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1. Introduction

Consider the following branching particle system in RY. Particles start off at time
t = 0 from a Poisson random field with N-dimensional Lebesgue A as its intensity
measure, and they evolve independently. The spatial motion consists of an RM-
valued stochastic process

£={&(t),t >0} = {(&1(1), (1), - ,En(t)),t > 0},

where for every 0 < k < N, & = {&(t),t > 0} is a symmetric ag-stable Lévy
process (0 < ap < 2) and &;,--- ,&n are independent of each other. In addition,
they split at a rate v and the branching law at age t has the following generating

function
—ot

e e
g(s,t):l—T—kTsz, 0<s<1, t>0.

Intuitively, in this model, the particles’ motion in different direction is controlled by
different mechanism and their ability of splitting new particles declines as their ages
increase. For simplicity of notation, the vector (ai,---,ay) is denoted by &, and
this model is called a (N, @, ¢, y)-degenerate branching particle system.

Let N(s) denote the empirical measure of the particle system at time s, i.e.
N(s)(A) is the number of particles in the set A C RY at time s. Li and Xiao

[16] studied the limit of a sequence of scaled occupation time fluctuations

1

X, (1) = Fn/on (Na(s) — fu(s)M\)ds (1.1)

of (N, &, d,,v)-degenerate branching particle systems, where F}, is a scaling constant
and
On

Y — on
Under the condition nd, — 6 € [0,00) as n — oo, which is referred to as weak
degeneration, they proved that when & := Z]kvzl a,;l > 2, the limit process of X,
gives rise to two anisotropic centered Gaussian random fields Y; = {Yi(z),z € RV}
and Yo = {Y2(z),z € RV} which, up to a constant, have the following covariance
functions

Fu(8) i= fu(s)e0ns = [1 + (1 —e_(7_5")8)]e_5”3. (1.2)

N
. ) dz

E(Y;(2)Yj(y)) = / (e"F5h —1)(e7"* —1)—5— (1.3)

wnw) = | 11 e

for all z,y € RY and j = 1,2, where

N N N N
Ur(z) = 4| > Lzl [[ 2 and  wa(z) =D lal™ [ ] 2 (1.4)

k=1 k=1 k=1 k=1

respectively. Therefore, by Samorodnitsky and Taqqu [22, P.325-326], one can read-
ily check that Y; (j = 1,2) has the following harmonizable stochastic integral repre-
sentation

_ al 1T 2k M(dz)
Vi@ = [ [ -y, (1)

2
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where M is a centered complex-valued Gaussian random measure in RN with
Lebesgue control measure. It follows from (1.3) that Y; is operator-scaling with
exponent E which is the N x N diagonal matrix E = diag(1/ax)i1<k<n. That is,
for all constants ¢ > 0

{Yj(cEx), x € ]RN} Ld {cﬁj Yj(z), x € ]RN},

where ¢ means equality of all finite dimensional distributions and 3; = %(] + 07).
We refer to Biermé, Meerschaert and Scheffler [5], Xiao [25] and Li and Xiao [15]
for further information on operator-scaling random fields. Note that the Gaussian
field Y; defined by (1.5) does not have stationary increments in the ordinary sense,
and it reminicent to a fractional Brownian sheet (fBs).

Recall that, for a fixed vector i = (hi)1<k<n € (0,1)Y] the fraction Brownian

sheet Bg = {Bg‘(x), x € RV} has the harmonizable representation

N
h _ TR, M(dz)

Bl (z) C/RN k]‘[l(e 1) o) (1.6)
where C' > 0 is a constant and ¢g(z) = HkN:1 | 2|+ +1/2. Fractional Brownian sheets
were introduced by Kamont [13] who also studied some of their regularity properties.
As an important example of anisotropic Gaussian fields, fractional Brownian sheets
have also been studied by several other authors. See, for example, Mason and Shi
[18], Ayache, et al. [3], Ayache and Xiao [4], Herbin [12], Wu and Xiao [24]. Recently,
Meerschaert, et al. [19] established the exact moduli of continuity for a large class
of Gaussian random fields, including fraction Brownian sheets.

Motivated by the aforementioned articles, we introduce in this paper a class of frac-
tional Brownian fields, which we call pseudo-fractional Brownian sheets (or pseudo-
fBs, for brevity) and include Y; (j = 1,2) in (1.5) as special cases; see Section 2
below. These Gaussian random fields have rich analytic and geometric properties.
In this paper, we focus on the directional differentiability and the exact modulus
of continuity of the sample paths. To study the exact modulus of continuity, we
determine when pseudo-fractional Brownian sheets have the property of sectorial
local nondeterminism.

From the results in Section 2, we know that for j = 1,2, if oy > 1/j for some
k, then the Gaussian random field Yj(¢) has a continuous version Y; such that its
partial derivative in the k-th direction is almost surely continuous and, if aj €
(0,1/4) forallk =1,2,--- , N, then Y; does not have mean-square partial derivative
in any direction. In the latter case, we show that Y; satisfies the sectorial local
non-determinism and the exact uniform modulus of continuity of Y; on [0, 1]V is
pi(z,y)/In(1 + pj(z,y)~1) and, for every fixed z € (0,00)", the exact local modulus
of continuity of Y; at z is p;(z,y)y/InIn(1 + p;(z,y) 1), where p; is a metric defined
by

N
pix,y) = g — yi R
k=1

for any o = (zx),y = () € RY.
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The rest of this paper is organized as follows. In Section 2, we first define a
general pseudo-fractional Brownian sheet and study the (directional) differentiability
of its sample functions. In Section 3, we study the sectorial local nondeterminism
of pseudo-fractional Brownian sheets. In Section 4, we prove the exact modulus
of continuity of a nondifferentiable pseudo-fBs. In the last section, we reproduce
the pseudo-fBs Y7 and Y5 via the functional fluctuation limits of a sequence of
(N, a,d,,v)-degenerate branching particle systems under more a general condition
than that in Li and Xiao [16]. Moreover, our Theorem 5.1 also strengthens Theorem
2.1 in [16] by proving weak convergence of X,, in the function space C([e, 1], S'(RY)).

Throughout the paper, we use C' to denote an unspecified positive finite constant
which may not necessarily be the same in each occurrence. More specific constants
are denoted by C1,--- ,CYy.

2. Pseudo-fBs: definition and differentiability of sample paths

Given a constant 3 > 0 and a vector @ = (a1, ...,ay) € (0,2]" which satisfy the
following condition:

N
1
=> o (2.1)
k=1
the Gaussian random field Y = {Y (z),z € RV} defined by

_ANg(e —1) TER (2.2)

is called a pseudo-fractional Brownian sheet with parameters 3 and a. In the above,
M is a centered complex-valued Gaussian random measure in R with Lebesgue
control measure and the function ) = g 5 is defined by

- <,ﬁ'z’“'> (Z\W)B )

It is easy to see that, in (1.5), Y7 corresponds to 5 = 1 and Ys corresponds to
f = 2. When N = 1 and fBa; < 1, the Gaussian process Y in (2.2) becomes
fractional Brownian motion with index H = (1 + fay)/2.

Proposition 2.1 The Gaussian random field Y in (2.2) is well-defined if and only
if (2.1) holds. Moreover, Y has the following operator-scaling property: For all
constants ¢ > 0,

{Y(CE x), T € ]RN} Ld {0(5‘*/8)/2 Y(z), z € ]RN},

where E is the N x N diagonal matriz E = diag(1/og)1<k<n and & = Zk 10y 1

Proof. It is well-known that Y is a well-defined Gaussian field if and only if

1—
/ H 1 — cos(zyzy)) / H cos(zk2) ~ dz < 00(2.3)
RN j RN % (k= 128]%%)7
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for all x = (1), € RY. We split the domain of integration into RV\[—1,1]" and
[—1,1]V, and note that the integral over RV\[—1,1]"V is always convergent. Hence,
(2.3) holds if and only if

dz
—_—— < 00. (2.4)
/[—171]N (Zszl | 2g |k )8

It is elementary to show (see Lemma 8.6 in Xiao [25]) that (2.4) holds if and only if
@ > . Finally, the operator-scaling property of Y can be verified by checking the
covariance functions. This is straightforward and is omitted. O

Now we study the (directional) differentiability of pseudo-fBs. Let us recall some
useful concepts. Suppose u € RV is a unit vector. A second order random field
{X(x),x € RN} has mean square directional derivative X/ (z) at x € RY in the
direction u if, as h — 0, the random variables

X(z+ hu) — X(x)
h

converge to X/ (z) in the L?(2, P) sense. In this case, we write X/ (z) = Lim.,_0 X, 1 ()
and say that X (z) is mean-square differentiable in the direction u. Especially, if

Xuyh(x) =

u:ek‘:(ov"'aoalvov'”50)7
—_————
k

then we say that X (x) is mean-square differentiable in the k-th direction.

The existence of mean square directional derivative can be given in terms of the
covariance function of X (see, e.g., Adler [1, Theorem 2.2.2]). However, for many
theoretical and applied purposes, one often needs to work with random fields which
have smooth sample functions. We refer to Adler and Taylor [2] and the reference
therein for more information.

The following theorem provides an explicit criterion for Y to have a version whose
sample functions have continuous partial derivatives. Higher order partial derivatives
can also be considered similarly.

Theorem 2.1 Suppose the Gaussian random field Y = {Y (z),x € RN} in (2.2) is
well-defined, i.e. (2.1) holds.

(i). If ap >1/B for some k € {1,...,N}, thenY has a version Y with continuous
sample functions such that its k-th partial derivative Yy (z) is continuous almost
surely.

(it). If ay > 1/8 for every k € {1,...,N}, then' Y has a version Y whose sample
functions are continuously differentiable almost surely.

Proof. The method of proof is similar to that of Theorem 4.8 in Xue and Xiao
[26]. See also Potthoff [21] for related results. For simplicity, we only prove (i) and
suppose, without loss of generality, that k = IV.

The proof is divided into three parts, namely, (a) for every = € RY, the mean
square partial derivative Yy (x) exists; (b) for any 7' > 0, there exist constants
C > 0 and n > 0 such that

E[Yi(z) - YyW)]* < Cle—y|", Va,ye[-T,T]V (2.5)
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and (c) construction of a version Y with the desired property.

(a). For any fixed z € RV, to prove Yy »(z) = w converges in L?(12, IP)

as h — 0 is equivalent to verify that {Yy 5 ()} is a Cauchy sequence. For simplicity,
we show that for any 0 <r < h

E(|Ynn(z) = Y (2)?) = 0, (2.6)
as h — 0. By (2.2), we have

Ynn(x) = YN, ()

_ / (]ﬁl eixkzk _ 1> <eith -1 B eier _ 1> eixNzNﬂ(dz)
RN N\ pZ1 %k hzy ren ) (5l laklow)P/2
Therefore
dz
E (|Ynn(z) = Y. (2)?) = / gla, 2N f(hyr, o) =, (27)
R (hiy l2k|w)?
where 2N = (21, , 2y_1),
ity cos(xpzk)
g(x,z(N_l)) = oN—1 H ST < C(x), (2.8)
k=1 k
where C'(x) denotes a constant depending on z, and
eith -1 eier -1 2
h = — <2 2.9
f( 7T72N) hZN . = ( )
for all positive r, h, zy. Furthermore
1 2
flhyr,2n) = 55 (‘r cos(hzy) —r — hcos(rzy) + h|
r2h223%,
. . 2
+ |rsin(hzy) — hsin(rz )
1 rsin(hzy) (rzn) (2.10)
< 3 (7’2h4z}1\f + h2r4zj{; + R2r22% (h? + r2)2>
N

< 2h%2% + 4htzy,

where we have used the elementary inequalities |1 — cosu| < u?/2 and |usinv —
vsinzu| < wvd + vud for all u,v > 0. (The second inequality follows from the
inequalities sinv < v and sinu > u — ’é—? for all u, v > 0.)

Now we break the right hand side of (2.7) into five parts.

r.h.s. of (27) :Il—|—12+13—|—14+15, (211)
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where
(N-1)y g»(N-1)
:/ f(h,r, zN)dzN/ g(x : )dz , (2.12)
|zN|<1 ERILC N DAY EACTL
(N-1) (N-1)
:/ f(h,r, ZN)dZN/ g(:v,zN )dz , (2.13)
1qu* LNt (D0 laklex)P
(N=1)y 4»(N-1)
:/ f(h,r, ZN)dZN/ g(a:,zN Jdz ; (2.14)
|ZN|>1/f SRR AL
(N-1)) g,(N-1)
:/ f(h,r, zN)dzN/ g(J:’ZN )dz ,  (2.15)
|2n|<1/VR RN-I\[-1, N1 (Do [2k[%%)P
(N=1)yq,(N-1)
I5=/ f(h,r, ZN)dZN/ 9(@, 2 )dz . (2.16)
|zn21/VR R RIS O DA PA L

Substituting (2.8), (2.10) into (2.12) and (2.13) yields that

dz

hgcm%mﬂ/ < C(h* + 1Y), (2.17)
LN (D [2klo)P
since f[_l 1y W < oo for & > 3, and that
) k=1 zZ
1/vVh dz(N-1)
15<0m+h%/ﬁ (uN/ oy < C(h +h?), (2.18)
1 1Nt [N |

since a8 > 1. Furthermore, substituting (2.8), (2.9) into (2.14) leads to

dz(V-1)
g<c/ dm/‘ 5 < Chen=b/2, (2.19)
1/vh [~1,N-1 [2n]*N

Notice that the second integral in (2.15) and (2.16) are convergent and, for z(N-1) ¢

RN\ [=1, 1)V we have (30, [21]F)% > (1 + |2n|*V)P. Tt follows that

1/\/E dz
I<Chiﬂ/ N < O(h+h? 2.20
4 > ( + ) 0 (1+|ZN’aN)/B = ( + ) ( )
and
> dzy _
I SC{/ N < oplBen-1)/2) 2.21
2= i Tt nlen)? (2.21)

since ay S > 1. Combining (2.7) with (2.10)-(2.21), we get that as h — 0
E([Yia () — Yiv.a(@)[?) < RPN -1/2

This proves (2.6).
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(b). For any fixed constant 7> 0 and any x,y € [T, T]", we have

E(Yi(z) - Yi(y)®

/ NH ( erThE — 1>€i:chN _ ]ﬁl (eiyka — 1>6inzN ’ dz
N
P k1 2k (Xt |2k] )P
N— 2
< / wckzk -1 eiUUNZN _ einZN 2 _ dz
RV 221 “k (> k=1 12k|*)P
/ NH1 etk — 1 NH1 eivezk — 1 |2 dz
+ ()1 )| ==
RN k=1 %k k=1 2k (Zk:l ’zk’ak)ﬁ
=J1 + Jo. (2.22)

In order to estimate Ji, we take 6 € (0,1) such that ays — 26 > 1. By using the
elementary inequality |e® — 1| < 217%|u|? for all u € R and a change of variable
when integrating [dzy], we obtain that

N N1 ime 112 ‘ZN‘ZG &
Ji < Clay —yn| N o B
k= Zk (k= [26|*)
N-1 2
RN-1 Zk N-1 B2
k=1 (X k=1 [2k|*) N
< Clany —ynl?, (2.23)

where the last inequality follows from Proposition 2.1 and our choice of 6.
To estimate Jy, we first integrate [dzy] and then apply Proposition 3.1 from
Section 3 to derive

N1 kL _ N1 eWkze _ 1 2 dz
T2 = < ) ( ) N-1 B 5
R 2 k=1 “k (D ke lzfow)™ on
N-1 1
<CY - g AN (2.24)
k=1

where C' > 0 is a finite constant which depends on 7. Combining (2.22)—(2.24)
yields (2.5) with 7 = min{26,1 + (3 iﬁ)ak, 1<k<N-1}.

__(c). The construction of a version Y of ¥ with a.s. continuous partial derivative
Yy is the same as in the proof of Theorem 4.8 in Xue and Xiao [26] and will be
omitted. Hence the proof of Theorem 2.1 is completed. O

3. Sectorial local nondeterminism

Theorem 2.1 shows that the sample functions of a pseudo-fBs Y may either be
smooth in all directions or have fractal properties, depending on the choices of the
parameters aq, . ..,ay and 8. Different tools are needed for studying fine structures
of Y. In this and the next sections, we focus on the fractal case and always assume
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that oy € (0,1/8A2) for all k =1,2,--- , N. We will study the uniform and local
moduli of continuity of the sample function of Y.

It is well-known that many properties of the sample functions of a Gaussian process
{G(t), t € RN} are determined by the pseudo-metric dg(z,y) defined by

d(z,y) = [E(G(z) - G(y))*]"*

for all z,y € RV, In order to study the uniform and local moduli of continuity of
the sample function of pseudo-fBs Y, we define a metric pg g on RY by

N
pap(,y) = | — yp| P2, (3.1)
k=1

Due to the assumption that ai € (0,1/8 A 2] for all 1 < k < N, it is easy to
verify that pz s(z,y) defined by (3.1) is indeed a metric on RY. In this section we
investigate the relation between the pseudo-metric dy and the metric ps g and prove
that Y satisfies the property of sectorial local nondeterminism. This latter property
will play an important role not only in this paper, but also in studying the local
times, self-intersections and other sample path properties of Y. See Xiao [25] for
further information.

To simplify the notation, in the rest of this paper, we will suppress the notation
a and 3 from pg g. The main results of this section read as follows.

Theorem 3.1 Given constants 0 < a < T, there exists a positive constant Cy such
that for allm > 1, and all 2V, ... 2™ & [a, T]N,

N
(n) (1) (n—1) . () _ (k) |1+Bey
Var( Y (z() ’ YD), Y(z )) > ) L pin 2" — 2B (3.9
J:
where (9 = 0.
Proof. Forany 1 <m < N, let r,,, = 0<€€n<in . \xﬁfj) - xﬁ,{f)|, where 2(9) = 0. Since
n—1 2
var(Y(N))\Y(x(l)), - ,Y(:c(”_l))> —  inf E(Y(m(”)) - ZukY(x(k))> ,
Uq o ,u, 1 ER 1

it suffices to prove that for some positive constant C > 0
n—1 2
E(Y(x(”)) - ZukY(x(k))) > O rltham (3.3)
k=1
for all up, € R, k=1,2,--- ,n— 1. The proof is similar to that of Theorem 1 in Wu

and Xiao [24] and is included for completeness.
From (2.2), we know

n—1 2
IE<Y(:1:(”)) CY gy (@® >>
k=1

N ol N g 2 Az
— ('L.’,U Zj _1)_ uk ('L.T Z] _1)
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For every j = 1,2,--- , N, let §;(-) : R — [0,1] be a function in C*°(R) such that
5](0) =1,

dj(z) < 1/2 for |z| > a, (3.4)

and it vanishes outside the open set B = {z : |z| < 1}. Denote by :5\] the Fourier
transform of 0;. Then 6; € C*°(R) as well and d;(z) decays rapidly as z — o0, i.e.,
for any k > 0, |2|*0;(2)] — 0 as z — co. Furthermore, let 67 () = 7,10, (r, ).

Then

oym(t) = ! /Re_i<t’z>z5\m(rmz)dz.

T om
Since min{]mgﬁf) — mﬁ,’f)\, 0<k<n-—1} =ry, we have
O (alyy) —aly)) =0, (3.5)

for all k=0,1,--- ,n — 1. Therefore

k=1 jFEm
This and (3.4),(3.5) together imply that
J > 2N ey, (3.6)

Furthermore, by Hélder inequality,

iz e N G
ﬂs/RN r:[< ; 1)—;%]1:11@ M| e
< [ PE|Glrmzm) T] 50| a2
R j#m
_E<‘Y(x("))—;ukY(x(k))r) /RN () mrmem) [T 5562|037
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Note that
~ ~ 2
/ 1/12(2)‘5m(7“m2m) H 5]‘(""]‘)‘ dz
RY jm
N 2
=T mm/ <Hz ><|Z |am‘|‘7“am2|zj|%> H5'(ZJ) dz
j#Fm J=1
N 2
e [ H 2jonlo + T 3 o) 13 4 < or e
j#Fm J=1
for some constant C' > 0. Then from (3.7), we have that
el 2
J? < CE(‘Y(x(”)) - ZuiY(x(l))‘ >rm3ﬁam.
i=1
This and (3.6) together yield (3.3) for an appropriate constant C'. O

From Theorem 3.1, we can easily get the following corollary.

Corollary 3.1 Given constantsa € (0,1) and T > a, there exists a positive constant
Cy such that d-(z,y) > Co p?(z,y) for all x,y € [a, TN

Proof. Let n =2 and 2® =z, () = y. Since z,y € [a, T]", we have
T .
5 —yil < —lagl - V1<j<N.

It follows from Theorem 3.1 and Jensen’s inequality that
- k
(@) = Var(Y(@)|V () 21 Y min |a; — 2150

0<k<1
]_

N
Z T Zl“r]_y]‘ I — NT (x7y)7
Jj=

which completes the proof. Il

Proposition 3.1 For any bounded set D C RY, there exists a positive constant C3
such that for all x,y € D

dy (z,y) < Csp*(x,y). (3.8)

Proof. We use induction to prove (3.8). For any n = 1,2,---,N, let Y,, =
{Y,(x),z € R"} be the Gaussian random field defined as in (2.2) with v being

n n @ 2
replaced by () = (T, ox]) (S0y |24)*/2. Let
n n 2
. dzy - -dz
d2 (z / || ”M—l—||ewm—1’”.
) 11 ) ( ) 02 (2)

It is clear that, for n = 1, we have d%,l (z,y) = Clz —y|'T18 for all 2,y € R, where
C > 0 is a finite constant. Hence (3.8) holds for Y, with n = 1.

11
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Assume that (3.8) holds for random fields Y,, with n = 1,...,N — 1. Next we
consider Y = Yy. By (1.5), we have that

2
&y (2,y) =E(Y (2) = Y(y))" = d¥(z,y), Vaz,yeR". (3.9)
Note that
N N 2 N- 2 5
H iTE2E H(eiykzk _ H eWYkZk _ l@N—YN)ZN _ 1)
k=1 k=1 k=1
N— N-1 2 9
H TRz H (eixkzk - 1) YN ZN 1’
k=1 k=1
and
N-—1
1 1 1 1
< A —. 3.10
P2(z) ~ (z%v(zﬁ_‘f |zg |k )8 |ZN’2+ﬂaN> 141;[1 %, 10

From (3.9) and (3.10) we have that

iTNEN TN—YN)IN _ 1|2
d%(z,y) < d%_ 1:Uy/‘e dz +/\e ’dzN

2+ﬁ0¢N

N—

2d d
/RN 1 H iykzE _ ‘ thjl (3.11)
= k=1 ~k

Since x,y € D which is a bounded set, by direct verification we see that the integrals
N-1

ITNZN ] 24 d
/ e dZN and / H (e'Un2k — 1)‘ 21" ZN 1
RN-1 k=1 Hk 1 zk

are convergent (due to ay < 1//3) and bounded from above by a finite constant and

ez TN—YN)ZN _ 1 2

for some positive constant C' > 0. Thus, it follows from (3.11) there exists a constant
C > 0, which may depend on N, @ and f3, such that

dy (x,y) = diy(2,y) < O (R (2,y) + [an — yn|H0V).
This proves Proposition 3.1. 0
Remark 3.1 Because of Theorem 3.1 and Proposition 3.1, many sample path prop-

erties such as fractal dimensions, existence and continuity of local times of Y can be
investigated by using the methods in Xiao (2009).

12
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4. Exact uniform and local moduli of continuity of pseudo-fBs

In this section, we determine the exact uniform and local moduli of continuity of
Y (see Theorems 4.1 and 4.2). Even though the main methods are reminiscent to
those in Meerschaert, Wang and Xiao [19], both Theorems 4.1 and 4.2 can not be
derived directly from those in [19].

We recall from Marcus and Rosen [17] the definition of exact modulus of continuity.
Suppose (S, 7T) is a compact metric or pseudo-metric space and X = {X(¢), t € S}
is a centered Gaussian random field with values in R. A function ¢ : Ry — R4 with
©(0) = 0 is called an exact uniform modulus of continuity for X on (S, 7) if

s X6 = XE)

=C as.
=0 s;teS;T(s,t)<e @(T(Sa t))

for some constant C' € (0,00). A function ¢ : Ry — R4 with ¢(0) = 0 is called an
exact local modulus of continuity for X at tg € T if

b s X=X

=C as.
e=0 seT;T(st0)<e ()0(7—(87 t))

for some constant C' € (0, 00).
The following is the main result of this section.

Theorem 4.1 Let I = [0,1]V. There exists a constant 0 < Cy < 0o such that

Y(z)-Y
lim sup ¥ (z) W)l =0y a.s. (4.1)
0 st play)log(T+ plw ) )

Proof. Due to monotonicity the limit in the left hand side of (4.1) exists almost
surely. The key point of the theorem is that this limit is non-random, positive and
finite.

We first show that the limit in (4.1) is non-random and finite. Our proof is simpler
than that of (4.4) in Meerschaert, Wang and Xiao [19)].

Consider an auxiliary Gaussian random field:

W ={W(z,y),z €1,y € By(r)}

defined by W (z,y) =Y (z +y) — Y (), where B,(r) := {x € RY, p(z,0) < r}. Then
the metric dy on S := I x B,(r) associated with W satisfies the following inequality:

dW((l’,y), (x',y’))
< len{dy(l‘ +Y, LL’) + dY(x, + y,a $,), dy(ﬂ;’ + 9, .’El + y/) + dy(.l?, 'I/)}

Therefore, by (3.8), there exists a constant C' > 0 such that

dw ((z,y), (2',y")) < Cmin{p(y,0) + p(y/,0), p(z,2") + p(y, ¥ )}  (4.2)

for all (z,y), (z/,y') € S. Denote the diameter of S in the metric dy by D. Then
(4.2) implies that D < 2C'r. Furthermore, for small ¢ > 0, if for every j = 1,2,--- | N,

)

€ )2/(1+ﬁag‘)

- e \2/(1+8ay)
5 ‘TJ'|<(2CN )

and |y; —y}l < (ﬂ

13



14 Y. Li and Y. Xiao

then by (4.2),

(',y') € Oay (@.9).€) = {(@"¥)) : dw (@' ¥)), (w,9) < =.

Hence, N4(S,¢€), the smallest number of open dyy-balls of radius ¢ needed to cover
S, satisfies

— N _ 1
Na(S,¢) < Ce 0= T

for some constant C' > (. Then one can verify that for some constant C' > 0

D
/ In Ny(S, ) de < Cry/log(14r=1).
0

It follows from Lemma 2.1 in Talagrand [23] that for all u > Cry/log(1 4 r—1),
u?
IP’{ sup ]Y(x +y) — Y(m)| > u} < exp < _ D2>
(w,y)es

By a standard Borel-Cantelli argument, we have that for some positive constant
C <o

Y(z)-Y
limsup sup [Y(z) W)l <C as.
r—0 el ry/log(1+r~1)

p(z,y)<r

The monotonicity of the functions r — r4/log(1 + r~1) implies that

limsup sup Y(z) —V(y) <C as. (4.3)

r—0 z,y €l p(xv y)\/log(l + p(ZL‘, y)il) B

p(z,y)<r

It follows from the proof of Lemma 7.1.1 in Marcus and Rosen [17] and (4.3) that
the limit in (4.1) is almost surely a finite constant Cjy.

It remains to prove that the limit Cy is positive. It is sufficient to show that, for
a constant a € (0,1) and I, = [a, 1]V, we have

S Y ()~ ()
p sup -
e=0 wuele p(a,y)y/log(1 + p(z,y)71)

p(z,y)<e

>Cs, as. (4.4)

where C5 > 0 is a constant. Thanks to Theorem 3.1, the proof of (4.4) is the same

as the proof of (4.5) in Meerschaert, Wang and Xiao [19, Theorem 4.1]. This finishes

the proof of Theorem 4.1. O
Our next theorem is concerned with local oscillation of Y.

Theorem 4.2 For every fived x € (0,00)Y, there exists a constant 0 < Cg =
Cs(x) < 00, such that

i Y(y) —Y(x)|
sup
e>0yzeB,(e) p(y,x)\/loglog(1l+ p(y,z)~1)

=Cs a.s. (4.5)

For proving Theorem 4.2, we will make use of the following lemma, which is
a consequence of Proposition 3.1 and the proof of Lemma 5.4 in [19] with H; =
(1+ Baxj)/2 (1< j < N).

14



A class of fractional Brownian fields and their regularity 15

Lemma 4.1 Let T > 0 be a constant. There exist positive and finite constants ug
and Cy7 (depending on T) such that for every x € [T, T|™, u > uy and sufficiently
small r > 0,

P( sup [Y(y+x)—-Y(z)| > u7"> < e O’
YyEB,(r)

Proof of Theorem 4.2. Without loss of generality, we assume that x € [a, 1]V
for some a € (0,1). The proof is in essence similar to that of Theorem 6.4 in
[19] for fractional Brownian sheets. Some modifications are needed due to different
stochastic integral representations.

For any n > 1, let ¢, = e™™. For any fixed constant u > F’ we consider the

event
Y Y
Enz{ sup ) - ) >u}'
y—z€B,(en) 5n\/loglog 1+e, )

By Lemma 4.1, for sufficiently large n,
P(En) < e—C"zu2 logn.

Hence, by the Borel-Cantelli lemma and a standard monotonicity argument, we get

i su Y (y) - Y ()] <
p sup Su
e=0  y-aeB,(e) p(s,t)\/loglog(l+ p(y,t)~ 1)

This and Lemma 7.1.1 in [17] imply that there is a constant Cg € [0, u] such that

Y Y
lim sup Yly) — V()| = = Cs as.
=0y _weB,(e) pysx)y/loglog(1 + p(y, z)1)
Below we prove Cg > 0. In fact we will prove that
Y )~y
lim sup ’ (z+y™) = V() > +/Cy (4.6)
n—oo p(y™,0)/loglog(1 + p(y™,0)~1)
for y(™ = (yYL)"" ,y](\?)) _ (e—2n1+u/(1+ﬂa1)7.” ’e—QnHu/(1+,80¢N))7 where p is a

positive constant whose value will be specified later.
Obviously, p(y™,0) = Ne™™ ™ :=n, = 0asn— oco. Let d,, = exp(n!TH + nt)
for any n > 1. We decompose Y into two independent parts as follows. Let
Q,={zeRY : p(2,0) < dp_1}U{z € RN : p(2,0) > d,]}
=A, 1 U An

and
ﬁn = {Z c RN : p(Z,O) S (dnflvdn]}’

ztkzk M(dz)
/Q H - ) ) (2)

" k=1

Define

15



16 Y. Li and Y. Xiao

and

ztkzk /W(dz)
/Q H N ) U(z)

n k=1

Then, for each fixed n > 1, {V,,(t), t € RN} and {Y,(t), t € RV} are independent.
Moreover, the random fields {Y,(t), t € RV} (n = 1,2,---) are independent. Note
that

V(z +y™) - V()] - \Y (z +y™) = Ya(2)|
y(™),0)/loglog(1 + p(y™,0)~1) ~ p(y(™,0)+/loglog(1 + p(y™,0)~1)
!Yn(x +y") = Y, (a)]

~ p(y™,0)y/loglog (1 + p(y™,0)~1)
= Jl(n) — JQ(TL) (47)

We will show that, as n — oo, Ji(n) is the main term and J(n) is negligible.
By the definition of Y,, we have

N
E (Y (x + y(") / PRICT PREIET ‘
Ao kHl 1;[ P2(z)
N
2 dz
—|-/ ‘ ( 'L(CUkJFy eiThZh _
An kHl g ¢2(Z)
= J21(n) + Ja2(n). (4.8)
For convenience of notation, we let
j—1 N
Hj(y,ajvz) — H eimkzk o 1‘2 zy;")zj B 1‘2 H (33k+y;(c )) _ 1‘2

k=1 k=j+1

and wf(z) = |z | %P TIA, 22 < 4?(z). By the triangle inequality, we have

2

N
ot ka-Hlk ))Zk _ H Tz
k=1 k=1

Furthermore, for j > 1,

[ na, e a2
Apy w?(z) - |2;|<(Ne—r(n=1)kp 71)2/(1+ﬁaj) ]zj|2+6aj J

XH/

k=j+1

dzk

zzkzk 1)

since A,—1 C {z 1 |zj] < (Ne #(n="y—1)2/(1+625)} which follows from the fact that

| 2| (1HF2)/2 > P U e e

16



A class of fractional Brownian fields and their regularity 17

for all |z;] > (Ne #n=1"y—1)2/(1+52) Note that

H m:kzk o dzk’ z mk+yn ))z 1 2dzk
Z 22
k=j+1 kE k= k

is uniformly bounded for all z € [0,1]" and y € B,(1). There exists a constant C
such that

I Wz _ 12
Any ¥j(2) |2 | < (Nemnn=1t )2/ (LBay) |25 [2H00
(Ne—,u(n—l)”’ngl)Q/(l'FBaj) 1
2
< C(yj(n)) / Ba, de
0 2;
1 Ba 1 Ba
< C 1+ﬂ0¢ (n 1) T¥8a j 1+u(y§n))2’ (4'10)
where we have used the fact 1 —cosz < 22/2. Recall that y( ) = 20T/ (14Ba5) e
have - )
621+5 Lntte (y(n))Z _
J N2
Let & = min{;'gzj,j =1,2,---,N} > 0. Applying (4.9) and (4.10) to (4.8) we
arrive at
Ja1(n) < Ce™2ann=1%,2 (4.11)

To estimate Jo 2(n), noting that p(z,0) > d, implies |z;|(1763)/2 > @, /N for some
j€{1,2,---,N}. For simplicity of notation, we assume j = N. Then from (3.11),
we know there is a constant C' which may depend on x such that

dzn

|2+5CMN

J272(n) S C
|zn |AHPaN) /254, /N |ZN

= Cd;% (4.12)

Since d,;? = n2¢ _]32 , we combine (4.8), (4.11) and (4.12) to see that there exists a
positive finite constant C such that

E(Yo(z +y™) — Ya(2))* < Ope20mn=D" (4.13)
for n large enough. Hence for any given € > 0, when n is large enough,
P(Ja(n) 2 &) =P(|Vae + ™) ~ Va(s)] > ena/loglog(l + 1))
< IP’(\N(O, 1) > Csx/logneé‘“(”_l)“). (4.14)

On the other hand, by using the independence of Y, and ffn, Corollary 3.1 and
(4.13), we get that

E(Ya(z +y™) = Yo (2))’ =E(Y (2 + y™) = Y (2))® — E(Yu(z + y™) — Yo (2))”

> d3 (z 4y ™, 2) — Cp*(y™, 0)e 2"
> 2y, 0)(Cs - Ce )
C . C
> §p2(y( ),0) = 7277?” (4.15)
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for sufficiently large n. Therefore, from (4.15), we obtain that
]P’(Jl(n) > (1 — 8)\/ CQ)
= (¥l + 5™) = Ya()] = (1 — )1/ Calogloa(1 + "))

2P(|N(0,1)| > (1—5)\/21og10g(1+77;1)). (4.16)

Recall that for standard Gaussian random variable, we have

22

12
@m) 2(1— 2 2z le™ T <P(N(0,1) > 2) < (2r) 22 e~ 7.

Therefore, (4.14) and (4.16) yield that for sufficiently large n,

2 N
P(Ja(n) > ¢) < e P (4.17)
9
and
P(Ji(n) > (1 —2)y/Cy) > Cn~ (17" (140) (4.18)

for some constant C' > 0, respectively. Thus, > >° P(Jg(n) > 5) < oo. By the

n=1
Borel-Cantelli lemma and the arbitrariness of £, we obtain

lim Ja(n) =0, as. (4.19)

n—o0

Now we choose > 0 small such that (1 —&)?(1 + u) < 1 and consequently

o0

> P(Ji(n) > (1—£)\/Cy) = 0.
n=1

Since the events {Ji(n) > (1 — €)y/Ca}p=1,,.. are independent, the Borel-Cantelli
lemma and the arbitrariness of 7 yield

limsup Ji(n) > \/Cy  as. (4.20)

n—o0

Hence (4.6) follows from (4.7), (4.19) and (4.20). The proof of Theorem 4.2 is now
completed. O

Remark 4.1 The constant Cg in (4.5) may depend on x. However, for any 0 < a <
T and all z € [a,T]V, Cg(x) is bounded from above and below by positive constants
which only depend on the constants (o)i<k<n, 5, @ and T

5. A functional limit theorem for branching systems

This section is a continuation of Li and Xiao [16]. Consider a sequence of (N, &, 6, y)-
branching particle systems. We assume that d,, satisfies the condition

n"0, — 0 € (0,00) for some constant « € (0, 1), (5.1)

18



A class of fractional Brownian fields and their regularity 19

which is referred to as strong degeneration. The case of kK = 1 (weak degeneration)
has been considered by Li and Xiao [16].

The objective of this section is to prove that in the case of & := Z]kvzl aik > 2, the
temporal structure of the functional limit of the scaled occupation time fluctuations
(1.1) is degenerate, that is, the limit process in any positive time interval is a time-
independent Gaussian process valued in &'(RY), where &'(RY) denotes the dual
space of S(R™), the space of smooth rapidly decreasing functions. At the same
time, we show that the functional convergence can be strengthened from the integral
sense (in Theorem 2.1 of Li and Xiao [16] for kK = 1) to the weak convergence in
C([e, 1], 8" (RN)) for every € € (0,1).

Let N, = {N,(t),t > 0} be the empirical measure of the (N, &, d,,y)-branching
particle system such that (5.1) holds. The occupation time fluctuation of N,, is
defined as

(Xu(006) = 5 [ (35) = e\ s 65:2)

for every ¢ € S(RY), where {F,} is a suitable scaling sequence of normalizing
constants and fy,(s) is defined as in (1.2).

The following is the main result of this section.

Theorem 5.1 Assume @ = Yn_, oyt > 2 and (5.1) holds. Let {X,(t),t >
0} be defined as in (5.2) and let F,, = n*/2. For any e € (0,1), X, = X in
C(le, 1], S"(RN)) as n — oo, where X = {X(t),t € [¢,1]} is a centered (constant in
t) Gaussian process valued in S'(RN), with covariance function

COV(<X(S)a ¢1>7 <X(t)’ ¢2>)

_ ! 2 v o (5.3)
e o [ e G e OO

for all ¢1 and ¢o in S(RN). Here and in the sequel, f(z), (z € RN) denotes the
Fourier transform of f.

Remark 5.1 Here are some remarks on comparing Theorem 5.1 with the corre-
sponding result in Li and Xiao [16].

(a) The sense of convergence is stronger than that in Theorem 2.1 in [16]. It was
noted in Remark 2.1 in [16] that, in the case of weak degeneration, the method
to strengthen the sense of convergence is tedious and calculation-intensive.
The condition of strong degeneration (5.1) in Theorem 5.1 assures a relatively
simpler treatment. The cost is that X,, can not fulfil the weak convergence
in C(]0,1],S"(R™)) but in C([e, 1], S'(RY)). The reason lies in that X, (-) is
continuous but X (-) is impossibly continuous on [0, 1].

(b) Unlike Theorem 2.1 in Li and Xiao [16], the covariance function of X (¢) in (5.3)

is independent of the time ¢. That is, the temporal structure of the limiting
process is degenerate.

19



20 Y. Li and Y. Xiao

(c) Asin Theorem 2.1 in Li and Xiao [16], we obtain from the limit process X in
Theorem 5.1 two independent S’(R”Y)-valued Gaussian variables, say X; and
Xo, whose covariance functions are given by

1 261(2)d2(2) 1
02m)N Jrn Zi\le |25, |k

1 / 161(2)d2(2)
02m)N Jrn (Zgzl | 2g | )2

respectively. Define Y;(z) = (X1, 1p(s)) and Ya(z) = (Xo, 1p(g)) for all z =
(zk)1<k<n € RV, where

Cov((X1, 1), (X1, 02)) =

)

COV(<X27 ¢1), (Xo, ¢2>) =

I

D(z)={(y1, " ,yn),0 < yp <ap, 1 <k <N}

if z € RY and is defined similarly for z € RV\RY. Then, from (4.11) in
Li and Xiao [16] and the discussion in Introduction, ¥ = {Yi(z),z € RV}
and Y = {Ya(x),x € RV}, up to a constant, are pseudo-fractional Brownian
sheets. Here, in contrast with Li and Xiao [16], we have constructed Y; and
Ys without requiring the spatial behavior of the limit process at a fixed time.

As in Bojedcki et al [7, 8, 9], Li [14] and Li and Xiao [16], the method for prov-
ing Theorems 5.1 relies on the Laplace functionals of the occupation time fluctua-
tions. Before proving Theorem 5.1, we define a sequence of random variables )~(n in
S (RN+1) as follows: For any n > 0 and ¢ € S(RV*1), let

_ 1
(K ) = /0 (X (£), (1)) . (5.4)

From (3.15) in Li and Xiao [16], for 1 = ¢ (z,t) = ¢(x)h(t), where ¢ € S(RY) and
h € S(R) are nonnegative, we have

E(e™ %) = exp (1y(n, ) + B, ) + I, ) ). (55)

where I1(n,vy,), I2(n,¥,) and I3(n,1,) are given respectively by

/RN dx/ “onsy2 L (@i — s, 8)ds, (5.6)
() /RN dx/ e (1, 8) Vi, (2,10 — 5, 8)dls, (5.7)

I(n, ) =0, [ da / eds [T e e (53)
RN 0

In the above

1 ~ 8 ~ 1

Up(x,8) = F—ngb(az)h(ﬁ), h(s) = / h(t)dt,

Vi, (@ 6,7) =1 — E, [exp (- /Ot (Na(5), n(er 7+ 8)) ds)] ,

20



A class of fractional Brownian fields and their regularity 21

and
X1, n (;1;‘7 u, S) = ]ECC |:<]_ —e f()“ ’lbn(gn(v),s‘l*v) dv)wn(g’b(u% s+ ’U,):| )

For I1(n,,) we have the following result.

Lemma 5.1 If F? = n”, then as n — oo,

Ii(n, ) — 29(;) /RN ol 1|Zk| 5 / / v) dudv. (5.9)

Proof Similarly to (3.19) in Li and Xiao [16], we write

Il(”vwn) = Ill(nawn) + 112(7%1%), (510)
where
I (n,n) = / dx/ "SJ2 ,n—s,s)ds, (5.11)
RN
Lia(n,vy) = / da:/ *6”3 (x,n—s,s) — ng (x,n — s,s)) ds, (5.12)
RN o
and where

I (@,8,7) = / fn(s 1/1n (&n(s), r—i—s)) ds.

Recalled that &, is the Lévy process in the Introduction and f,(s) is defined in (1.2).
From (3.27) in Li and Xiao [16], we derive that

. . 713’7/2 ! —ndns = 2
it = Jiy {5 [Leoas |16
1 N~ 2
q / e Gt S O )] dz}, (5.13)

s

(Recall that h f h(t)dt for all u € [0, 1].) Applying the substitution s’ = n'=*s,
u' = nl"Fu to (5 13) we have that
K 2 N nl—n .
lim I11(n,¢,) = lim W/ |¢(z)\2dz/ e Ons (s
n—o0 n—0o0 (27I‘)NF7% RN 0
nl*l@ 9 (5]‘4)
X [/ h( 1u Je " (w=) nt Eimy ‘Z’“P’“)nﬁd“} }
S n R
Note that, as n — oo,
7 s 1—k
M >/n E( u )e—n”(u—S)((Sn-i-Z;]y:l 121°%) 0% o
Sl laler TSt

K

_ /"_” TR g e S gy o MO
0 no nlor POMEREALE
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22 Y. Li and Y. Xiao

Substituting F2 = n* into (5.14), by the dominated convergence theorem, as n — co
we derive that

0% -~ ) o —0s ﬂ ? S
Li(n, ) — 2@V /RN |(2)] dz/0 e <Zévl‘Zk‘ak) d

- 77 o 5 = 1|zk|k i | wemtsyae

As shown in Remark 2.3 in Li and Xiao [16], the right hand side of (5.15) is finite.
To determine the limit of I19(n,vy,), we use the formula (3.40) in [16] to deduce
that

(5.15)

2

[ T12(1, Yn)| < vl121 (0, ) + vI122(n, p) + %1123(7%1%)7 (5.16)

where I121(n, ¥y), T122(n, ¥r) and I123(n, ¢y,) are defined by (3.41), (3.42) and (3.43)
in [16], respectively. From the formulas (3.45), (3.47) and (3.48) in [16] we have that

205,

Lo (n,Yy) < ———<=T11(n,¥y), 5.17
(1. h0) € s T . 0) (5.17)
and that
07’L4 . ~ , 1 5 1—s 1-s
Bia(n, ) < Gy [ @3N [ emids [ [
n JR2N 0 0 0
l=s—u N N e
x/ oMU Do |2k [k g 2y 1217 g, (5.18)
0
3 n / o N 1
1123(71’ Q/Jn) < Cﬂé ]\’[(b(z +z )‘/ J’Vd)(z ),‘ qb(z)]dzdz’/ e—n5nsds
Fy Jren YT |z + 2|00 D0y |2l 0
1—s N 1—s N
></ e k=1 Z’“akdu/ e =1 1217 gy, (5.19)
0 0

Firstly, letting 0,, — 0, we deduce from (5.15) and (5.16) that

1121 (7’L, ’l/)n) — 0. (520)

1-k ! _ 1-k /o 11—k

Secondly, applying the substitution s’ = n
w' = n'""w to (5.18) we derive that

Cn4f$ R ~ , 00 b 00 e’}
Iioa(nyvn) € g [ 16(2)9()]dzds’ | ™ 0ds | du [ v
n R2N 0 0 0

0 (5.21)
« / a0 DA EN LTSy FALTS
0
Note that n®d, — 0 € (0,00) and F2 = n*, (5.21) implies that
C i )
5 " B2V (Dopy zm|o%)” Dokon |25l
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A class of fractional Brownian fields and their regularity 23

Here we have used the finiteness of [py (ZkNj(Zm)de Jan %dz’, which

follows from Remark 2.3 in [16].
At last, by the same discussion as above, from (5.19) we have

~

C lp(z + 27)| \fg(zl)‘ |$(z)‘d2dzl
Loz (n,¢n) < 35/2 N ; N N 2
Onn R2N Y gz + 2R Doy |2l (ki [2k]*F)

for some constant C' > 0. Using again Remark 2.3 in [16], we know

JILC
RN (

N
D ket l2zr]o%)?

(5.23)

and hence by Holder inequality,
BB+
N N
RN Dy |2k + 2| D oh—y |2

is bounded for all z € RY. Therefore

~

|6(z + 2)| |6(2))] |9(2)]

N N N
R2N D e 12+ 2| Demn |25l (hmy |2e] %)

Consequently, (5.23) implies that as n — oo,

dzdz' < oo.

Lias(n, ) — 0. (5.24)
Combining (5.16) with (5.20), (5.22) and (5.24) yields that

Lis(n,vy) — 0.
This, (5.10) and (5.15) imply (5.9). O

For the limits of I3(n,,) and I3(n,v,), we have the following lemmas whose
proofs are similar to those of Lemma 3.3 and Lemma 3.4 in [16] and are omitted.

Lemma 5.2 If F2 = n”, then

lim Iy (n, ) = ——— / h()dt / Chnar [ _BEE (55
n—o00 el 0(27T)N 0 0 RN Z}]evzl |zk|ak
Lemma 5.3 If F, — o0 as n — oo, then
ILm Is(n,vy) = 0. (5.26)

We are ready to prove Theorem 5.1. Since the main arguments are similar to those
in Li and Xiao [16], as well as in Bojedcki et al [7, 8, 9] and Li [14]. For simplicity,
we will omit some common steps which can be referred to [16] and focus on places
where modifications are needed.

Proof of Theorem 5.1 We employ the space-time method formulated in Bojdecki
et al. [7]. Following Bojdecki et al. [9], it suffices to show the following statements:
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24 Y. Li and Y. Xiao

(i) (X, 1) converges in distribution to (X, ) for all ¢ € S(RN*1) as n — co.

(ii) {(Xn, ®);n > 1} is tight in C([e, 1],R) for all ¢ € S(RY), where the theorem
of Mitoma [20] is used.

To prove (i), as pointed out by Bojidecki et al. [8], it is sufficient to show that as
n — 0o

~ 1 1
E(e<X"’¢>)—>exp{;/0 /O Cov((X(s),w(~,s)),<X(t),1/1(-,t)>)dsdt} (5.27)

for every non-negative ¢ € S(RVF1).

To this end, we assume (x,t) = ¢(x)h(t), where ¢ € S(RV) and h € S(R) are
nonnegative functions. It follows from (5.5), Lemmas 5.1-5.3 that

lim E(e~ Xn¥))

n—o0

1 1 1 ~ = 1 2
:exp{e/w (i e+ e ) P [ o) }

= (5 [ [ cortxo) vt . Lx . ydsar ).

where X is the limit process in Theorem 5.1. This proves (5.27).

For general v, the proof of (5.27) is the same with slightly more complicated
notation, and hence is omitted.

Now we prove (ii). Note that by the same argument as those used in Bojdecki et
al [11], from the proof of (i), we get that X, converges to X in finite-dimensional
distributions. This implies the tightness of the sequence {(X,(¢),¢)}. According
to Theorem 12.3 in Billingsley [6] and the proof of Proposition 3.3 in Bojdecki et al
[10], the remainder is to prove that for all ¢ € S(R?), e < t; <t < 1 and 1 > 0,
there exist constants @ > 1, b > 0 and K > 0, which is independent of ¢, ¢5, such
that for all n > 1.

/01/77 (1 — Re(E(exp{—iw(Xn, ¢h>}))>dw < ;i(t? — ), (5.28)

where h € S(R) is an approximation of 1,3(t) — 14,}(f) supported on [t1,t2] such
that h(t) satisfies

heSR), 0<h<1y .

The proof of (5.28) is almost the same as the corresponding part of Theorem 2.1
in [14]. The details are omitted here and the proof of Theorem 5.1 is complete. [

Remark 5.2 If we replace the branching particle systems with constant splitting
rate v with (N, &, 6y, v, )-branching particle systems, where v, — 0 and 6, /7, — 0
as n — oo and (5.1) holds, then from the proof of Theorem 5.1, we can prove that a
similar conclusion holds, where the limit process X is a centered constant (in time)
Gaussian process valued in &’(R”Y), with covariance function

2 $1(2)92(2) .
@MY Jrx 3oL [zl
for all ¢; and ¢ in S(RY). In this way, we can construct the pseudo-fractional
Brownian sheet Y] directly from the limit process.

Cov({X(s), o1), (X(t),42)) = 5 (5.29)
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