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Abstract Let X7 = {Xf(s),s € RM} and X* = {X¥(t),t € R"2?} be two independent
anisotropic Gaussian random fields with values in R? with indices H = (Hi,...,Hn,) € (0,1)™1,
K = (Ki,...,Kn,) € (0,1)™2 respectively. Existence of intersections of the sample paths of X* and
X is studied. More generally, let £y C RM | Ey C R and F € R? be Borel sets. A necessary con-

dition and a sufficient condition for P{(X*™(FE:1) N X*¥(E2)) N F # @} > 0 in terms of the Bessel-Riesz

(RN1+N2+d

type capacity and Hausdorff measure of E; x E2 X F' in the metric space ,p) are proved,

where p is a metric defined in terms of H and K. These results are applicable to solutions of stochastic
heat equations driven by space-time Gaussian noise and fractional Brownian sheets.
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1 Introduction

Many authors have investigated intersections of the trajectories of stochastic processes. For
Brownian motion, the questions have been studied by A. Dvoretzky, P. Erdos, S. Kakutani,
S. J. Taylor, and J.-F. LeGall. See Khoshnevisan [19] for historical accounts and a very nice
proof for the existence theorem using an elementary argument based on the self-similarity and
Markov property of Brownian motion. The results on intersections of Brownian motion have
been extended to Lévy processes, Gaussian processes and other processes. We refer to the
survey papers of Taylor [30] and Xiao [39] for further information.

This paper is concerned with existence of intersections of Gaussian random fields. Our
approach is based on the results on hitting probabilities of Gaussian random fields in Biermé,
Lacaux and Xiao [3]. This is different from the approaches based on intersection local times
in Rosen [28, 29], Hu and Nualart [13], Wu and Xiao [36], where fractional Brownian motions
are considered. The approach in this paper can be applied to a wide class of Gaussian random
fields and can be extended for studying intersections of non-Gaussian random fields.

Let X = {XH(s),s € RM} and XE = {XK(t),t € R} be two independent Gaussian

random fields taking values in R?. More specifically, we assume that X is defined as
XH(s) = (X{'(s),.... X3 (s)),  seRM, (1)

where X#1, ... X! are independent copies of a real-valued, centered Gaussian random field
XH. The Gaussian random field XX is defined in the same way. Here H € (0,1)Y and
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K € (0,1)" are constant vectors whose meanings will be specified later.

We say the two Gaussian fields X and X ¥ intersect if there exist s € RM and t € R™? such
that X (s) = X% (t). In this paper we study the existence of intersections and, particularly,
the following problems.

(i) When do X# and X¥ intersect (with positive probability)?

(ii) Let Fy C RM and Ey C RN be arbitrary Borel sets. When do XH and X¥ intersect if

we restrict the “time” s € F; and t € E5? More precisely, when is

IP{XH(El) N XK (B,) # @} > 07

(iii) Given a Borel set F' C RY, when does F contain intersection points of X (s), (s € Ey)
and XX (t), (t € E5)? That is, when is

IP{XH(El) N XK(B,)NF # @} > 07

Clearly, Question (i) is a special case of Question (ii), which is a special case of Question (iii).
The order reflects the historic development on this topic. While Question (i) has been studied
extensively since the pioneering work of A. Dvoretzky, P. Erdos and S. Kakutani, Questions
(ii) and (iii) have only attracted attention of a few researchers. Kahane [14, 15] was the first to
consider intersections of a symmetric stable Lévy process when its time is restricted to disjoint
compact sets, which is related to Question (ii). By applying potential theory for additive
Lévy processes, Khoshnevisan and Xiao [20] provided a necessary and sufficient condition in
terms of a class of natural capacity for the self-intersections of a Lévy process when the time
t is restricted to two disjoint sets and thus resolved a long standing conjecture of Kahane
[14]. According to Peres [26], Question (iii) for Brownian motion was raised by S. Kakutani
(extending a question of P. Lévy). Evans [10] and Tongring [32] provided sufficient conditions
for a Bore set ' C R?(d = 2,3) to contain multiple points of a Brownian motion in R?. Later
Fitzsimmons and Salisbury [12] completed the work by showing that the sufficient condition of
Evans [10] and Tongring [32] for R? is also necessary. See Peres [26] for the case of Brownian
motion in R? and further information. Question (iii) was recently studied by Dalang, et al. [7]
for independent Brownian sheets in the special case when E; and Es are intervals. The special
dependence structures of the Brownian sheet such as independence of increments over disjoint
intervals play crucial roles in Dalang, et al. [7].

In this paper we answer the above questions (i)—(iii) by providing sufficient conditions and
necessary conditions for the existence of intersections in terms of H, K and the geometry of
Ey, E5 and F. Our method is based on results on hitting probabilities of Gaussian random
fields in Biermé, Lacaux and Xiao [3] and Xiao [40].

The rest of this paper is organized as follows. In Section 2 we prove a theorem on hitting
probabilities of a Gaussian random field X = {X(t),t € RV} with values in R?. This result
extends and refines those in Biermé, Lacaux and Xiao [3] and Xiao [40], and is suitable for

studying Questions (i) and (ii).
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In Section 3, we apply the results in Section 2 to provide answers to Questions (i)—(iii). We
will see that, in order to answer Question (iii), it is useful to study the hitting probability
problem for the R?¢-valued Gaussian random field Y (s,t) = (X (s), X¥(t)), where X and
X% may have different distributions.

Finally in Section 4, we show that our main results in Section 3 can be applied to solutions
to stochastic partial differential equations and to fractional Brownian sheets.

Throughout this paper, we will use ¢ to denote unspecified positive finite constants which

may be different in each appearance. More specific constants are numbered as ¢y, co,---.

2 Hitting probabilities

In this section, we consider the problem on hitting probabilities of Gaussian random fields
under some general conditions. Our main result is Theorem 2.1 which refines Theorem 2.1 of
Biermé, Lacaux and Xiao [3] and Theorem 7.6 in Xiao [40].

We will continue to use the same setting as in Biermé, Lacaux and Xiao [3]. Let H =
(Hy,...,Hy) € (0,1)Y be a fixed vector and, for a,b € RY with a; < b; (j = 1,...,N), let
I =1a,b]:= HJN:l[aj,bj] C R¥ denote a compact interval (or a rectangle). For example, we
may take I = [gg, 1]V, where g9 € (0, 1) is a fixed constant.

Let X = {X(t),t € RN} be a Gaussian random field with values in R? defined on a probability
space (Q, F,P) by

X(t)= (X1(t),..., Xa(t)), VteRMN. (2)
We will call X an (N,d)-Gaussian random field. We assume that the coordinate processes

Xi,..., X, are independent copies of a real-valued, centered Gaussian random field Xg =
{Xo(t),t € RV}, which satisfies the following conditions:

(C1) There exists a positive and finite constant ¢, such that
N
E[(Xo(s) - Xo(t))ﬂ <e, Y lsj— 571, Vs tel (3)
j=1
(C2) There exists a constant ¢, > 0 such that for all s,¢ € I,
N
Var(Xo(t)‘Xo(s)) > ¢, Z |s; — t; ]2 (4)
j=1

Here Var(X(t)|Xo(s)) denotes the conditional variance of X (t) given Xg(s).

Notice that (C1) implies that the function o2(t) = E[(Xo(t))?] is continuous on I and
(C2) implies that o%(t) > 0 for every t € I. Hence there is a positive constant ¢ such that
E[X((t)?] > ¢ for all t € I. This fact will be used in the proofs of Theorems 2.1 and 3.5. The
class of Gaussian random fields that satisfy Conditions (C1) and (C2) is large. It includes not
only the well-known fractional Brownian motion and the Brownian sheet, but also fractional
Brownian sheets (cf. Ayache and Xiao [2]), solutions to stochastic heat equation driven by space-
time white noise (Dalang, Khoshnevisan and Nualart [5, 6], Dalang and Nualart [8], Mueller

and Tribe [25]) and many more. See Xiao [40] for more examples and further information.
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In studying sample path properties of Gaussian random fields which satisfy (C1) and (C2),
the following metric p on RY defined by

N
)= lsj—t;"™, Vs, teRY ()

has played important roles (cf. Xiao [40]). Before stating the main result of this section, we
define the metric p on RY x R? by

p((s,2), (t,y)) = max {p(s,t), |e—yl},  V(s2),(t,y) RN xR, (6)

where || - || denotes the Euclidean metric on R%. For any 3 > 0 and G C RN+ define the
(B-dimensional Hausdorff measure in the metric p of G by

7{5( —hmlnf{z 27‘n : G C UBﬁ(Tn)77"n<5}7 (7)
n=1 n=1

where Bj(r) denotes an open ball of radius r in the metric space (RV+4, 5). It can be proved
that ’Hg is a metric outer measure and all Borel sets in RV*+4 are Hg—measurable (cf. Falconer

[11] or Rogers [27]). The corresponding Hausdorff dimension of G is defined by
dim? G = inf {8 > 0: HJ(G) = 0}. (8)

It is known that Frostman’s lemma still holds. See, for example, Xiao [40, Lemma 6.10].

The Bessel-Riesz type capacity of order o on the metric space (RVN*14, p) is defined by

C5.a(G) [uelgfc) /]szd /sz+d 2 0)) pldu)u(dv) 71’ )

where P(G) is the family of probability measures carried by G and the function f, : (0,00) —
(0,00) is defined by

r-¢ if a >0,
far) =4 log(z%) if a=0, (10)
1 if o <.
As in Xiao [40] and Biermé, Lacaux and Xiao [3], the usual S-dimensional Hausdorff measure
and Bessel-Riesz capacity of order « in Euclidean metric || - || are denoted by H” and C,,
respectively.

The following is the main result of this section.

Theorem 2.1 Let X = {X(t),t € RV} be an (N,d)-Gaussian random field defined by (2)
and assume that Xy satisfies Conditions (C1) and (C2). If E C I and F C R? are Borel sets,
then

1 Cra(E x F) < IP’{X(E) NF # @} <o, HYUE x F), (11)

where ¢, 2 1 is a finite constant which depends on I, F' and H only.
As a corollary we obtain Theorem 7.6 in Xiao [40] and Theorem 2.1 of Biermé, Lacaux and
Xiao [3].
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Corollary 2.2  Assume that the conditions of Theorem 2.1 hold. Then for every Borel set
F CR?, we have
¢, Cao(F) SP{X(DNF # 2} <, HIUP), (12)

where ¢, > 1 is a finite constant depending on I, F' and H only. In the above, @) := Zjvzl 1/Hj,
C. is the Bessel-Riesz capacity of order « in the Euclidean metric, and HI(F') is defined as the

q-dimensional Hausdorff measure of F when q > 0, and H4(F) = 1 whenever ¢ < 0.

Proof It is sufficient to verify that for any interval I C RY, there exist positive and finite

constants ¢, and ¢, such that for all Borel sets F in R? we have
(i) HUI x F) < ¢, HO(F) and

(i) Ca—q(F) < ¢, Cpall  F).

To prove (i), let ¥ > H?~%9(F) be arbitrary. Then there is a covering of F' by balls B(r,) of

radius 7, (in the Euclidean metric) such that

B(r,) and ra 9 <. (13)

n
1 n=1

(@

FC

n

Since I can be covered by cr; @ cubes C,, ; in RV of sides /M (i =1,...,N) (or balls of

radius 7, in the metric p), we see that

o0
IxFc|JJCnjxB(r).
n=1 j
This gives a covering of I x F' by balls of radius 7, in the metric p. Moreover, the inequality in
(13) implies
oo o0
D ICAD ST
n=1 j n=1
This implies (i).
Next we prove (ii). We assume Cq_q(F') > 0, otherwise there is nothing to prove. For any
0 < < Cy—q(F), there is a probability measure o on F such that

[ [ < 14

provided d > . When d = @, the kernel in (14) is the logarithmic function. Let A be the
restriction of the normalized Lebesgue measure on I and let = A X 0. Then p is a probability
measure on I x F. When d > @, it follows from Equation (173) in Xiao [40] that

dsdto(dx)o // ) .
< cy . 15
/IXF/Ipr ”x*y”d [z —yl[-Q ( )

When d = @, Equation (3.32) in Biermé, Lacaux and Xiao [3] shows that the corresponding
inequality with the logarithmic kernel still holds. By (15) we have C54(I x F) > ¢ 'v. Since
v < Cq—q(F) is arbitrary, this proves (ii) and the Corollary. O
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In the remaining part of this section, we prove Theorem 2.1. We will make use of the following
two lemmas proved in Biermé, Lacaux and Xiao [3]. Lemma 2.3 will be applied to prove the

upper bound in (11), and Lemma 2.4 will be applied to prove the lower bound in (11).
Lemma 2.3 Let X = {X(t),t € RN} be an (N, d)-Gaussian random field defined by (2) with

Xo satisfying Conditions (C1) and (C2). For any constant M > 0, there exist positive constants
c and 8o such that for all v € (0,60), t € I and all x € [-M, M]?,

IP’{ inf || X(s) — = < r} <erd, (16)
s€B,(t,r)NI

In the above B,(t,r) = {s € RN : p(s,t) < r} denotes the closed ball of radius r in the metric
p in RN defined by (5).

Lemma 2.4 Let X = {X(t),t € RN} be an (N, d)-Gaussian random field defined by (2) with
Xy satisfying Conditions (C1) and (C2). Then there exists a positive and finite constant ¢ such
that for all e € (0,1), s,t € I and x,y € R?, we have

/ e & @+Mm ) oxp (— %(5, n) (el2a + Cov(X (s), X (t))) (&, n)T> dédn

C

{—.

l(sa). () "
In the above, Iy denotes the identity matriz of order 2d, Cov(X (s), X (t)) denotes the covari-
ance matriz of the random vector (X (s), X (t)), and (£,m)T is the transpose of the row vector
(&mn).
Proof of Theorem 2.1  The proof is a modification of the proof of Theorem 7.6 in Xiao [40].
The upper bound in (11) is proved by using a simple covering argument. Choose and fix an
arbitrary constant v > H%(E X F). Then there is a sequence of balls {Bj((t;,y;), ), > 1}

in RN*4 such that r;’s are small,

N
(=
s
™
—~
=
&
3
<
SN~—
o
=]
o

ExF > @)t <. (18)

j=1 j=1

Note that B5((t;,y;), ;) can be covered by B,(t;, r;) x B(y;, ;), we have
oo
(xEynF 2ot J{XB,, 1) 0Bl i) # 2} (19)
j=1
It follows from Lemma 2.3 that

B{X(B,(t;, 7)) N Bly;, rj) # 0} < erd (20)

Combining (19), (20) and (18), we obtain that P{X(E)NF # @} < ¢y. Since v > ’Hg(E x F)
is arbitrary, the upper bound in (11) follows.
The lower bound in (11) can be proved by using a second moment argument. Without loss

of generality, we assume C; 4(E x F) > 0 otherwise there is nothing to prove. By Choquet’s
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capacity theorem (cf. Khoshnevisan [18]), we may and will assume that F' is compact and let
M > 0 be a constant such that F' C [~ M, M]%.
For any Borel probability measure g on E x F' such that

// uvd:udu) (dv)\cpd(ExF) (21)

For all integers n > 1, we consider a family of random measures v, on F x F' defined by

/Eng(S’x) vn(ds, dz) Z/EXF(Qﬂn)d/2exp(—g||X(s)—a:|\2) (s, z) u(ds, dz)

[ [ew ( O e, xe) - x>) (s, 2) de u(ds, d), (22)

where g is an arbitrary measurable function on RY x R%. Denote the total mass of v, by ||ty ]|.

We claim that the following two inequalities hold:

E(”Vﬂ”) > Cqry E(||Vn||2) < ngﬁ,d(ﬂ)a (23)

where the constants ¢, and ¢, are independent of ;1 and n.

By (22) and Fubini’s theorem we have

Blnl) = [ [ e (=5 (5 + 0%l - its.0)) deutds, )

(2m) " [EI&
g »/E><F Wexp <_ 202(s)> p(ds, dzx)

=c, >0,

where o%(s) = E(Xo(s)?) and ¢, does not depend on y and n because F is bounded and y is a
probability measure. This gives the first inequality in (23).

Next we prove the second inequality in (23). By using (22) and Fubini’s theorem again, we

E(lvall?) / / (1(ds, dz)p(dt dy/ / —i((€,2)+(n, v))
EXF E><F Rd JRd

<exp (= (6 m)(n7 g + Cov(X(5). X(0)) (6 ") dedy

1
‘ /E><F /E><F m p(ds, dx)p(dt, dy),

where the last inequality follows from Lemma 2.4. This verifies the second inequality in (23).

obtain

By using (23) and the Paley-Zygmund inequality (cf. Kahane [15], p.8), one can verify that
there is a subsequence of {v,,n > 1} that converges weakly to a finite measure v which is
positive with positive probability [depending on ¢, and ¢, only] and v also satisfies (23) (see
Testart [31]). Since v is supported on the set {(s,z) € F x F : X(s) = z}, we use the
Paley-Zygmund inequality again to derive

Px(B)nF £ 2} > Pl >0} > BUL > (e x ),

E[||v||2]
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where ¢, = ¢?/c, . This implies the lower bound in (11). O

Remark 2.5 Theorem 2.1 assumes that the coordinate processes of X are i.i.d. It would be
interesting to consider (NN, d)-Gaussian random fields whose coordinate processes are dependent
or/and not identically distributed. An interesting example of such Gaussian random field is
operator-fractional Brownian motion studied by Mason and Xiao [24], Didier and Pipiras [9],
among others. More general examples can be found in Li and Xiao [21]. In Section 3.2, in order
to answer Question (iii) in the Introduction, we will consider the hitting probability problem
for the Gaussian random field Y (s,t) = (X (s), X (¢)), where X and XX have different
distributions when H # K. a

3 Intersections of Gaussian random fields

In this section we apply Theorem 2.1 and the method in its proof to answer Questions (i)—(iii)

in the Introduction.

3.1 Results for Questions (i) and (ii)

Let H = (Hy,...,Hy,) € (0,1)™ and K = (Ki,...,Kn,) € (0,1)™ be two constant
vectors. Let X = {Xf(s),s € RV} and X¥ = {XX(t),t € RM2} be two independent
Gaussian random fields with values in R? as defined in (1). We assume that the associate real-
valued random fields X and X satisfy Conditions (C1) and (C2) respectively on interval
I, € RM with indices H = (Hy,...,Hy,) and on Iy C RY? with indices K = (Ki,..., Kn,).
In the rest of this paper, we let N = Ny + Ny and [ = I X I5.

Let Z = {Z(s,t), (s,t) € RN} be the (N, d)-Gaussian random field defined by

Z(s,t) = XH(s) — XE(¢), s € RN ¢ ¢ RNz, (24)

Let E1 C I; and E5 C Iy be Borel sets. We study conditions on E; and FEs such that
P{XH(E\) N X¥X(E,) # @} > 0, which is equivalent to P{Z(E; x E;) N {0} # @} > 0.

The random fields X! and X{¢ induce the metrics pf and p® on RVt and Rz, respectively,

where
Ny
o (s,5) = 3 Isi — sl (25)
i=1
and the metric p® on R™2 is defined in a similar way by using K = (K1,..., Ky,). So a natural
metric on RY is
p((s,t), (s, 1)) = pl (s, s') 4+ pX(t, 1), ¥ (s,t), (s,t') € RV, (26)

Theorem 3.1 Under the above conditions, there exists a finite constant c,, > 1 such that

1 C,a(Ey x By) < IP’{XH(El) N XK (By) # @} < ey HYUE) X Es). (27)

10

In the abowve, Hz and Cp.q denote the d-dimensional Hausdorff measure and the Bessel-Riesz

capacity of order d in the metric space (RV, p).

Proof  First we verify that the Gaussian field Zo(s,t) = X (s) — X (¢) satisfies Conditions
(C1) and (C2) on the interval I = I; x I with indices (Hy,...,Hy,,K1,...,Kn,) € (0,1).
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Because X{T and X are independent, it is straightforward to verify (C1). Hence we only need

to show that (C2) holds. For any (s,t), (s',¢') € I, we use independence again to get
Ny
Var(Zo(s,t)|Zo(s',t')) = Var(X (s)| X (s)) > ¢ Z |s; — 525
j=1
Similarly we have
Ny
Var(Zo(s,t)|Zo(s',t')) = Var (X5 ()| XK () > ¢ Z It; — 5.
j=1

Adding up these two inequality shows that Z; satisfies Condition (C2) as desired.
Now we apply Theorem 2.1 to the Gaussian random field Z with E = F; x E5 and F = {0}
to get

71 Cra(Ey x By x {0}) < IP’{XH(El) N XK (By) # @} < e, HUEL x Bz x {0}).

This gives (27). O
By taking E; = I; and FEy = I> we obtain the following corollary, which provides an answer

to Question (i).

Corollary 3.2 Under the conditions of Theorem 3.1, we have

(i) If d > Q, then P{XH(I;) N XX (I,) # @} = 0.
(it If d < Q, then P{X*H (I,) N XX (1) # @} > 0.

In the above, @ := Z;V:ll 1/H; + Z;V:zl 1/K;.
Proof  Applying Corollary 2.2 to Z with F' = {0} yields the corollary. ad

Remark 3.3 The critical case of Q = d is more subtle and is an open problem except in a
few special cases. If X# and XX are two independent Brownian sheets (with N; = N and
H =K = (1/2,...,1/2)), the problem has been recently solved by Dalang, et al. [7] who
proved that there is almost surely no intersection. When X and X¥ are two independent
fractional Brownian motions, Xiao [38, Theorem 3.2] proved that if N1/H + Ny/K < d then
XH(I) N X% (1) = @ almost surely. By using a recent result of Luan and Xiao [22], one
can extend this result to certain anisotropic Gaussian random fields with stationary increments
which satisfy strong local nondeterminism. We leave the details to an interested reader. a

When Z;V:ll 1/H; + Z;le 1/K; > d, Corollary 3.2 implies the sample paths {X*(s),s € I}
and {XX(t),t € I} intersect with positive probability. It is of interest to study the fractal

properties such as the Hausdorff and packing dimensions of the set Lo of intersection times
Ly ={(s,t) € I x I : X" (s) = X¥ (1)}

and the set of intersection points X (I;) N X*(I3). While we can apply Theorem 7.1 in Xiao
[4] to determine the Hausdorff dimension of the intersection times, we have not been able to
determine the Hausdorff dimension of X* (I;) N X% (I3), except in the special case when X#

and X are two independent fractional Brownian motions (see Wu and Xiao [36]).
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Corollary 3.4 Assume the conditions of Theorem 3.1 hold and Zj\]:ll 1/H; —&—Z;-V:Ql 1/K; > d.
If the indices Hy,...,Hn,,K1,...Kn, are reordered as 0 < Hf < Hy < ... < Hy <1, then

1<k<N

koo
dim,, Ly = min {ZF’HN—/@—H;UZ}
j=1 "3

N
[u

" H, 1 "
:Zﬁ+N7ka,’€d, if —(gd<zﬁ.
j=1""J j=1""7 j=1""17

Proof  Since the set of intersection times is the same as the level set {(s,t) € I : Z(s,t) = 0},
and the Gaussian field Zy(s,t) = X{1(s) — X (t) satisfies Conditions (C1) and (C2) on the
interval I = I; x I with indices (Hi,...,Hn,, K1,...,Kn,) € (0,1)". The corollary follows
from Theorem 7.1 in Xiao [40] immediately. O

If, in addition to conditions (C1) and (C2), the Gaussian fields X and XX satisfy the
sectorial local nondeterminism, then the results in Wu and Xiao [37] can be applied to show
that X and X% have a jointly continuous intersection local times provided Z;v:ll 1/H; +
Z;V:zl 1/K; > d. Moreover, it is possible to establish sharp Holder conditions for the intersection
local times which lead to a lower bound for the exact Hausdorff measure of Ly. Nevertheless, the
problem for determining the exact Hausdorff measure function for Ly has not been completely

solved.

3.2 Results for Question (iii)

Let X# = {XH(s),s € RM} and X& = {XK(t),t € R} be two independent Gaussian
random fields with values in R?. As in Section 3.1, we assume that the associate real-valued
random fields X and X[ satisfy Conditions (C1) and (C2) respectively on interval I; C RM
with indices H = (Hy,...,Hy,) € (0,1)™ and on Ir C RY2 with indices K = (K7,...,Kn,) €
(0, 1),

Given Borel sets E; C I, E2 C I, and a Borel set F C R¢, we now study the question when
F contains intersection points of the sample paths {X*(s),s € By} and {X®(¢),t € E»}. That
is, when can we have

]P’{XH(El) NXK(B)NF # @} > 07 (28)

For this purpose, we consider the Gaussian random field Y = {Y(s,t),(s,t) € RV} with
values in R?¢ defined by

Vs, t) = (X"(s), XX(1),  V(s,t) eRN.
Then (28) holds if and only if
P{Y(El X By) N F # @} >0, (29)

where F = {(z,z) : x € F} C R2?,
Note that the coordinate processes of Y are not i.i.d. if H # K. Hence we need to modify
the methods in Section 2 in order to prove hitting probability results for Y.
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We define a metric on RNVt x RY2 x R? by

N1 N2
p((s,t,2),(s',t',2")) = max { Z |s¢ — 537 + Z te — t)| e, ||z — x'|}, (30)
=1 =1

where (s,t),(s',t') € RNVt x RV2 and x,2’ € R?. For any r > 0 and (s,t,7) € RY x RY, let
B5((s,t,z),r) denote the open ball in the metric space (RY x R, p) centered at (s,t,z) with
radius r. Note that B5((s,t,2),7) is contained in B,u (s,7) X B,x (t,r) x B(xz,r), where p* is
the metric on RM by (25).

For B > 0 and G C RN x R?, the B-dimensional Hausdorff measure of G under the metric
P, now denoted by HQ(G), is defined in the same way as (7), and the corresponding Hausdorff
dimension is denoted by dimf;G.

We will make use of the following Bessel-Riesz type capacity of order (aj,az) on RY x RZ.
Let p be the metric on RV1+4 defined by

P ((s,2), (5", 2")) = max {p"(s,5"), |lo —2'||} (31)

and let p ((¢,z), (t',2")) be the metric on RV2*¢ defined similarly.
For any real numbers a; and as, consider the kernel ¥, o, : RY T4 — R, defined by

Yarian ((8:8,2), (5, 8,2")) = far (07 (s, 2), (5", 2"))) fa (B (8, 2), (', ")), (32)

where the function f, is defined in (10).
For any Borel set G C RN*4, the capacity of G of order (v, ) is defined by

—1

Caoy a0 (G) = { inf / / Yoy an ((s,t,x), (s',t’,x'))u(ds,dt, dx)p(ds’, dt’, dz') ,
HEP(G) JRN+d JRN+d
(33)
where P(G) is the family of probability measures carried by G.

The following is the main theorem of this section, which extends the results of Evans [10]
and Tongring [32] for Brownian motion in two directions. It allows the time variables s and ¢
to be restricted to any Borel sets Fq and Es (which can be fractal sets) and it is for anisotropic
Gaussian random fields.

Theorem 3.5 Let X = {XH(s),s € RV} and XX = {XE(t),t € RN2} be two independent
Gaussian random fields with values in R¢ as above. Then for any Borel sets By C I, Es C Iy
and F C R?,

¢ ' Cqa(Ey x By x F) < IP’{XH(El) NXE(By)NF # rz} e, H2HE1 x By x F),  (34)

where ¢,, > 1 is a finite constant which depends only on I, I, F, H and K.
Proof By (28) and (29), it suffices to show that

¢ Caa(Br x By x F) < ]P’{Y(E1 x By) N F # @} <o, 2B x By x F)  (35)

for some finite constant ¢,, > 1. The proof of (35) is similar to that of Theorem 2.1 and relies

on Lemmas 2.3 and 2.4.
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For any constant vy > ”H%d(El x B9 X F'), there is a sequence of balls {Bp((sj, ti, i), rj) ,j =1}

in RV*4 with radius r; small such that

oo

Ey X By x F C U ((sjstjoy),m)  and Y (2r)* <. (36)
Jj= j=1

Since B5((s;,t;,y;), r;) can be covered by B, (sj, r;) x B« (t;, r;) x B(y;, r;), where p?
the metric on RVt defined in (25), we have

oo

{Y(Bix E)nF £} C U (X7 (B (55, 1) 0 Blys. 15) # 2,

X5 (Bt 7)) 0 Blys 1) # 2. (37)

It follows from the independence of X and X* and Lemma 2.3 that for every j > 1

P{XH(BPH(SJ-, ;) O B(y;, 1) # @, XX (B« (tj, r;)) N Bly;, r;) # @} <er?t. (38)

Combining (37), (38) and (36), we obtain that P{Y (E; x E5) N F # @} < ey. Since y >
'H%d(El x Es x F) is arbitrary, the upper bound in (35) follows.

Next we prove the lower bound in (35). As in the proof of (11), we assume, without loss
of generality, that Cyqq(E1 X E2 x F) > 0 and F is compact. Thus F' C [}, M]? for some
constant M > 0.

For any Borel probability measure p on E; x Es x F such that

ds dt, dz)p(ds’,dt’, dx')
Ea a(p // (s',2"))IpE ((t, z), (¢, 2))?

Cd d(E1 X Eg X F) (39)

Recall that p ((s, ), (s',2")) = max{p(s,s'), |z — 2’|} and pX((¢,7), (¥',2')) is defined sim-
ilarly.

For all integers n > 1, we consider a family of random measures v,, on Fy X Fy x F' defined
by

/ g(s,t,x) vy (ds,dt, dz)
Ey{xXEsxF
= /(27m)d exp <— g (IXH(s) — |® + | X5 (t) — x||2)> g(s,t,x) p(ds, dt, dz)
_ I€I1% +Mnll* .
N /EEF /R P < -y HHE X () —a) +iln, X (1) - 1:>>
x g(s,t,x) dédn u(ds, dt, dx), (40)

where g is an arbitrary measurable function on R™ x RY. Again we denote the total mass of

vp by ||Vl and claim that the following two inequalities hold:

E(HVHH) > Cias (HVTIH ) Cis gd d( ) (41)
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where the positive and finite constants ¢,, and ¢,, are independent of 1 and n.

By (40) and Fubini’s theorem we have

B (2m)¢
E([[vnll) = /EMEQM (1 + 02,(s)2(1 + 0% ()42
y exp< lz* =l >u(d5 dt, dz)
20%,(s)  20%(t) T
Zc, >0, (42)

where % (s) = E(X{ (s)?) and the constant c¢,, does not depend on g and n. This gives the

first inequality in (41).
Next we prove the second inequality in (41). Let Ty, = n='Ihq + Cov(X*(s), XH(s")),
i =n" g+ Cov(XE(s), X5 (s)) and (£,&)T be the transpose of the row vector (£,¢').
It follows from (40), Fubini’s theorem and the independence of X* and X¥ that

]E(||Vn||2) :/ / M(dS,dt,dl‘),u(dsl,dt/,dxl)
FEixEoxF JE{xExxF
—1 zy— (& 2 1
X {/RZde ((67 > <£1 >) exp ( _ 5(5’ 6/) FH,n (57 5/)']") dgdg/

. ’ ’ 1
X/ 6_l<<n,x>—<n,x>>exp(_ ~(n, )T (1, n)T) dndn’}
R2d 2

<c/ / wu(ds,dt, dz)u(ds', dt’, dz")
T Ipimecr Jmixm s G ((s,), (s',2) B (8, 2), (¢,27) "

(43)

In the above, the last inequality follows from Lemma 2.4. This verifies the second inequality in
(41).

By using (41) and the Paley-Zygmund inequality again, we see that there is a subsequence
of {vn,n > 1} that converges weakly to a finite measure v which is positive with positive
probability. Moreover v is supported on the set {(s,t,x) € Ey X Ea X F': Y (s,t) = (x,2)} and
also satisfies (41). Hence we have

IP’{Y(E1 x By) N F # @} > P{|lv]| >0} > W > cCaa(BL x By x F).  (44)

This implies the lower bound in (35). O

If we take E; = I, and Fy = I, the following corollary gives a sufficient condition and a
necessary condition for F to contain intersection points of X and X*. First we need some
notation. Let Qg = Zj\/:ll 1/H;, Qg = E;V; 1/K; and Q = Qu + Qx. Let HP still denote
B-dimensional Hausdorff measure in the Euclidean metric and, for any F C R%, let Cy, o, (F)

denote the capacity of order (a1, as) defined by

—1

CoronP) = | iat [ [ o= s ool = sptaonutan)| - a9

HEP(F)
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Corollary 3.6 Let X = {XH(s),s € RM} and X = {X&(t),t € RN} be two independent
Gaussian random fields with values in R% as in Theorem 3.5. Then for any Borel set F C R?,

¢ Ca-qura-au (F) SP{XT(I) N XX (1) N F # &} < e,y W), (46)

where ¢,, > 1 is a finite constant which depends only on Iy, Is, F, H and K.
Proof By (34), it suffices to verify

¢ Ca—Quia—qu (F) < Cqa(ly x Iy x F) and  H2N(Iy x I x F) < ¢, H*(F).

Since this is similar to the proof of Corollary 2.2, we omit the details. a
Remark 3.7 It will be helpful to remark that, in general, f,, - fao # fa1+a,- The conditions
in (46) may take various interesting forms. For example, if d = Qy = Qk, then (46) implies

that if ' has positive Bessel-Riesz capacity with respect to the kernel

[fo(llfﬂ—yI)]2=[10g(” Z”M)r

then F contains the intersection points of X and X¥ with positive probability. ad

Remark 3.8 In this section we only consider intersections of two independent Gaussian
random fields. Similar problems can be raised for self-intersections for a single Gaussian random
field X = {X(t),t € R} and are more subtle. It seems that some new methods need to be
developed in order to solve these problems. a

4 Examples

Our results in Section 3 are not only applicable to the well-known fractional Brownian motion
and the Brownian sheet, but also to anisotropic random fields such as fractional Brownian sheets
(cf. Kamont [16], Ayache, et al. [1]) and solutions to the stochastic heat equations driven by
space-time white noise (cf. Mueller and Tribe [25], Dalang et al. [5, 6]).

4.1 Nonlinear stochastic heat equations
Let W = (Wl,...,Wd) be a space-time white noise in R%. That is, the components
Wl(x,s), ol Wd(m, s) of W(:U,s) are independent space-time white noises, which are gener-

alized Gaussian processes with covariance given by
E[Wz<s7x)Wz(tay)] = 6(.1? - y>6(8 - t)a (Z = 17 .o 7d>7

where §(-) is the Dirac delta function. For all 1 < j < d, let b; : R? — R be globally Lipschitz
and bounded functions, and let o := (0; ;) be a determlmstlc d x d invertible matrix.

Consider the system of stochastic partial differential equations

3ui
E(s,x) +ZUW (s,x) + b (u(s,x)) (47)
for 1 <i<d,sel0,7] and x € [0,1], with the initial conditions u(0,z) = 0 for all = € [0, 1],
and the Neumann boundary conditions
87.61' 5‘ul

IN
»

IN
~

o (s,0) = o (s,1)=0, 0 (48)
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where u(s,z) = (u1(s,z),...,uq(s,z)). Equation (4.1) can be interpreted rigorously as in
Dalang et al. [5].

The linear form of (47) [i.e., b = 0 and o = 1] is studied by Mueller and Tribe [25] and Wu and
Xiao [34]. More generally, Dalang et al. [5] and Biermé et al. [3] studied hitting probabilities
and the Hausdorff dimensions of the range and inverse image sets for the non-linear equation
(47).

Let u = {u(s,z),s € [0,T], z € [0,1]} and v = {v(t,y),t € [0,T], y € [0,1]} be the solutions
to the two systems of stochastic' heat equations of the form (4.1), driven by two independent
space-time white noises W and ﬁ//, respectively. In the following, let Eq, Fo C [0,7T] x [0, 1] and
F C R? be given Borel sets and we apply results in Section 3 to provide necessary conditions
and sufficient conditions for P{u(E1) Nv(E2) N F # @} > 0.

As shown by Proposition 5.1 in Dalang et al. [5], it is sufficient to consider these problems
for the solution of equation (4.1) in the following drift-free case [i.e., b = 0]:

ou 9%u

)= @(s,x) +aoW. (49)

The solution of (4.3) is the mean zero Gaussian random field u = {u(s,x),s € [0,T],z € [0, 1]}
with values in R¢ defined by

u(s,z) = /08/0 Gs—r(z,y) oW (dr,dy), Vsel0,T], z €[0,1], (50)

where G¢(z,y) is the Green kernel for the heat equation with Neumann boundary conditions
(see Walsh [33])

The following is a consequence of Lemmas 4.2 and 4.3 of Dalang, et al. [5] or Lemma 4.1 of
Biermé, et al. [3].
Lemma 4.1 Let u = {u(s,z),s € [0,T],x € [0,1]} be the solution of (4.3). Then for every
e € (0,T), there exist positive and finite constants c,,...,c,, such that the following hold:

(i) For all (s,z),(t,y) € I = [g,T] x [0,1], we have c,. < Elu(s,z)?] <¢,, and
2 2
i (Js =t + 2 = y'/2)” <E|(uls,2) — ult.y))’]
2
<ew (=t +la—y?). (1)
(i1) For all (s,z), (t,y) € I,
_41/4 _on2)?
Var (u(t, y)|u(s, z)) = ¢, (|s et + | —y| ) . (52)

In other words, Lemma 4.1 states that the Gaussian random field u in (50) satisfies Conditions
(C1) and (C2) with H; =1/4 and Hy = 1/2.

Hence we can apply Theorems 3.1 and 3.5 to two solutions to SPDE (4.3) driven by two
independent space-time white noises W and W, respectively. The following theorem comple-
ments the previous results in Mueller and Tribe [25], Wu and Xiao [34], Dalang, et al. [5] and

Biermé, et al. [3].
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Theorem 4.2 Let u = {u(s,z),s € [0,T], z € [0,1]} andv = {v(t,y),t € [0,T], y € [0,1]} be
two independent solutions to (4.1) and let F C R? be a Borel set. Then the following conclusions
hold.

(i) IfE; Cle,T] x[0,1] (i =1,2) are Borel sets, then
¢ LC,a(By % By) < ]P’{u(El) No(Ey) # @} < cHYE x By), (53)
where ¢ > 1 is a constant and p is the metric on ([0,T] x [0,1])? defined by
p((s,zst,), (s, 2"t y) = [s = |+ o =/ |24 [t =V 4y —y/|2 (54)
(ii) If, in addition, F C R? is a Borel set, then
1 Cua(By x By x F) < P{U(El) No(Es) N F # @} < CHUE, x By x F),  (55)
where ¢ > 1 is a constant and p is the metric on ([0,T] x [0,1])2 x RY defined by
(s ritysw). (4,25 of ) = mae {p((s. 1,9, (5, 2's 1,9 o~ ] ).
Here the metric p is defined in (54). In particular, we have
1 Cog.a-6(F) < P{u([a,T] % [0,1]) No([e, T] % [0,1]) N F # @} < cHX2(F). (56)

Proof  The conclusions follows directly from Lemma 4.1, Theorems 3.1 and 3.5. ad

4.2  Fractional Brownian sheets

In this final section, we consider the intersections of two independent fractional Brownian
sheets.

Recall that, for a given vector v = (71,...,7p) € (0,1)P, a real-valued fractional Brownian
sheet By = {B](t), t € RP} with index ~ is a centered Gaussian random field with covariance

function given by

(Isel>7 + [te?7 = |se — ), s, t € RP. (57)

N =

E[Bg(s)B3 (1) = [ |
{=1

We associate with B a Gaussian random field BY = {B"(¢), t € RP} with valued in R? by

BY(t) = (B](t),...,B)(t)), (58)

q

where BY,..., By are independent copies of Bj. We call BY the (p,q)-fractional Brownian
sheet with Hurst index v = (y1,...,7p)-

Fractional Brownian sheets were first introduced by Kamont [16] as an extension of the
Brownian sheet and fractional Brownian motion. It is an important example of anisotropic
Gaussian random fields and their sample path properties have been studied by many authors.
We refer to Ayache et al. [1], Mason and Shi [23], Xiao and Zhang [41], Ayache and Xiao [2],
Chen [4], Wu and Xiao [35, 37], Xiao [40] and the references therein for further information.
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It follows from Ayache and Xiao [2, Lemma 8] and Wu and Xiao [35, Theorem 1] that, for any
constants 0 < € < T < oo, B satisfies Conditions (C1) and (C2) on I = [¢, T]" with indices 7.
[Wu and Xiao [35] proves that B” has the property of sectorial local nondeterminism, which is
stronger than (C2).] Hence, we can derive the following theorem for fractional Brownian sheets

from the results in Section 3.

Theorem 4.3 Given two vectors H = (Hy,...,Hy,) € (0,1)™ and K = (K1,...,Kn,) €
(0,1)2, let BE = {BH (s), s € RM} and BX = {BX(t), t € RN2} be two independent frac-

tional Brownian sheets with valued in R%. The following conclusions hold.

(i) If B; C[e,T)N¢ (i =1,2) are Borel sets, then

cLC,a(Er x Bs) < IP{BH(El) N B (B,) # @} < cHU(EL % Es), (59)
where ¢ > 1 is a constant and p is the metric on RN N2 defined by (26). In particular,
we have

=0, if d > Q;
p{B7 (. 11) N BX (. T1™) # 2 ra=q
>0 ifd <@

Here Q = Y01 1/H; + Y02 1/K; == Qpu + Q.
(ii) Let F C R% be a compact set. Then
¢ Caqua-au(F) <P{B([e,T1") N BX (2, TIY) N F # &} < cH*O(F), (60)
where ¢ > 1 is a constant.

Theorem 4.3 extends partially the results in Rosen [28], Khoshnevisan [17], Dalang, et al. [7]

for the Brownian sheet.
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