

Since many sample path properties of X are determined by the canonical metric

dx(s,t) = [B(X(s) — X(1))*]"%,  VsteRV, (3.2)
our first step is to establish the relations between dx (s,t) and 7 (s — t).

Lemma 3.1. There exists a finite constant C > 1 such that

C'7r2(s—t) <dk(s,t) < Cri(s—t), Vst € RY. (3.3)

Proof. For all s,t € RV, by (2.12), we have
dx
P(x)?+e

d%{(s’t) :/ |ei<57m> _ ei(t,a:> |2
RN
dz
/RN( COS<5 ,J}>) w(x)2+Q

Let y = 7'5 (s —t)z. Then dx = (1/7,(s — t))% dy. Hence

d% (s, t) =27, (s — t)? /RN <1 — cos < (TE(Sl_t))E(s —t), y>) w(j)z“‘Q (3.4)

Since for all s # ¢, 7, ((ﬁ)E(s — 1)) = 1. Hence the set
E

{(TE(sl—t))E(SWS#teRN}
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is compact and does not contain 0. On the other hand, a slight modification of the proof of

Theorem 4.1 in [8] shows that the function & — [; (1 — cos(¢, y))w(;gi?rg@ is continuous

on RY and positive on RV\{0}. Therefore, the last integral in (3.4) is bounded from
below and above by positive and finite constants. This proves (3.3). O

Theorem 3.2. There exists a constant Cs > 0 such that for all n > 2 and all
th ..., t" € RN, we have

n 1 n—1 : 2n 4k
Var( X(t")| X(¢),..., X" ") > Cs OSI,?SIE,JE“ "), (3.5)

where t9 = 0.

Proof. The proof is a modification of that of Theorem 3.2 in Xiao [33]. We denote
r = minogkgn,1 Tg (tn — tk) Since

Var (X (t")| X (t1),--- , X (")) = inf EKX(t") - gukX(tk))2:|7

U, ,un—1€R

it suffices to prove the existence of a constant C > 0 such that

E[(X(t") —:ZIU;CX(tk)> ] >Cr?

for all up € R, k=1,2,--- ,n — 1. It follows from (2.12) that

E[(X(t”) —guk)((tk)f} = /RN

where t° = 0 and ug = 1 — >} _; ug. Let 6(-) : R + [0,1] be a function in C*°(RY)
such that 6(0) = 1 and it vanishes outside the open set B = {z : 7,,(z) < 1}. Denote by
5 the Fourier transform of 6. Then § € C° (RN) as well and decays rapidly as x — oo,
that it, for all £ > 1, we have ||J:||€|;5\(J;)| — 0 as & — oo. This and (2.6) further imply
that for all £ > 1,

2 dx
P(x)*+Q’

n—1
g s
ez(t ) E ukez<t ,T)
k=0

(@) 6(z)| =0  as z — oo. (3.6)

Let 6,(t) = r~98(r~Ft). Then

5u(t) = (2m)~N / =) 5 E 1) d,
RN
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Since min{r, (t"—t*),0 < k < n—1} = r, we have §,.(t"—t*) =0 forall k = 0,1,--- ,n—1.
Therefore

Ji= /RN < wee) Ze ) S (rF 1) da
= (27 ( Zuké " —t*) ) = (2m)Nr @ (3.7)

By Holder’s inequality, a change of variables, the E’-homogeneity of ¢ and (3.1), we
ei(t ,T) Zez(tk,l

derive
J2§/
RN
n—1
20— 2E(‘X (") ZUkX tk >/ ()95 (y)[dy

< r—QQ‘QE(‘X(t") - Z ch(tk)D / 7 (1) MO () [ dy.
k=1 R

g [ v ) P

< C’r2Q2E<’X(t”) - nzlukX(tk)'g> (3.8)
k=1

for some finite constant C' > 0, since [pn 7y ()2+Q[6(y)|2dy < oo which follows from
(3.6). Combining (3.7) and (3.8) yields (3.6) for an appropriate constant C5 > 0. O

The relation (3.5) is a property of strong local nondeterminism, which is more general
than that in Xiao [33] and can be applied to establish many sample path properties of
X.

For any s,t € RV with s # ¢, we decompose s — t as a direct sum of elements in the
E-invariant subspaces W, j =1,2,--- ,p,

s—t=(s1—t1)® - D (sp — tp).
Then (2.7) and Lemmas 3.1 and 2.2 imply
3 -1/
_ a; —(l;—1)/a;
C™Y sy — IV | I lsy; — 5|7 < di (s, 1)
j=1

a; (lj—=1)/a;
<cZ||sJ — )1 | sy — ]| (3.9)
Jj=1
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Moreover, Theorem 3.2 implies that for all n > 2 and all ¢!,...,t” € RV, we have

Var( X (t") | X(tl),...,X(t"*l))
(3.10)

> tn_tk 1/a; Inllt? — tk: /GJ
>C min Zn /5 1 e — ¢~

where t° = 0.

Inequalities (3.9) and (3.10) are similar to Condition (C1) and (C3’) in Xiao [33]. Hence
many results on the Hausdorff dimensions of various random sets and joint continuity
of the local times can be readily derived from those in [33], and these results can be
explicitly expressed in terms of the real parts {a;,1 < j < p} of the eigenvalues of the
scaling exponent F.

To give some examples,we define a vector (Hy, ..., Hy) € (0,1)V as follows.

For1<i< lp7 define H; = a, —1 In general, if 1 + Zp [ <i< Zﬁ.’:k_l le for some
2 < k < p, then we define H; —ak 1-Since 1 <a; <ap <--- < ayp, we have

O<H  <Hy<..-<Hpyx<1.
Consider a Gaussian random field X = {X(t),t € RN} with values in R? defined by
X(t) = (X1(t),..., Xa(t)),

where X1, ..., Xy are independent copies of the centered Gaussian field X in the above.
Let X ([0,1]") and GrX([0,1]) = {(t, X (t)), t € [0,1]V} denote respectively the range
and graph of X, then Theorem 6.1 in [33] implies that with probability 1

dim,, X ([0,1]") = dim, X ([0,1]") = min {d; > 1} (3.11)

Jj=1

where dim,, and dim, denote Hausdorff and packing dimension respectively, and

dim Gr)?([ ]N) :dimPGrX([O, 1]N)

j=1""7
N 1 N 1
= Z?; A P sd (3.12)
St TN —k+ Q- Hyd, if YT g <d <Y g
where Z; 1H = 0.

Similarly, it follows from Theorem 7.1 in Xiao [33] that the following hold:
(i) If ijl 7r; < d; then for every z € RY, X 1({z}) =0 as.
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(i) If Z;\Ll H% > d, then for every = € R,
dim, X ' ({z}) = dimp)?_l({x})

.y
—min{ kLN k- Hyd, 1§k§N}

j=1 "7

k—1
k

fH 1 ko1
“N"ZE AN k- Hd, if — <d<Y —(3.13)
;Hj 1Hj ;HJ

<.
Il

holds with positive probability.

In light of the dimension results (3.11)—(3.13), it would be interesting to determine
the exact Hausdorff (and packing) measure functions for the above random sets. In
the special case of fractional Brownian motion, the corresponding problems have been
investigated by Talagrand [26], Xiao [31, 32], Baraka and Mountford [4]. For anisotropic
Gaussian random fields, the problems are more difficult. Only an exact Hausdorff measure
function for the range has been determined by Luan and Xiao [18] for a special case of
anisotropic Gaussian random fields.

4. Uniform modulus of continuity

In this section, we establish the exact modulus of continuity for X. We first rewrite
Lemma 7.1.1 in Marcus and Rosen [19] as follows.

Lemma 4.1. Let {G(u),u € RN} be a centered Gaussian random field. Let w : Ry —
Ry be a function with w(0+) = 0 and T' C RY be a compact set. Assume that there is
a continuous map 7 : RY +— Ry with 7(0) = 0 such that dg is continuous on T, i.e.,
T(Upn — vp) — 0 implies dg(up, v,) — 0. Then

Gu) -G
lim sup M < C, a.s. for some constant C < oo
0—0 r(u—v)<s w(T(u - v))
w,vel
implies that
Gu) -G
lim sup M = (', a.s. for some constant C’ < co.
60 r(u—v<s W(T(u —0))
w,vel

This result is also valid for the local modulus of continuity of G, that is, it holds with v
replaced by ug and with the supremum taken over u € I.

Remark 4.1. Lemma 4.1 is slightly different from Lemma 7.1.1 in Marcus and Rosen
[19], where T is assumed to be a pseudo-norm. However, by carefully checking its proof
in [19], this requirement can be replaced by the conditions stated in Lemma 4.1.
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Using the above lemma, we prove the following uniform modulus of continuity theorem.
For convenience, let Bg(r) := {z € RN : 7,(z) <r} and B(r) = {x € RN : ||z|| < r} for
all r >0, and I := [0,1]V.

Theorem 4.2. Let X = {X(t),t € RN} be a centered, real-valued Gaussian random
field defined as in (2.12). Then

lim  sup [X() — X0
r—0  ster TE(sft)\/log(lJrTE(S*t)il)

T (s—t)<r

=Cp a.s., (4.1)

where Cg is a positive and finite constant.

Proof. Note that due to monotonicity the limit in the left hand side of (4.1) exists
almost surely, and the key point is that this limit is a positive and finite constant.
For t,t' € I, let B(t,t') = 7, (t —t')y/log(1 + 7, (t — t/)~1) and let

I (O ((4)
j(T) - t,t’EII) ﬂ(t,t/)

TE(t—t/)ST

First we prove that lim, o J(r) < C < oo almost surely. We introduce an auxiliary
Gaussian field:
Y ={Y(ts),tel, se€ Bg(r)}

defined by Y'(¢,s) = X(t + s) — X(t), where r is sufficiently small such that Bg(r) C
[—1, 1]V. Since X has stationary increments and X (0) = 0, dx(s,t) = dx(0,t — s) for
any s,t € RV, the canonical metric dy on T := I x Bg(r) associated with Y satisfies the
following inequality:

dY((ta S)a (t/’ 8/)) < Cmin{dX(Oa S) +dx (Oa 3/)7 dX(Sa 5/) + dX(tv tl)}

for some constant C'. Denote the diameter of T" in the metric dy by D. By Theorem 3.2
(i), we have that
D<C sup (dx(0,s)+dx(0,s")) <Cr

s€eBg(r)
s’€Bg(r)

for some constant C. Note that by Theorem 3.2 (i) and (2.5), for a given small § > 0,
there is C' > 0 such that
dx(s,t) < C||t — s||*/(ar+),

Therefore, there exists C' > 0 such that for small ¢ > 0, if ||t — ¢/| < Ce%*° and
|s — &'|| < Ce%?? then

(t',s) € Oy (¢, 5),€) = {(u,0) = dy ((u,v), (t,5)) < e}
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Hence, Ny4(T,¢), the smallest number of open dy-balls of radius ¢ needed to cover T,

satisfies
Ny(T,e) < Ce2N(ap+d)

for some constant C' > 0. Then one can verify that for some constant C' > 0

D
/ VIn Ny(T,e)de < Cry/log(1+r~1).
0

It follows from Lemma 2.1 in Talagrand [26] that for all u > 2Cr/log(1 4+ r—1),

uQ
P sup |X(t+s)— X(t 2u>§exp<—).
(wg' (t+5) - X(0) .

By a standard Borel-Cantelli argument, we have that for some positive constant C' < oo,

X(s)— X(t
limsup sup [X(s) @l <C as.

r—0 terl r\/log(l +T_1) o

TR (s—t)<r

The monotonicity of the functions r — r4/log(1 4+ r—1) implies that lim, 0 J(r) < C
almost surely. Hence, by Lemma 4.1, we see that (4.1) holds for a constant Cg € [0, c0).
In order to show Cg > 0 it is sufficient to prove that

lm J()2Cr as, (4.2)

where C7 = 04_1\/205(11. Recall that a; is the real part of eigenvalue ;. For any k£ > 1,
we let

‘/L.'Ek) :<Z2_nk>? 7;:03172a"' ’2”k
and r, = 7,((27™F)), where the sequence {ny} is taken as in Lemma 2.4. Since 0 <
7, ((27™)) — 0 as k — oo, the monotonicity of J(r) implies that

X(s)— X(t
lim J(r) = lim sup [X(s) = X(®)]
r—04 k—oc0 s,tel, T, (s—t)<r ﬁ(S, t)
(29 ) x(a®
> liminf max | ($2z+1) (z9;7)

TR oDy flog(14 )

=:liminf . (4.3)
For any small § > 0, denote Cg = C;*1/2C5(a; — 9). For any u € (0,1) we write
P(Jx < (1 —p)Cy)
_ p( (-2 - X 27mH))|
riy/log(1 + ;1)
ﬂ{ ax (X (@i +1)27) - X{E)2T™)| (1- u)08}>.(4.4)

0sis3(-1)-1 riy/log(1+7; )

<(1- M)Cs}
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Let
| X(((2i +1)27")) — X({(20)27"))|

0<i<gz(2mk—1)—1 Tk log(1+7";§1)

[ X((1—27™)) = X((1 — 27"+

ri+/log(l + 7",;1)

X(((20+1)27™)), X (((20)27™)),0 <i <

<(1- u)Cs) (45)

and

Pa(k) :p( < (11— G| X (1 — 274,

(2™ —1) — 1). (4.6)

DN | =

It follows from Theorem 3.2 and Lemma 2.4 that

Var (X((1—27")) = X((L =27 ) [ x ({1 = 27+);

X({(20+ 1279, X(((20)277%)),0 i < S 1) 1)
> Cs min 72((i27"*)) > 0504_27-3«2*%» = C50 272,

1<i<2™k E

Thus by the fact that the conditional distributions of the Gaussian process is almost
surely Gaussian, and by Anderson’s inequality (see Anderson [1]) and the definition of
Cs, we obtain

Pa(k) < P<N(O, 1) < (1 - p)y/2(ar - 8)log(1 + ) )

where N(0, 1) denotes a standard normal random variable. By using the following well-
known inequality

N

x

<P(N(0,1) > ) < (27) 2z e 7, Va >0,

12
(271')_% (1—2 )z te™

we derive that for all k£ large enough

Py(k)<1-— P(N(O7 1) >(1- ,u)\/2(a1 —6)log(1+ rk1)>
<1- r,gl_“/mz(al_é) < exp ( - r,(;_”/Q)Z(al_J)) (4.7)
Combining (4.4) with (4.5), (4.6) and (4.7), we have that

P(Jx < (1 —p)Cs) < exp (— r,?”/2>2(“15>)P1(k).
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By repeating the above argument, we obtain

2 —1

- rél“/z)Q(“15)> <exp (= C2/?), (4.8)

P(Jk < (1= p)Cs) < exp <—

where the last inequality follows from the estimate:

2

—2n
i =72(27™) 2 Gl m T > CaEe

By (4.8) and the Borel-Cantelli lemma, we have liminfy_,o. Jx > (1 — u)Cs a.s. Letting
@ — 0 and 6 — 0 yields (4.2). The proof of Theorem 4.2 is completed. O

5. Laws of the iterated logarithm

For any fixed ¢y € RY and a family of neighborhoods {O(r) : r > 0} of 0 € R whose
diameters go to 0 as 7 — 0, we consider in this section the corresponding local modulus
of continuity of X at ¢

w(to,r) = sup |X(to+s) — X(to)l.
s€O0(r)

Since X is anisotropic, the rate at which w(to, ) goes to 0 as r — 0 depends on the shape
of O(r). A natural choice of O(r) is Bg(r).

For specification and simplification, in this section, let F be a Jordan canonical form
of (2.1), which satisfies all assumptions in Section 2. Recall that ZNJ- is the size of J;. For
any i =1,2,--- ,N,ifly +---+1;_1 +1<i <l +---+1j, then

ei ={0,---,0,1,0,--- ,0} € W,.
W

The following theorem characterizes the exact local modulus of continuity of X.

Theorem 5.1. There is a positive and finite constant Cy such that for every to € RV
we have

L X(s) ~ X(to)]
p
=0+ teBp(r) TE(S — to)\/log log(1+ 7r(s —to)~ 1)

=Cy a.s. (5.1)

In order to show this result, we will make use of the following lemmas.

Lemma 5.2. There exist positive and finite constants ug and Chg such that for all
to € RN, u > ug and sufficiently small r > 0,

P( sup | X (to+s) — X (to)| > ury/loglog(l + r—1)> < e Cro u®loglog(1477")
s€EBE(r)
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Proof. We introduce an auxiliary Gaussian field Y = {Y (s), s € Bg(r)} defined by
Y(s) = X(to + s) — X(t9). Since X has stationary increments and X (0) = 0, we have
dy(s,s") = dx(s,s’) for all 5,5’ € R¥. Denote the diameter of Bg(r) in the metric dy
by D. It follows from Lemma 3.1 that D < Cr for some finite constant C. Note that the
decomposition of x = (z1,22, -+ ,xn) € Bg(r) in Wj is

0,---,0).

Tj = (07 e 707x[1+...+[j71+17 o 7x[1+...+[ja ’

For any j =1,2,--- ,p, let [; = l~j if J; is a Jordan cell matrix as in (2.2) or [; = Zj/2 if
J; is of the form (2.3). By Lemma 2.1 and (2.7), we have that for sufficiently small r,

125119 | n [z |~ < c

This implies that there exists a constant C', which may depend on a;, such that for all ¢
with l1—|—"'+lj_1+1§i§11+"'+lj,

lz;| < Or®|Inr|b—t.

Therefore Bg(r) C [—h, h] for sufficiently small » > 0, where h = (hy, ha, -+, hyx) with
hi =Cr%|Inr|b—tasly +---+ li—1+1<i<l;+---+1;. Furthermore, from (2.7), we
have that for any x = (z1,22, -+ ,2y) € RY and sufficiently small ¢ > 0, if

|z < (i) I
Np

for l~1 + -+ l~j,1 +1 <7< [1 + -+ +1;, where u is a constant whose value will be
determined later, then

e |—Wi=1)/a;
In(——
() ,

€ e -1 € \a € |—(l;—1)/a;]|G—1/a;
T (fi)SC—‘ln(— ‘ ‘ln{— n(— ’ ’}
<0,
=N
where Z; = (0,---,0,2;,0,---,0) € R™. Then by (2.4) and (5.2), there exists a constant
~———

%

C' > 0 such that

N
TE(a:)ZTE( fi)SCZ%ugC%.
i=1

i=1

By using Lemma 3.1 again, we have
dy(O,.’E) S C’TE((E) S C116//J“

Now we take u > Cyy, then = € Oy, (¢) implies [0,x) C Og, (¢). Therefore the smallest
number of open dy-balls of radius € needed to cover Bg(r) := T, denoted by N4(T,¢),
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e (Gi—1)/a;

uN>

Inr
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(T,e) < CH ( o

mlvh
for some constant C' > 0. Then one can verify that

D
/ VInNy(T,e)de < Cry/loglog(l + r—1).
0

It follows from [26, Lemma 2.1] that for all sufficiently large u,

P( sup | X (to +s) — X(to)| > ury/loglog(l + r1)>
SEBEg(T)

< exp ( — Crou®loglog(1 + r_1)>.
This finishes the proof of Lemma 5.2. O

Lemma 5.3. There is a constant Cy5 € [0,00) such that for every fived to € RV,

s X () = X(to)]

= 012 a.s. (53)
=05 toeBp(e) Tr(S — o) \/loglog (1+7e(s—to)™ 1)

Proof. By Lemma 4.1, it is sufficient to prove

b su [X(s) = X(to)]

<C < oo, (5.4)
€205 49eBr(e) TE(S — to) \/loglog (1+7r(s—tg)~ 1)

for some constant C' > 0. Let ,, = e™"

X(s)— X(t
E'n, = { sup | (S) ( O)| > U},
s—t0€BE() ¢, 4 /loglog(1l + 5;1)

, consider the event

where u > C'l_ol/2 is a constant. By Lemma 5.2 we have P(E,) < e~Croulogn for 4]]

sufficiently large n. Hence, the Borel-Cantelli Lemma implies

) [X(s) = X(to)
im sup sup <
e—0  sel,s—toeBp(c) £4/loglog(l +e~1)

This and a monotonicity argument yield (5.4). O

We will also need the following truncation inequalities which extend a result in Luan
and Xiao [18].
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Lemma 5.4. For a given N X N matrixz E, there exists a constant ro > 0 such that for
any u > 0 and any t € RN with 7, (t)u < ro, we have

ZL — COoS L
/{TE,(£)<u}<t7€> (6)2HQ <3 /RN(l <t’§>)¢(§)2+Q' (5.5)

Proof. Let M = max{||z||,z € Sg}, K(r) = max{||z||,7,, (z) < r}. Since Sk is compact
set without 0 and 7,,(-) is continuous, M > 0 and K(r) continuous with K(0) = 0,
K(r) — oo as  — oo. Therefore, there exists ro > 0 such that M K(r) <1 for all < rg.
By using the inequality u? < 3(1 — cosu) for all real numbers |u| < 1, we derive that if
7, (t)u < 1o, then

o d§ B o dE
= l —
/{TE,<5><u}<t’£> bEra /{TE,@)@}% Ols(0).8 5 eera
-/ U(t). 7 O g = 720) | Le(t), 62—
{0 (€)<u) } O T i ©<rp(hu) ()T
3
2 _ cosll
< 3r2(1) /{ om0 g
_ o B 3
_3/{TE,<£><u} (1 = coslla(t). 7 (t)§>)w(§)2+Q’
which equals
_ _ds _ _ds
3/{%/(5)@} (1 COS<t,§>)¢(€)2+Q 33/RN (1 cos(t,§>)¢(§)2+Q. (5.6)
The proof of this lemma is complete. O

Now we are ready to prove Theorem 5.1.
Proof of Theorem 5.1. By Lemma 5.3 and the stationary increments property of
X, it only remains to show

lim  sup X ()] >C (5.7)
=0+ sepy(e) T(s)y/loglog(1 + 75(s)~1)

for some constant C' > 0.
For any 0 < 4 < 1 and n > 1, we define s, = (0, - - ,O,e_%"lﬂ) € RN. By (2.7)

lp—1

o (5.8)

lp—1
C;le_"lﬂ \apnl'“‘rzip < 71o(sn) < Cye ™" la,n' |

For every integer n > 1, let d,, = exp(n'*# +n#). Denote U = exp(u(n — 1)*). Notice
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that as n — oo,

Tp(Usp)dp—1 < cut/er apnlﬂ‘ —p(n—1)#

lp—1

7 exp ( — (1= alp)(n - 1)”) — 0.

<C apn“”‘ —p(n—=1)#

It follows from Lemma 5.4, Lemma 3.1 and (2.7) that

dg _2/ 2
Sn7£27:U SnU7€ TTeNoLO)
/{TE,@)gdnl}( > P(§)>He {TE,(5>gdn,1}< > P(§)*He
< CU?d%(Usy,0) < CU 12 (Usy,)
2 lp—1 lp—1
< CU2U | In||s,|||* |0 | Usull|*™ 72(50)

< Cexp ( (- ai)u(n - 1)M)T§(sn) (5.9)

P

for n large enough. On the other hand, noting that ¢ is E’-homogeneous, by using [8,
Proposition 2.3], we obtain that

d§ /Oo / 1 0-1 —2
a9 e(de) < Cd?,
/{TE, ©)>dny VETC Ja, s, T2TEY(0) (d6)

since o(df) is a finite measure on Sg/. Furthermore,

1o, —
_ _opltr _onn _onpltn _ 1+p,—2-2
dn2 —e 2n 2n —e 2n | Ine apn 2 ap

1 lp—1
o=l 4
Clp’l’Ll—HL b e 2n
Ilp—1
2 14p2 85— —ont
SCOT(80)[n TH[" er e ,

when n is large enough. Therefore, for sufficiently large n,

d§ 2 ot
o2 (s,)e 5.10
/{TE, oy DEPFa = T (10

Now we decompose X into two independent parts as follows.

X ‘ M(de)
Anlt :/ O ) e 5.11
g {7 (O)¢(dn—1,dn]} ‘ ) Y(6)1+R/2 ( )
and
M(de)
Xn(t) = 8 _ 1) 2\0S) 519
" /{TE, (6)e(dn—1,dn]} ‘ ) P(£)1+Q/2 ( )

Notice that the random fields {X,,(t),t € RV}, n=1,2,... are independent.
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Let
Xn(sn
o Kbl
75 (sn)y/loglog(1 + 7, (sn) 1)
and ~
X, (sn
B EACH N
7y (sn)y/loglog(1 + 7, (sn) 1)
Then
X X
lim  sup X ()] — > lim sup | X (sn)| —
e=0+ seBp(e) TE(8)\/loglog(1l + 71 (s) 1) n—oo Tp(sn)y/loglog(l + 7, (s,) 1)
> limsup 11 (n) — lim sup Iz(n). (5.13)
n— o0 n—oo

By using (5.9), (5.10) and the same argument in the proof of Theorem 5.5 in [22], we
can readily get that

limsup Io(n) =0, a.s. (5.14)

n—oo

In order to estimate lim sup I (n), using Lemma 3.1 again, we have that
n—oo

2
E(Xn(sn))” < d%(s0,0) < Ci372(sy).
Again, by the corresponding argument in the proof of Theorem 5.5 in [22], it is easy to
get that
limsup I;(n) > /2C13  a.s. (5.15)

n—oo

Hence (5.7) follows from (5.13), (5.14) and (5.15). O

6. Examples

Finally we provide two examples of operator scaling Gaussian random fields with sta-
tionary increments to illustrate our results and compare them with those in Meerschaert,
Wang and Xiao [22]. In particular, Example 6.2 shows that the regularity properties of
X depend subtly on its scaling exponent F.

Example 6.1 If F has a Jordan canonical form (2.1) such that, for all k = 1,2,--- | p,
l, = 1if Ji is a Jordan cell matrix and [ = 2 if J is not a Jordan cell matrix. Then for
any t = (t1,---,ty) € RV, by (2.7) and Lemma 2.2, we have

N
T (t) = Z Iti|1/ai7
1=1
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where a; is the real part of eigenvalue(s) corresponding to Ji such that Zf;ll l~j +1<

1 < 2?21 l}. Therefore, in this case, Theorems 4.2 and 5.1 are of the same form as the
corresponding results in Meerschaert, Wang and Xiao [22].

Example 6.2 We consider the Gaussian random field {X (¢),t € R?} defined by (2.12)
with scaling exponent F, a Jordan matrix, as follows

a 0
E =
(0 2)
where a > 1 is a constant. Then p = 1 and I, = 2. For any t > 0, by straightforward

computations, we have
1 0
tF =12 :
(ln t 1 >

According to Lemma 6.1.5 in [21], the norm || - ||z induced by E is defined as that for

any = € R?
1 FE
t
Mmz/” U gy
0ot

Note that we can uniquely represent x € R? as (0, s) or (s,0s) for some s € R, § € R .
When x = (0, s),

1
_ S
ME=ABW1ﬁ=U7 (6.1)

and when z = (s, 0s),

lzlle = /0 Is|t*1\/1 4+ (0 + Int)2dt =: |s|a(6). (6.2)

It is easy to see that «(0) is continuous on 6 € R with «(6) > 1/a and that |0]/«(0) is
bounded since |8|/«(0) is continuous and

ol _
Jm a0 ~ a. (6.3)

We have « := ming a(6) > 1/a. From (6.1) and (6.2) we have

sp =t lolle =1} = { = () 5 (y) 0 < R .

and R? = {sPy :5 >0,y € Sg}.
To unify the notation, we set
0 1
— _=4a and —— =0
a@ T A
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when @ = +o00. Then for any = € R? with 7,(z) = s, there exists § € [—oo, +00] such

that
st ()il )

where s 1n s|s—¢ := 0 and the sign 4+ or — depends on z.
Now we reformulate Theorem 4.2 and Theorem 5.1 for the present case. For conve-

nience, we express the vector y € R? in terms of s = 7x(y) and 6 by

y=ts0w) = (1) (5. S50 + ).

where w € {0, 1}.

Conclusion A. Let I = [0,1]2. Then

b wp XEtu0w) - X@)

=0+ s<r, 0€[—o0,+00] sy/log(1 4 s~ 1)

we{0,1},z,x+y€el

= 017 a.s., (65)

and that for any xg € I,

lim sup ‘X(IEO +y(5797w)> 7X(I’0)|

r—0+ s<r, €[—o0,+o0], we{0,1} S/ IOg log(l + 8_1)

where C17 and Cig are positive and finite constants. O
Next we describe the asymptotic behavior of 7g(y) as ||y|| — 0 along three types of
curves in R2:

= ClS a.s., (66)

(i) If@ = —In s+cfor a constant ¢ € R, theny = y(s,0,w) = (—1)"(s*/a(0), cs*/a(0))
satisfies
Iyl| = VI+e2s® V1420
. ad) alc—Ins)’
This, together with (6.3), implies that as ||y|| — 0,

1/a

1/a
s =75(y) ~ Iyl mlyl| (6.7)

where the notation “~” means that as ||y|| — 0 the quotient of the two sides of ~
goes to a positive constant.

(ii) If 6 = £oo, then y(s,d,w) = (=1)*(0,as*) and

1
al/a

s=1p(y) = —~lyll'/* (6.8)
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(iii) If 0 is fixed in (—o0, +00), then for y = y(s, 0, w),

s(l
= _\/1 In 5)2
Il = g VI @+ s,

which implies that as ||y|| — 0,

1/a

—1/a
s =7ely) ~ Iyl mlgll| (6.9)

In the following, we derive the exact uniform moduli of continuity of X (z) by using the
norm || - || in three different cases which are intuitively corresponding to the three types
mentioned above. These results illustrate the subtle changes of the regularity properties
of X. For the exact local moduli of continuity, similar results are true as well. In order
not to make the paper too lengthy, we leave it to interested readers.

Conclusion B (1) If I; = {(¢,¢) : t € [0,1]}, then
e X(r+y) - X(z)
191120 wotyen ([lyll|nllyll[)*/*/log(1 + Jly[=1)

(2) If Iy = {(0,) : t € [0,1]}, then

=(Ci9 € (0,00) as. (6.10)

lim sup )
lyl=0 z,2+yels ||ly||*/*/log(1 + ||y|| 1)

(3) Let 0y € argming a(f) = {9, a(9) < a(h), 0 € [—o0, +o0]}. Then

1/a
i | Inflyll| "X (= + ) — X ()]
im sup
0 v=ytvtno— [yl]//Tog(L+ Tyl 0)
x,x+yeE

=9y € (0,00) a.s. (6.12)

Proof. (1) Observe that, in the proof of (4.2) in the case of N = 2, one can choose the
sequences of {xik)} such that all the points xz(k) and the differences xgi)l — xz(k) lie in
I ={(t,t): t €]0,1]}. Therefore, the proof of (4.2) essentially shows that
lim sup (X (e +y) - X(@)| >C>0 as. (6.13)
v 0saryers 7p(y)y/log(1 + 7(y) 1)
Thanks to the formula (6.7), we see that (6.10) follows from the proof of Theorem 4.2.
(2) To prove (6.11), choose xgn) = (0,427™) for i = 0,1,---,2"™. Then by some obvious
modifications, one can easily check that (6.13) is also true with I5 instead of I;. Therefore,
by (6.8), (6.11) also follows from in the proof of Theorem 4.2.
(3) Note that a(6) is continuous and as § — oo, a(#)/|0] — a. The set arg ming a(0)

is not empty. Let ag = a(fp) and

n . _ '2_G/TL '2_aTL
2™ = iy(27", 00, 0) + (0,1) = (l - ! (B0 —nin2) + 1)
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fori=0,1,2,---, K,, where
K, = max{i,xgn) € [0,1]%}.
Manifestly, for sufficiently large n, K, > 2". Let r,, := 75(y(27",60,0)). Then
[ X(z +y) = X(z)|

lim sup
r=0y=y(r09.0)  74/log(1 +7r71)
z,x+yel
X (@) = X (@)
> liminf max s ! =: liminf 7,,.

n—oo 0<i<K,—1 - /log(l—i—rﬁl) k—o0

Note that for &k > 1,

k2—an k2—an
ky(2_”,90,0):( T (90—n1n2)).

There exist some 0 € (—o0,0), w € {0,1} and s = 75(ky(27", 6p,0)) such that
ky(Z_nv 907 0) = y(Sa 03 'U}),

which implies that w = 0 and
SLL _ k/,2—(177/

a(0) Qg

Because ap = ming «(0)
s =71g(ky(27",00,0)) > 27" =1,
Therefore, from Theorem 3.2 and Lemma 2.4 we obtain that

Var (X (2(1) = X(@") [ X @), 0 Sk <i) = C5_min_ 72(ky(27",60,0)) > Cor.

By the same proof of (4.2) with some obvious modifications, we have that

X _x
lim sup [ X(z+y) ()] > >0, (6.14)
r—0 y:yj:,eol,o) r 10g(1 + ’I"_l)
z,x+y€E

Reviewing the proof of Lemma 7.1.1 in Marcus and Rosen [19], one can easily get that

b sy K@Y - X@)

r=0y=y(r09.0)  74/log(l +7r~1)

z,x+yel

< (C, a.s. for some constant C' < oo

implies that

X -X
lim sup (X +y) (@)l = (', a.s. for some constant C’ < oco.
T=0y=y(r00.00 74/log(l +r~1)
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Therefore, from Theorem 4.2 and (6.14) it follows that

X - X
lim sup (X(z+y) (z)] =C € (0,00).
r20y=y(r60.00 74/log(l +7r~1)
z,x+yel

This and (6.9) imply (6.12). O
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