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Abstract

By applying a Fourier analytic argument, we prove that, for every a € (0,2), the
N-parameter harmonizable fractional a-stable field (HFaSF) is locally nondeterministic.
When 0 < « < 1, this solves an open problem in [15]. Also, it allows us to establish the
joint continuity of the local times of an (N, d)-HFaSF for an arbitrary a € (0,2), and to

obtain new results concerning its sample paths.
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1 Introduction

For any given a € (0,2) and H € (0,1), let X = {X(¢),t € RV} be the real-valued harmo-
nizable fractional a-stable field (HFaSF or HFSF, for brevity) with Hurst index H, defined
by:
et —1 —~
X(t) := kRe /RN W M, (d€), (1.1)
where, ¢ - £ denotes the usual inner product of ¢ and &, |£| the Euclidian norm of £, & is the

positive normalizing constant given by

_ a/2 —1/a
k= 21/2( L. (oot |§|Cf§f§3 ds) , (12)
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and ]\7& a complex-valued rotationally invariant a-stable random measure with Lebesgue
control measure. We refer to [18, Chapter 6] for a detailed presentation on such random
measures as well as the corresponding stochastic integrals.

For any real-valued a-stable random variable Y, denote by ||Y||, its scale parameter. By

the choice of k in (1.2) we have
X =1t",  VteRY, (1.3)

By using (1.1), (2.3) and (2.5) in Section 2, one can verify that the stable field X is H-
self-similar and has stationary and isotropic increments. Hence X is an a-stable analogue of
fractional Brownian motion (another one is the linear fractional stable field whose properties
are different from HFSF).

Several authors have studied various sample path properties of HFSF and its local times,
as well as those of stable stochastic fields/processes related to it. We mention the pioneering
work of Nolan [15] who established, for 1 < a < 2, the joint continuity of the local times of
a d-dimensional harmonizable fractional a-stable field (its components are i.i.d. real-valued
HFSF, see (4.1)). Kéno and Shieh [12] and Shieh [19] studied existence and joint continuity
of the intersection local times of stable processes including the harmonizable fractional one.
Recently, Xiao [24] studied several classes of anisotropic stable random fields connected with
HFSF, and further extended the results in [15]. The keystone of the aforementioned articles
is the concept of local nondeterminism (LND) of Nolan [15], which is an extension, to the
frame of stable fields, of the local nondeterminism of Berman [4] for Gaussian processes and
Pitt [17] for Gaussian random fields. Roughly speaking, the concept of LND provides a way
to characterize the dependence structure of the stable random variables X (s!),..., X(s"),
provided s',...,s” € RY are close enough. See Section 2 for the definition of LND.

When 1 < a < 2, Nolan [15] proved that the HFSF X in (1.1) has the property of local
nondeterminism and pointed [15, p. 406] that his method can not be extended to the case
of 0 < a < 1. One of the main difficulties in this latter case is that the classical Holder
inequality: ‘ffg‘ < (f|f|0‘)1/a(f|g|°‘*)1/a*, 1/a+1/ay =1, fails.

The problem of proving that HFSF X is locally nondeterministic for the case of 0 < a < 1
had remained open. The main objective of the present article is to resolve this problem. Our
method is based on Fourier analytic arguments.

The rest of the paper is organized as follows. In Section 2, we recall the definition of
the local nondeterminism of Nolan [15] and state our main results, Theorems 2.2 and 2.4.
Section 3 is devoted to the proof of Theorem 2.2. The new idea is to bound the L*(RY)
(quasi) norm related to LND from below by the L?(R¥) norm of another function that is
constructed by using an appropriate Fourier transform [see (3.14) and (3.18) for details]. In
Section 4, we apply the property of local nondeterminism to prove the joint continuity of the
local times of an (N, d)-HFSF X and to study its fractal properties.
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We end the introduction with some notation. For any integer p > 1, a point (or vector)
t € RP is written in terms of its coordinates as (¢1,...,t,), or as (¢), if t; = --- =1, = c.
For any s, t € RP such that s; <t;(j =1,...,p), we define the closed interval (or rectangle)

[s, t] = [I}=,[sj, t;]. The Lebesgue measure in RP is often denoted by A,.

2 Property of Local Nondeterminism

Nolan [15] defined the concept of local nondeterminism for stable random fields in a much
more general setting than that of HFSF. Namely he considers an arbitrary real-valued stable

random field Y = {Y'(¢),t € R"} having a stochastic integral representation of the form:
V() =Re [ alt.€)a(de), (21)

where S, is a complex-valued rotationally invariant a-stable random measure on RV with
control measure A, and g(t,-) : RV — C (¢t € RY) is a family of deterministic complex-valued
measurable functions on RY belonging to the space L*(RY, A), that is:

/RN g(t,€)|* A(dE) < 00, YV teRY. (2.2)

It follows from [18, Proposition 6.2.1] that, under condition (2.2), the stochastic integral
in (2.1) is well-defined and, moreover, for any integer m > 0 and t°,...,t™ € RY, the
characteristic function of the joint distribution of Y (¢),..., Y (#™) is given by:

m m @
E ST b, Y (1)) = _ H bug(t™,- ‘ , 2.3
exp (1) = (= S bag [ ) (2.3
where the real numbers b, (0 < n < m) are arbitrary, and [ - [ oz~ a) is the usual (quasi)
norm on L*(RN, A), defined by
10 ay = [ IO M),V F e LY, A). (2.4)

A straightforward consequence of (2.3) is that the scale parameter of the real-valued sym-

metric a-stable random variable Y " b, Y (") is given by

Sy () = | bt
n=0 « n=0

Le(RN,A)
Now let us turn to the definition of local nondeterminism of the field Y. To this end we

/‘ibng(t”,f)’%(df). (2.5)
RY n=0

need to introduce some additional notations. For any integer m > 1 and t°,¢!, ..., t™ € RV,
let M™ := M(t!,...,t™) be the subspace of L*(RY 6 A) spanned by the set of functions



{g(t*,-),...,g(t™ )}, and denote by Hg(to, )‘MmHa the L*(RY, A)-distance from g(t°, ) to
M™. That is,

g(£2, )| ™| = in {Hg(to, N — nzm:lbng(t”, -)HLQ( by, .. by € R}. (2.6)

RN:A)

Since M™ has finite dimension, the infimum in (2.6) is attained. In order to draw analogy with

the Gaussian case, we abuse the notation and, from now on, write that for all t!,...,¢™ ¢ RN
|Y ()Y (), ...,y (™), = ||gt°, )| M™,. (2.7)
It can be viewed as the L®-error of predicting Y (t°), given Y (t1),..., Y (t™).
For any integer r > 2 and points s',...,s"” € RY, the notation s' <s><---<s" means
that:
87 — 77 < |87 — | forall 1<i<j<r (2.8)

Note that the partial order defined by (2.8) is not unique. For any r points in RY (including
the case N = 1), there are at least r different ways to order them using (2.8). For example,
one can pick any point and label it as s”, then label the one which is the closest to s™ as s" 1,

and so on.

The following definition of local nondeterminism is from Nolan [15].

Definition 2.1 Let Y = {Y(t),t € RN} be a real-valued a-stable random field with represen-
tation (2.1) and let I C RN be a closed interval. Then'Y is said to be locally nondeterministic
on I if

|Y(@®)||, >0 Vtel and ||[Y(s)=Y(t)| >0 (2.9)

forall s,t € I, s #t with |s — t| sufficiently small, and for every integer r > 2

[Y Y (), YD)
V&) =Yl

lim inf < >0, (2.10)
where the liminf is taken over all the r points s*,...,s" € I that satisfy s' <s*><---<s"

with |s” — s""1 — 0.

Notice that the HFSF X = {X (t),t € R} defined in (1.1) is a special case of (2.1) with
g(t, &) = k(e™€ —1) and A(d€) = |¢|7*H=N d¢, where d€ is the Lebesgue measure on RY. For
the sake of simplicity, we let I = [¢,1]", where € € (0, 1) is an arbitrary constant, throughout

the rest of this article. The following theorem is our main result.

Theorem 2.2 For any o € (0,2) and H € (0,1), let X = {X(t), t € RN} be a harmonizable
fractional a-stable field with values in R defined by (1.1). For any integer m > 1, there



exists a constant ¢c; = c¢1(m) > 0, depending on o, H, N, m and I only, such that for all
t0, th ... t™ e I, we have

| X)X ), ..., x(t™)||, > camin {[t" — "7 : 1 <n<m}. (2.11)

The proof of Theorem 2.2 is based on a Fourier analytic argument and will be given in
Section 3. The key new ingredient is to bound the L®(RY) (quasi) norm in (3.14) from
below by the L?(R™) norm of a suitably constructed function [see (3.18)]. This allows us to
overcome the difficulty in the case of 0 < o < 1 that is caused by the unavailability of the
ordinary Hélder inequality.

We also mention that, in the case where 1 < o < 2, Xiao [24, Theorem 3.2] proved a
stronger conclusion: the constant ¢; is independent of m. The method in [24] is different and

it is not applicable when 0 < a < 1.

Remark 2.3 The conclusion of Theorem 2.2 can be extended. A careful inspection of the
proof of Theorem 2.2, shows that it can be extended to any arbitrary stable field Y of the
form (2.1) with g(t,&) = €€ — 1 and A(d€) = 6(€) d€; where 6 is a nonnegative continuous

even function on RY \ {0}, satisfying the following two properties.

(i) There exists a constant ¢ > 0, such that, for all ¢ € RV\ {0}, one has, §(¢) < c|¢|7H =N,

(ii) There are two constants ¢ > 0 and R > 0, such that, the inequality §(¢) > ¢ |¢|7*H—N,
holds for any ¢ € RY with |¢| > R.

Further extensions can be achieved by applying the methods in Luan and Xiao [13] and the
comparison theorems of Nolan and Sinkala [16].

As a consequence of Theorem 2.2, we show that, for every a € (0,2), the harmonizable
fractional a-stable field X has the property of local nondeterminism in Definition 2.1. This
solves an open problem in Nolan [15, pages 406-407], and allows us to study, in Section 4,

some fine properties of the sample functions of X.

Theorem 2.4 For any a € (0,2) and H € (0,1), the harmonizable fractional a-stable field
X = {X(t), t € RN} is locally nondeterministic on I. Consequently, for any integer r > 2,
there exists a constant co = co(r) > 0, depending on o, H, N, r and I only, such that for
all s*,...,s" € I which are close enough and satisfy s' < s><---<s" (i.e. satisfy (2.8)), the

following inequality

o6+ 20006 = X 7)| 2 e (X6, + 3 oy (X060 - X))

(2.12)
holds for allb; e R (j=1,...,7).



Proof Since X has stationary increments, using (1.3), we have || X (s) — X (t)|o = |5 — t|"
for all s, € RY. Thus condition (2.9) is satisfied. For any integer » > 2 and points
st,...,s" € I which satisfy (2.8), Theorem 2.2 (in which one takes m = r — 1 and t° =

sttt ="t 7 =51 gives
HX(ST)’X(Sl), .. ,X(sTﬁl)Ha > ls" — sTfl\H.
Hence, for all sequence s',...,s"” € I which satisfy (2.8) and |s" — s"7!| — 0, we have
HX(37")|X(31), . ,X(s’"_l)H
[X(s7) = X(s"H)la
This proves that X is locally nondeterministic on /. This and Theorem 3.2 of Nolan [15]

lim inf 2 > > 0.

imply the second conclusion (2.12). O

3 Proof of Theorem 2.2

In order to prove Theorem 2.2, by (2.5), (2.6) and (2.7), it is sufficient to show that there

exists a constant ¢1(m) > 0 such that the inequality:

HX(tO) S0 X[ = e m) min {[" =] 1< n < m) (3.1)
n=1 @
holds for all t%, ¢t!,...,t™ € I = [¢,1]" and all real numbers by, ..., by,.

As an intermediate step, we first prove (3.1) under an extra condition (3.2). For clarity

of presentation, we replace by, ..., by, in (3.1) by a1,..., an.

Proposition 3.1 For any integer m > 1, there is a constant c3 = cz(m) > 0, depending on

a, H, N, m and I only, such that for all t°, t',... ,t™ € I and all real numbers a,...,an
verifying

max{|a,| : 1 <n <m} <2, (3.2)
one has

: > c3(m) min {[t" — e s 1<n < m}. (3.3)
(0%

HX(tO) - i an X (1)
n=1
For proving Proposition 3.1, we will make use of the following two lemmas.
Lemma 3.2 We denote by h the step function from R to R defined by
hi=4"" 1)1 — I_1,0))- (3.4)
Let (14)g>1 be the sequence of the functions defined through the convolution products
11 :=—(h*h) and 1441 :=Ty*xT1, ¥V qg>1. (3.5)

Then, for every q > 1, the following statements hold.
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(i) The function 74 is function on R with a compact support included in [—2q, 2q].

(it) Let 7, be the Fourier transform of 74, defined, for everyv € R, as74(v) := [ e "*7(z) dz;

then, it satisfies,
74(0) =0 and 7y(v) = v #sin* (27 1), Vo e R\ {0}. (3.6)

(111) One has 1,(0) > 0.

The following straightforward consequence of Lemma 3.2 is crucial for establishing Proposi-
tion 3.1.

Lemma 3.3 Let
qo:=|H+ N/a+ N/2] +1 (3.7)

and Loy := 2qo N2, where |z | denotes the largest integer that is at most x. Let G be the
continuous and compactly supported function from RN to R, defined as the following tensor

product:
N
G(s) == [] 7qo(Losn), Vs =(s1,...,sn5) €RY, (3.8)
n=1
where the function 7,4, is defined in Lemma 3.2. Then, the following statements hold.
(i) The support of G is included in the interval [ — N2, N_I/Q}N and G(0) > 0.

(ii) The Fourier transform of G, denoted by C?, takes its values in [0,1]. Moreover, there

exists a finite positive constant ¢y, only depending on N, H, and o, such that

G(n) < ¢y min {|n[%0, |n| 720}, vy e RV, (3.9)

Proof of Lemma 3.2 Let us first show that part (i) holds. We proceed by induction. By
using (3.4) and the definition of 71, we can verify that for all x € R,

2

mi(z) =161 Z(_l)kﬂ (2) max {0,1 — |z — 1+ k|},

k=0

where (i)’s are the usual binomial coefficients. Therefore 7 is a continuous function on R,
supported by [—2,2]. Next we assume that for some ¢ > 1, 7, is a continuous function on R

and supp(7q) C [—2¢,2¢q]. Then, it follows from the second equality in (3.5) that

roin (@) = (7 % 71) (@) = /R ro) (@ —y) da, ¥ @ € R. (3.10)



By the Dominated Convergence Theorem, we see that 7,11 is a continuous function on R.

Moreover the information on the supports of 7 and 7, implies supp(74+1) € [-2(¢+1),2(q+

1)].

To prove part (ii), we observe that (3.5) can be expressed in the Fourier domain as
T1(v) = —(ﬁ(v))2 and T,41(v) = 74(v)T1(v), Vv € R and ¢ > 1. (3.11)

It follows from (3.4) that, for all v € R\ {0},

ool
h(v) = / e Vh(z) dx = —;/ sin(vz) dz = —iv~ ' sin? (271v). (3.12)
R 0

Combining (3.11) and (3.12) we get (3.6); notice that the equality 7,(0) = 0 follows from the
continuity of the function 7,. Finally, part (iii) follows directly from the Fourier inversion
formula and (3.6). O

Now, we are ready to go into the heart of the proof of Proposition 3.1.

Proof of Proposition 3.1 For any arbitrary m + 1 vectors s°,s',...,s™ € RV, we set
5:=(s0s',...,5™) € RN For all (5,a,&) € RUDN 5 R™ x RN, define

F(5,a,§) := €_i50'£ (e —1-— Za o™ >

- (3.13)
—1_ Z“ pi(sm—s0)€ _ ( Zan> —150.57
n=1
where ay, ..., ay,, are the coordinates of the vector a € R™. Then we derive from (1.1), (2.5),

and (3.13) that, for any £ € I and a € R™, the left-hand side of (3.3) can be written as
[ = axen| =s [ (1F@aelie )" g (3.14)
o a RN

For proving (3.3), there is no loss of generality to assume min { [t —19 : 1<n< m} > 0.
Otherwise the inequality holds automatically. Let Tz . be the positive number defined by

Tiglzsminﬂt"—tol :1<n<m}. (3.15)

Making the change of variable n = T{ :f in (3.14), we see that it is enough to show that there

exists a constant ¢4 > 0, depending on o, H, N, m and ¢ only, such that the inequality

[ (a7 > (3.16)

holds for all a € K := [-2,2]™



Let G be the function defined in Lemma 3.3. Since its Fourier transform G takes values

in [0, 1], we have

[ (reeetamlr ) an = [ (|FCr a5 Gn) dn.
RN RN

Next, we set

o sup{\F(E, a,n)|[n|~H=Ne G (n) : (3,a,m) € RFDN 5 K x RN},

(3.17)

with the convention that 0]~~~/ /G(0) := 0. It follows from (3.13) and Lemma 3.3 that

the constant c; depends on «, H, N, m and ¢ only, and satisfies 0 < ¢5 < +o00. Thus,

0 < et |FGa,n)|ln|~ N /Gn) <1

for all (s,a,n) € RMFDN o I x RN which, in turn, entails that

/RN OF(Ttvat’ a,n)||n| =N @(n)>a dn

2
> [ (1Pl G0 ) an

By using the Cauchy-Schwarz inequality, we get that

eo [, (IFCreamlin=-e n)dn>]/ F(Ty.E, 0, )G d

where ¢g is the positive and finite constant (thanks to Lemma 3.3) defined by

2
c6 :=/ (!TIIH“V/Q G(n)) dn.
RN

2

On the other hand, in view of (3.13) and the Fourier inversion formula, we have,

(2;)N /RN F(Yg.t,a,n)G(n) dn
N m
= 2 anG(05 " = 1) = (1= Y an ) (= Ty.t").
n=1 n=1

Observe that (3.15) implies that
’T (t" —to)‘ >e1>1, Vn=1,...,mand {Tg}eto‘ > 1.

Thus, in view of (3.21) and Part (i) of Lemma 3.3, the equation (3.20) reduces to

(271)N /RN F(Y5,t,a,m)G(n) dy = G(0).

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

By taking ¢4 = @ 2¢; 1 (2m)2V|G(0 2, we see that (3.16) follows from (3.17), (3.18), (3.19)
5 C6

and (3.22).
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Finally we can finish the proof of Theorem 2.2.

Proof of (3.1) In view of Proposition 3.1, we may and will assume that
max{|b,| : 1 <n<m}>2. (3.23)

In order to show that (3.1) holds for all {b,} which satisfy (3.23), we will argue by induction.
First we suppose m = 1, then using the inequality |b1| > 2 (see (3.23)) and Proposition 3.1,
in the case where m = 1 and t° and t!' are interchanged, one gets

o 1 a
X (£9) — by X (£1)]| \bl\aHX(tl) - aX(tO)Ha > e3(1)]t0 — 1o,

a_

Hence, for m =1, (3.1) is valid with ¢{(1) = ¢3(1). Next we suppose that (3.1) holds when
m is replaced by m — 1 and the corresponding constant ¢;(m — 1). In order to prove (3.1),

we let ¢; be the constant defined as

cr =27 e (m —1) (3.24)
and let ng be an element of {1,...,m} such that
|bny| = max{|b,| : 1 <n <m}. (3.25)

In the sequel, we will distinguish the following two cases:

b, |o . £ — o aH > . m_ to ol 3.96
ool im0 = €O 2 e iy 07— (3.26)
or
@ i n _ gno|aH . n _ 40jaH
|bng | Ognéﬂml%#no [t" — "0 < ey | fnin [t" — 7| (3.27)

First, we assume that (3.26) holds. Let ag = b,) and a, = —byby,) for all n € {1,...,m}\
{no}. In view of (3.23) and (3.25), one has

lan| <1 for every n € {0,...,m}\ {no}; (3.28)

also observe that

HX(tO) SSTn X[ = on xS ax || (3.29)
n=1 @ n=0,n#no «
Thanks to (3.28) we can apply Proposition 3.1 to HX(t”O) = D 0.ty n X (") * (notice

that in this case tY and #"0 are interchanged) to obtain

* > c3(m) min {[t" — to|*H . 0 <n<mandn# no}. (3.30)

[0}

HX(t”O) _ f: an X (")

n=0,n#ngo
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Putting together (3.29), (3.30) and (3.26), one gets

(0%
> crez(m) min {[t" — O s 1<n< m}. (3.31)
(03

HX(tO) -3 an(t”)‘
n=1
Next we consider the case when (3.27) holds. Let n; € {0,...,m} \ {no} be such that
[t — ¢ |*H = min {|t" - t)*H .0 <n <mandn# no}. (3.32)

From now on we restrict to o € (0, 1], the case where o € (1,2) can be treated in the same
way, but one has to replace || - ||& by || - || in order to be able to use the triangle inequality.
Using the latter inequality, the fact that {X(t), ¢ € RY} has stationary increments, and
X (0) =0, one gets

HX(tD) - ian(t”)

=IXE) = Y X (") = (b + bug) X (E™) = by (X (£7) — X (£™))

nzl:”#”Oynl

[}
e

[0}

«

m

X = 3 baX (") = (b + bag) X ()|

‘ «
o

Y

buo (X (¢0) = X (¢)
n=1,n#ng,n1 o

X(t%) - i bn X (") = (bny + bng) X (™)

n:]-vn#nOynl

Y

(e = )
(3.33)

with the convention that )

induction hypothesis entails

bpX(t") = 0 when m = 2. Next notice that the

m
n:Ln#nO M1

m

HX(tO) - Z an(tn) - (bm + bno)X(tnl) i

(e}

n:17n¢n07n1

(3.34)

«

Recall from (1.3) that || X (¢ —t™)|| [tno —¢mi|*H | Putting together (3.33), (3.34), (3.32),

(3.24) and (3.27) yields

a_

o
> crmin {[t° —"|*7 1 1 <n <m}. (3.35)
«

HX(tO) - Em: b X (17)
n=1

Finally, setting ¢f(m) = min {c3(m), crc3(m), ¢7}, in view of (3.31) and (3.35), it follows
that (3.1) holds. O
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4 Joint continuity of the local times

In this section we consider an R%-valued harmonizable fractional a-stable field X = {)Z' (t),t €
RN} defined by
X(@t) = (X1(t),..., Xa(t)), teRN, (4.1)

where Xy,..., Xy are independent copies of a real-valued HFaSF X defined in (1.1). The
i.i.d. assumption on the coordinate processes Xi,..., Xy can be relaxed. For example, the
results in this section can be extended to the case where Xi,..., Xy are assumed to be
independent, but may have different stability and self-similarity indices (a;, H;) for j =
1,...,d. However, removing the independence assumption on X7, ..., Xz would require more
work. In particular, one needs to develop an appropriate notion of local nondeterminism for
vector-valued stable random fields.

We apply the property of the local nondeterminism to establish the joint continuity and
Hoélder conditions for the local times of HFSF X , and to prove a uniform Hausdorff dimension
result for the inverse image of X.

For any fixed closed interval (or rectangle) T C R, the occupation measure of X on T,
denoted by y, is the Borel measure on R? defined by pr(e) = An{t € T : X(t) € e} If up
is almost surely absolutely continuous with respect to the Lebesgue measure A4, then X is
said to have local times on T', and its local time L(-,T") is defined as the Radon—Nikodym

derivative of p, with respect to Ay, i.e.,

L(z,T) = i{;g(m), vz € R%
In the above, x is the space variable, and T' is the time variable. Sometimes, we write L(x,t)
in place of L(z,[0,t]).

Express the interval T as T = Hfi 1lai,a; + hi] where a; € R and h; € Ry, for all
i=1,...,N. Then X is said to have a jointly continuous local time on T if we can choose a
version of the local time, still denoted by L(:c, Hf\il[ai, a; + ti]), such that it is a continuous
function of (z,t1,--- ,ty) € R x [TX,[0, hi]. We refer to Geman and Horowitz [9] and Dozzi
[7] for further information on local times of multivariate random fields.

It is shown in Adler [1] that, when a local time is jointly continuous, L(x,e) can be
extended to be a finite Borel measure supported on the level set )_(;1 (z)={teT: X(t) =z}
This makes local times useful in studying the fractal properties of level sets and inverse images
of the random field X. See Berman [3], Ehm [8], Monrad and Pitt [14], and Xiao [21, 22] for
previous results.

By using a Fourier analytic argument (cf. [9, Theorem 21.9]), it is easy to prove the
following existence result. Note that the condition is exactly the same as for fractional

Brownian motion.
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Proposition 4.1 Let X = {X(t),t € RV} be the Re-valued harmonizable fractional a-stable
field defined above, and let P be the probability measure on the underlying probability space.
Then X has a local time L(z,T) € L2(P x \g) if and only if N > Hd.

The main purpose of this section is to establish the joint continuity of local times of X.
The following theorem extends the results of Pitt [17] for fractional Brownian motion (i.e.,
a = 2) and Nolan [15] for 1 < o < 2.

Theorem 4.2 Let X = {X(t),t € RN} be the Ri-valued harmonizable fractional a-stable
field defined in (4.1). If N > Hd, then for any closed interval T C RY, X has a jointly

continuous local time on T'.

Proof Similar to [4, 17, 9, 15], the proof of Theorem 4.2 is based on a multiparameter

version of Kolmogorov continuity theorem (cf. [10]) and the following two estimates:

(i). For all integers n > 1, there exists a finite constant cg, which depends on n, such that
for all hypercubes B = [a,a + (r)] C T with side-length € (0,1) and all 2 € R?,

E[L(z, B)"] < cgr"™—HD, (4.2)

(ii). For all even integers n > 2 and v € (0, 1 A 3(45 — 1)), there exists a finite constant
¢, which depends on n and ~, such that for all hypercubes B = [a,a + (r)] C T with
side-length 7 € (0,1) and all z,y € R? with |z —y| <1,

E[(L(, B) — L(y, B))"] < co o~y m N -H@)), (4.3)

For proving (i) and (ii), let us recall the following identities from Geman and Horowitz [9]
(see also [17]): For all z,y € RY, B C T and all integers n > 1,

E[L(x,B)”} - (27r)—”d/n/wd exp(—izn:uj-x>

j=1
xE exp <z Z u - X(tﬂ) du dt (4.4)

j=1

and for all even integers n > 2,

E[(260.8) - L B)"| = [ [ 1:] ]

n (4.5)
x Eexp <12u3 X(tj)> du dt,
j=1
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where @ = (u',...,u"), t = (t',...,t"), and each v/ € R? #/ € B C (0,00)". In the
coordinate notation we then write v/ = (uf, ..., u}).
In order to apply the property of local nondeterminism in Theorem 2.4 to bound the

integrals in (4.4) and (4.5), we observe that for any constant ¢ > 0 and t° € (0, 00)",

s (12w %)) =Eew (13 Dol (R4 ) - X))

Jj=1

thanks to the stationarity of increments and self-similarity of X. It can be seen that, given
any compact interval T C RY, we can choose a positive constant ¢ > 0 and t € (0, oo)N
such that t°/c € I = [¢,1] and (t +t°)/c € I for each t € T. The change of variables

H i o 1440

w, s = P ji=1,...,n

v =c¢

only induces a constant factor to the right-hand sides of (4.4) and (4.5). Moreover, the extra

term X (tY/c) does not cause any inconvenience for our estimation if we write s° = t/c and

Zw | ZM - X7,

where w/ = Y 7_ y v*. Hence, without loss of generality, we may and will assume T = [e, 1]V

With the above reduction, the rest of the proof of (i) and (ii) is essentially the same as
in [17, 15] (see also [24]), where the fact that the coordinate processes of X are independent
copies of X and Theorem 2.4 play important roles. We will not reproduce the details here.
O

The following theorem provides the uniform Holder condition for the local time L(z,e).

Theorem 4.3 Let X = {X(t),t € RN} be the Re-valued harmonizable fractional o-stable
field defined in (4.1). If N > Hd, then for any compact interval T C RN and any n > 0,

there is a constant cig such that with probability 1,

sup sup L(z, [a,a + (r)]) < erorN HI™ (4.6)
a€T zcRd

for r > 0 sufficiently small.

Proof The proof is standard; it is based on the moment estimates (4.2) and (4.3) and a

chaining argument as in Ehm [8] (see also [21]). We omit the details. O
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Observe that (4.6) remains valid when [a,a + (r)] is replaced by
Ur(a,r):={seT:|s—al <r}.

It is known that the Holder condition for the local times of X is closely related to the
irregularity of the sample paths of X (cf. [3, 8, 21]). As a corollary of Theorem 4.3 we have
the following result for real-valued HFSF X.

Corollary 4.4 Let X = {X(t),t € RN} be a real-valued harmonizable fractional a-stable
field with Hurst index H € (0,1) (see (1.1)). For any compact interval T C RN and any
n > 0, there is a finite constant c11 > 0 such that

[ X(s) = X(1)]

liminf inf su
p FHn

>ci1 o a.s. (4.7)
r—0 teT s€UT(t,r)

In particular, the sample function (or sample path) t — X (t,w) is almost surely nowhere
differentiable in RY .

Proof In view of the definition of local time of X, we have, for all ¢t € T and r > 0,

A (Up(t 1)) = /L(x,UT(t,r)) dz
)

<maxL(xz,Ur(t,r))- sup |X(s')— X(s")].
z€R s',s"eUr(t,r)
Then applying Theorem 4.3 with d = 1, we see that (4.7) follows from (4.6), in which
[a,a + (r)] is replaced by Ur(a,r). O

Remark 4.5 Compared with the exact uniform modulus of continuity and laws of the
iterated logarithm for the local times of fractional Brownian motion in [2, 6, 21], (4.6) is not
sharp. It is an open problem to establish the results in [2, 6, 21] for HFSF X. Similarly, (4.7)
is not sharp either. Both Chung-type law of the iterated logarithm and its uniform analogue
have not been established for HFSF. We believe that, besides the strong local nondeterminism
in [24], other significantly new tools will be needed for solving these problems.

We end this section with some fractal properties of X. The Hausdorff dimensions of the
image and graph of stable random fields have been studied in Xiao [20]. Applying the uniform
modulus of continuity of HFSF in [11, 5, 23] and Theorem 3.1 in Xiao [20], we have that for
any Borel set £ C RV,

= 1
dim, X (F) = min {d, HdimHE} , as.

15



—

and for GrX (E) = {(t, X (1)) : t € E},
dim, GrX (E) = min {dimHE + (11— H)d, ;IdimHE} , a.s.

By applying Theorem 4.3 and Frostman’s theorem (cf. [10]), one can show that for any Borel
set F C R,

dim, X '(F) = N — Hd + Hdim, F  with positive probability. (4.8)

In the following, we prove a uniform version of (4.8) for X: namely, under a general
condition on F, (4.8) holds except on a null probability event which does not depend on F.

This extends a result of Monrad and Pitt [14] for fractional Brownian motion.

Theorem 4.6 Let X = {X(t),t € RV} be the R¥*-valued harmonizable fractional a-stable
field defined in (4.1). If N > Hd, then with probability 1,

dim, X '(F) = N — Hd + Hdim, F (4.9)
for all Borel sets FF C O := Ua?ber:Kb{x cR?: L(x,a,b]) > 0}.
Proof For any compact interval T C R, it follows from Theorem 4.2 that the local time
of X on T, L(z,T), is continuous and bounded in z. Moreover, by [5, 23], X () satisfies a.s.

a uniform Holder condition of any order < H on 7. Hence, by the proof of Lemma 3.1 in
Monrad and Pitt [14], we have

P{dim,, (X’*l(F) NT) < N — Hd + Hdim,F for all Borel sets F C R} = 1.

Since T is arbitrary, this proves the uniform upper bound in (4.9).

In order to prove that, for any Borel set F' C O,
dim, X '(F) > N — Hd + Hdim,F, (4.10)

we assume dim, F' > 0 (the case dim, F' = 0 is trivial, we take an = € F', (4.10) follows from
Theorem 4.3 and Frostman’s theorem). For any v € (0, dim, F'), by Frostman’s lemma, there
is a probability measure ¢ on (a compact subset of) F' such that o(Up(z,7)) < c127” for all

r € R, where ¢12 > 0 is a constant. As in [14], we define a random measure x on RY by
w(B) = / L(xz,B)o(dzx), V Borel set B C RY.
Rd

Since F' C O, we can verify that p is a positive random measure and is carried by X ~1(F).

(Here we use the facts that o is supported on a compact subset of F' and L(z,B) = 0 if

z ¢ X(B).)
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Now, let 7 > 0 be an arbitrarily small constant. For any a € RY, we take B = [a, a+ (r)].
Since L(z, B) = 0 when z ¢ X(B), and diam()z(B)) = O(r1=7), we apply Theorem 4.3 to

obtain

u(la,a+ (1)) < ey r™ = / N—Hd+Hy=(14+7)1

o(dz) < cizr

X(B)
for r small enough. This, together with Frostman’s theorem, implies that dim, X 1(F) >
N — Hd+ Hvy — (1 + v)n; thus one gets (4.10), which completes the proof. O
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